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1. Introduction

Let f be a meromorphic function defined in the complex plane C. We assumed
that the reader is familiar with the notations of Nevanlinna theory (cf.[6]), and the
lower order pu, the order p and the hyper order p; are in turn defined as follows:

p=p(f)= liminfw,
T—00 log r
logT
p=p(f)= lim sup mgbg(:f)-
loglog T'(r, f)

p2 = p2(f) hfisip log 7
An a € C is called an IM (ignoring multiplicities) shared value in X C C of
two meromorphic functions f(z) and ¢(z) if in X, f(2) = a if and only if g(z) = a
and a CM (counting multiplicities) shared value in X if f(z) and g(z) assume a at
the same points in X with the same multiplicities. J. H. Zheng first consider the
uniqueness dealing with shared values in a proper subset of C. (see.[9, 10]) It is an
interesting topic to investigate the uniqueness with shared values in the remaining
part of complex plane removing an unbounded closed set. In [10], J. H. Zheng proved
the following result:
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Theorem 1.1. Let f(z) and g(z) be both transcendental meromorphic function and
let f(2) be of the finite lower order u and for some a € C, § = §(a, f) > 0.
Given one angular domain X = {z:a<argz < ,} with0 < 8 — a < 27 and

4 1)
604>nlax{7r,27rarcsin\/7}7
o o 2

where p < o < p and o < 0o, we assume that f(z) and g(z) have four distinct IM
shared values a;(j =1,2,3,4) in X and a; # a(j = 1,2,3,4), then f(z) = g(z).

It is natural to ask: What could we say about Theorem 1.1 for the case that f is
of infinite lower order?

In this paper, by using the method in Zheng [11], we can get the following result:

Theorem 1.2. Let f(z) and g(z) be both transcendental meromorphic function and
let f(z) be of the infinite lower order and the finite hyper order, such that for some
ae€C and §=46(a, f) > 0.

Assume that for q radii argz = aj, (1 < j < q), satisfying

Tl <o < - <o <7, Qgq1 =01 +27,
f(2) and g(z) have four distinct IM shared values in X = C\ U?zl{z rargz = o}
If
(1.1) max{ﬂ:1<j<q}<p(f),
Qj+1 — @

then f(z) = g(2).

Obviously, the order of f can be infinite in Theorem 1.2, but we restrict that the
infinite order could not grow too quickly, explicitly to speak, the hyper order of f is
finite. In fact, we first get the following result in order to prove Theorem 1.2.

Theorem 1.3. Let f(z) and g(z) be both transcendental meromorphic function and
let f(z) be of the finite lower order p and such that for some a € C and § = é(a, f) >
0.
Assume that for q pair of real numbers {a;, 5} such that
Tl <frilar<fBr-<ag<B;<m, ogy1 =aq +2m,
and
2 4 5
1.2 1~ B;) < = arcsiny/ <
(1.2) ;(aj+1 Bj) < — arcsin \/;,

where 0 = max{w, u} and define

o { T T }
w = max St .
B —an Bq —aq
Assume that f(z) and g(z) have four distinct IM shared wvalues in

q
X = U{z:aj <argz < (3}

Jj=1
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If w < p(f) < o0, then f(z) = g(2).
Remark 1.1. Obviously, it is a very important question: Can the four shared values

a;(j =1,2,3,4) be replaced by four shared small functions in our theorems?

2. Lemmas

Lemma 2.1. [4, 7] Let f(z) be a transcendent and meromorphic function in the
plane with finite lower order 0 < p < oo and the order 0 < p < oo. Then for
arbitrary positive number o satisfying u < o < p and a set E with finite linear
measure, there exist a sequence of positive numbers {r,} such that

(i) rn € E, lim,, o I _ 00;
n

log T'(ry, f)
logr,

(i) T(, f) < (1+ o(1)) (t)UT(rmf),t e [%mn]

Tn

(ii) liminf, >0

)

A sequence of increasing of real numbers {r,} satisfying (i), (ii) and (iii) is called
a Pdlya peak of order o outside E in this paper. For v > 0 and a € C define

(2.1) D(r,a) := {0 € [, ) : log™ |f(rei$) —al > 10;rT(r, f)}

and

D(r,00) := {6’ € [~m, ) : log™ \f(rei9)| > 1O;rT(r,f)} )

The following result is a special version of the main result of Baernstein [1]. It is
enough to prove our theorem.

Lemma 2.2. Let f(z) be a meromorphic transcendent and function in the plane
with finite lower order ;1 > 0 and the order 0 < p < oo and for a € C, 6(a, f) > 0.
Then for arbitary Pdlya peak {r,} of order o, u < o < p, we have

4 )
lim inf mesD(ry,, a) > min {277, — arcsin \/>}
n—00 g 2
In order to prove our theorems, we need Nevanlinna theory on an angular domain.
Let f(z) be a meromorphic function on the angular domain

Qa, B) = {z;a < argz < B, },
where 0 < 8 — o < 27. Following Nevanlinna (see [5]) define

r w ) ) d
22 A =2 [ (5 - ) fowt e+ o8 7)) Y

8 .
(2.3) Bog(r, f) = :%/ log™ | f(re®)|sinw(d — a)d#,

(2.4) Coplr.f)=2 Y ( ! —|igiw>sinw(9n—a),

w
1< by |<r b
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where w =

T and b, = |b,|e?®" are the poles of f(z) on Q(«,3) appearing
-«

according to their multiplicities. Cy g(r, f) is called the angular counting function
of the poles of f on Q(«,8) and Nevanlinna’s angular characteristic is defined as
follows:

Soc,ﬁ(ra f) = Aa,ﬁ(rv f) + Ba,ﬁ(rv f) + Coz,ﬁ(ra f)
Throughout, we denote by R, g(r, *) a quantity satisfying
Raﬂ(?ﬁa *) = O{IOg(rSaﬂ(Tv *))}a ré kE,

where E denotes a set of positive real numbers with finite linear measure. It is not
necessarily the same for every occurrence in the context.

Lemma 2.3. Let f(z) be meromorphic on Q(a,3). Then for arbitrary complex
number a, we have

(2.5) St (n fl_a) = Sap(r. ) +0(1)

and for an integer p > 0,

(») (»)
Aa g (7”7 ff> + Bag (7”7 ff> = Rap(r, f)

and Raﬁ(r,f(p)) = Rap(r, f). But in general, we do not know if Ry g(r,f) =
Ra,g(r,f(”)).

Lemma 2.4. Let f(z) be meromorphic on Q(«,3). Then for arbitrary q distinct
a; € C(1 <37 <q), we have

(q_2)sa,3(rvf) < Zéa,ﬁ < > +Ra,ﬁ(rvf)a

r
7f_aj

_ 1
where the term Cy, g <T, fi

) will be replaced by Co p5(r, f) when some a; = oo.
— a;

Lemma 2.5. [4] Let f(z) be meromorphic function with § = §(oo, f) > 0. Then for
giwen € > 0, we have

1
mesE(r, f) > T<(r, P)llog rI7=" r¢ F,

where

B f) = {8 € [omm) slog” [£(re)] > 70 )}

and F is a set of positive real numbers with finite logarithmic measure depending
on €.
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3. The proof of theorems

Proof of Theorem 1.3. Suppose f(z) # g(z). Let a; € C(1 < j < 4) be four distinct
IM shared values in X of f(z) and g(z). For the convenience, below we omit the
subscript of all the notations, such as S(r,*), C(r,*). As in the proof of Theorem

1
1.1, first we estimate B (r, ),
(f—a)

Tjif—a,

(3.1) B < 1 ) = O(log(rT(r, f))), r¢&E.

For completeness, we give the proof of equation (3.1). By applying Lemma 2.4 to f
and equation (2.5), we have

(3.2) T
<0 (n=e ) + R D) < S0 =0)+ RO )
< S(r, f)+ S(r,g) + R(r, f),

so that

(33) S(T, f) _R(Tuf) S S(T,g).

The same argument shows that

(34) S(’l",g)—R(T,g) < S(Taf)

This implies that R(r,g) = R(r,f). We assume that ¢ € C. By the same
argument we can show Theorem 1.3 for the case when a = co. Using Lemma 2.4
again and combining equation (3.2) together with equation (3.3) and equation (3.4),
we deduce

4 . 1 o 1
35(r.1) S;C<T, o)+ 0 (n ) RO

(3.5)
1
<28(r,f)+C <r, fa) + R(r, f).
Thus
1
(3.6) B (T, = a) = O(log(rT(r, f))), r¢&E.

The following method comes from [11]. Note that p(f) > w. We need to consider
two cases:
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Case 1. p(f) > p. Then p(f) > o > u. By (1.2), we can take a real number ¢ > 0

such that
4 . \/E
arcsin/ —
o+ 2¢ 2’

p(f) >0+ 2e > p.

(3.7) D ey — B +2) <

j=1

where ag41 = a1 + 27, and

Applying Lemma 2.1 to f(z) gives the existence to the Pélya peak {r,} of order
o + 2¢ of f such that r,, ¢ F, and then from Lemma 2.2 for sufficiently large n we
have

4 . /6
(3.8) mesD(rp,a) > o oz Aresin \/; —¢,

1
since o + 2¢ > 7 We can assume for all the n, equation(3.8) holds. Set

a
K :=mes (D(rn, a) N U (o +¢€,08; — 5))
j=1
Then from equations(3.7) and (3.8), it follows that

K > mes(D(ry,a)) — mes([(), 2m) \ U (o +¢€,0; — 5)>
j=1

> mes(D(rn,a)) — mes( Q(ﬂj — &1+ 5))

q
> mes(D(ryp,a)) — Z(aj+1 — B +2) >e>0.

Jj=1

It is easy to see that there exists a jg such that for infinitely many n, we have

(3.9 mes(D(rn,a) N (aj, +¢,Bj, —€)) > %

We can assume for all the n, (3.9) holds. Set E,, = D(ry,,a) N (¢, + €, 8, —€)-
Thus from the definition (2.1) of D(r,a), it follows that

/Bjo_sl + ! do log™ ! do
08 TH iy ) 2/ 08 TE iy 4l
ajyt+e | f(rpei?) — al E |f(rnet) — af

T(rn, f)
log ry,

K T(rm )
~ q logry,

(3.10) > mes(Ey,)
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On the other hand, by the definition (2.3) of B, g(r,*) and (3.1), we have

Pio =< 1 T : 1
log™ - df < - o By, B (rn, )
(3'11) /Otjo +e |f(rn610) - a‘ 2w, Sln(ewjo) " so:Fio [—a

< Kjorn®O(log(rnT(rn, f))), 7 & E,

Combining (3.10) with (3.11) gives

T(ra 1) < 222 O(0g(ra T (ra, ).

Thus from (ii) in Lemma 2.1 for o 4 2¢, we have

log T'(ry,,
J+2aglimsupmgl(7rf) <wj, <o+e.
—00 og Ty

This is impossible.

Case 2. p(f) = p. Then o = pp = p(f). By the same argument as in Case 1 with
all the o + 2¢ replaced by o = u, we can derive

max{w, u} =0 <w < p(f).
This is impossible. The proof is completed.

Proof of Theorem 1.2. As in the proof of Theorem 1.3, we have for each j,

1
(3.12) Buy o ( f) — O(log(rT(r. f)), r¢E.
Applying Lemma 2.5 to f(z) implies the existence of a sequence {r,} of positive
numbers such that {r,,} — co(n — o) and r,, ¢ E and

1 1
= a) Z Te(ry, Pllogra] e

1 1
T 2¢+1 T(r, f)llogr]ite
Then for (3.13), it follows that

q
mes <E (rn, 1) ﬂ U (ozj +en, i1 — 6n)>
f—a)l 1

q

1
f*a)_mes U(aj+€n7aj+1_€n)
j=1

> (2¢+ e, — 2¢ge, = €5, > 0;

(3.13) mesE <rn,

Set

En

> mesE(ry,

so there exists a j such that for infinitely many n, we have

(3.14) mesE, > E—n,
q
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where E,, = E(ry, ﬁ) N(a; +en,ajy1 —en). We can assume that (3.14) holds for
all the n. Thus from the definition of E(r, f), it follows that

/ T gt ! de log™* L do
og v Z/ o 5
aj+en |f(rpei®) — af | f(rnei®) — al

n

(3.15) > mes(En)%T(Tn, f)

On the other hand, by the definition of B, g(r,*) and (3.12), we have

/ I T B ( : )
og g < - Tnj g, Tny 7 ——

3.16 ajten |f(r7zele) - CL‘ 2wj Sln(gnwj) i f —a

(3.16) 7@

< %JQ_EHOG? log(rnT(rnaf)>7 r¢E,

71'
where w; = ———.
Q1 —

Combining (3.15) and (3.16) gives

2T ) < O ( log(raT (v, f>),
so that

T2 (r,. f) < O(rﬁf log(ryT (1, f))

Note that the definition of hyper order of f(z), thus u(f) < <oo. Itisa

w
(1-2¢)
contradiction. We complete the proof of the theorem. 1

Remark 3.1. If the condition d(a, f) > 0 reduces to d(a, f®)) > 0, where p is
integer and p > 0, we need to add the restriction that C(r, f = a) = R(r, f). In
fact, from (3.5) we know S(r, f) < C(r, f = a) + R(r, f). Thus,

(3.17)

B(T’f(p) = a) < S(’I“,f(p))—l-R(’l“,f)

f(p) .
—(A+B) ( f) (At B)r, ) + 5C(r, ) + Clr, ) + R(r, )

=@+ 1)S(r, f) + R(r, f) = O(og(rT(r, f)))-

If we use (3.17) instead of (3.6), then the above claim holds.
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