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1. Introduction

This paper is concerned with the existence of periodic solutions for the following
p-Laplacian system:

(1.1) (W )P (1)) = VF(t,u(t), ae teR,

where p > 2,7 > 0 and F : R x RN - R with N > 2 is T-periodic in its first
variable and satisfies the following assumption:

(A) F(t,z) is measurable in ¢ for all z € RY and continuously differentiable in
for a.e. t € [0,7] and there exist a € C(RT,R¥) and b € L*(0,T;RT) such
that

[E(t, x)] < a(lz))b(t), [VF(,2)| < al|z])b(t)
for all z € RY and a.e. t € [0,7].

When p = 2, there are many existence results of periodic solutions for system
(1.1) (see [5-11] and references therein). However, in these references, all authors
studied only the existence of solutions. In [12] and [15], by using the local Linking
Theorem, the authors considered the existence of nontrivial solutions. In [13], Tao
and Tang considered the existence of non-constant solutions and they obtained the
following theorem:
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Theorem 1.1. Assume that F satisfies (A) and the following conditions:
F(t,z) >0, V (t,x) € [0,T] x RV,
F(t 2
(¢, 2) << uniformly for a.e. t € [0,T],
lz|—0 |z|? 2

F(t,r) w?
lim inf L >

uniformly for a.e. t € [0,T],

where w = 27 /T. There exist constants r > 2 and p > r — 2 such that

F(t
lim sup (:ci’"x) < oo uniformly for a.e. t € [0,T],
VF(t,x),x) —2F(t, )
llirlninf (VE(2) |i|)u (t,2) > 0 uniformly for a.e. t € [0,T].

Then system (1.1) with p = 2 has a non-constant T-periodic solution.

When p > 1, in [14] and [16], the authors considered system (1.1) by using the dual
least action principle and the Saddle Point Theorem, respectively, and they also only
obtained the existence results of solutions for system (1.1). In our paper, motivated
by idea of [13, 14, 16], we shall use the method in [13] to study the existence of
non-constant solutions for system (1.1) with p > 2. The corresponding conditions
in Theorem 1.1 are generalized and it is proved that under these conditions, the
corresponding energy functional also satisfies (C) condition. Then an existence result
for problem (1.1) is obtained by Linking Theorem.

2. Main results
Let
WP = {u: R — RY| u(t) is absolutely continuous on R, u(t) = u(t + T)
and @ € LP(0, T;RY)}.

On W}’p , we define the norm as follows:

T T 1/p
. 1,
lu| = [/0 |u(t)|pdt—|—/0 |u(t)pdt1 . ue WpP.

Then, (W’]l"’pv - ||) is a reflexive and uniformly convex Banach space (see e.g. [1,

Theorem 3.3 and Theorem 3.6]). From [4], one can know that a locally uniformly
convex Banach space has the Kadec-Klee property, that is for any sequence {u,}
satisfying u,, — u weakly in Banach space (X, ||-||) and ||u,| — |||/, one has u,, — u
strongly in X. This property will be used later.

Let ¢ : W,;” — R be defined by

olu) = /0 lat) Pt — /0 Pt u(t))dt.

p
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It follows from assumption (A) that ¢ is continuously differentiable on W%’p and

T T
(! (u),0) = / (la(t)|~2a(t). o(t)) di — / (VE(t,u(t)), v(t))dt

for u,v € WP (see [6, Theorem 1.4]). Similar to [6, Corollary 1.1], it is easy to
know that the solutions of problem (1.1) correspond to the critical points of ¢. By
[6, Proposition 1.1], there is a constant Cy > 0 such that

(2.1) ||t oo := nax lu(t)| < Collul|, for every u € WP,

/OTu(t)dtzo}.

It is casy to know that W,” is a closed subspace of W,* and W,» = RN @ WP,

For u € WP, let @ = * fOT u(t)dt and a(t) = u(t) — @. It follows from the proof of
in [6, Proposition 1.1] that

Let
Wwir — { wlp
T T uEWrp

T T
-
(2.2) /0 [u(t)[Pdt < Tp/o |u'(t)|Pdt, for every u € Wi,
(Wirtinger’s inequality). Hence,
T
-
(2.3) [lul|? < (TP + 1)/0 |u'(t)|Pdt, for every u € WiP.

The main result of this paper is the following theorem:

Theorem 2.1. Assume that F satisfies (A) and the following conditions:

(2.4) F(t,x) >0, V (t,x) €[0,T] x RV,
F(t 1
(2.5) le‘r_r}O |(mi:) < 77 uniformly for a.e. t € [0,T],
F(t P
(2.6) lim inf (¢, z) > uniformly for a.e. t € [0,T],
p

|00 |2|P

where w = 27 /T. There exist constants r > p and p > r — p such that

F(t
(2.7) lim sup |( i;ﬂ) < oo uniformly for a.e. t € [0,T],
|z|— o0 z
VF(t,z),z) — pF(t, ‘
(2.8) lim inf (VF(t,2),2) — pF(t 2) >0 wuniformly for a.e. t € [0,T].
| —o0 ||

Then system (1.1) has a non-constant T-periodic solution.

3. Proof of theorem

Lemma 3.1. Assume that condition (A), (2.7) and (2.8) hold, then the functional ¢
satisfies condition (C), that is {u,} has a convergent subsequence in W%’p, whenever
©(uy) is bounded and ||¢' (un)|| X (14 ||unl]) — 0 as n — co.
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Proof. Let {u,} be a sequence in W,” such that ¢(u,) is bounded and ||¢’ (u,)]| x
(14 JJun]|) — 0 as n — oo. Then there exists a constant M such that

(3.1) lo(ua)l < M, (1@ (un) (1 + [Junll) < M
for all n € N. By (2.7), there are constants C; > 0 and d§; > 0 such that
(3.2) F(t,z) < Cy|z|", for all |x| > 61 and a.e. ¢t € [0,T].

It follows from by assumption (A) that

F(t,z) < H[léi%(]a(s)b(t), for all |z| < §; and a.e. t € [0,T].
s€(0,01

Hence, for all # € RY and a.e. t € [0,7T], one has
(3.3) F(t,z) < max _a(s)b(t) + C1|z|".
s€[0,01]

It follows from (3.1), (3.3) and Holder’s inequality that
1 r I
~[[unll” =<P(Un)+/ F(taun(t))d“r’/ |un (£)[Pdt
p 0 P Jo

T 1 T
SM—i—Cg—i—Cl/ |un(t)|rdt+5/ lup (£) Pt
0 0

T 1 rp T g
(3.4) < M+Cy+ 01/ [un ()7t + 755 / un@®)rdt |
0 0

where Cy = max,¢[o,s,] a(5) fOT b(t)dt. By (2.8), there are constants C3 > 0 and
62 > 0 such that

(VE(t,z),x) — pF(t,z) > Cslz|* > 0, for all |z| > J; and a.e. ¢t € [0,T].
By assumption (A), one has
(VF(t,x),x) pr(t,x)’ < Cyb(t), for all |z] < d3 and a.e. t € [0,T],
where Cy = (p + 02) max,¢[o,s,] a(s). Hence one can obtain that
(VF(t,z),z) — pF(t,x) > Cs|z|* — C384 — C4b(t)
for all z € RY and a.e. t € [0,7]. Then one has

(p + 1)M > p@(un) - (@/(un)a un)

T T T
- / iy (D)t — p / Pt un (1))t / (I, () P2, (1), (1))
T
+/ (VE(t,un(t)), un(t))dt
0
T T
— [ (TPt un®)it = p [Pt
0 0
_ /O (TF(t 1)), un(0)) — DF (8, un ()] dt
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T T
> Gy [ ol =103 — 0 [ bty
0 0

which implies that fOT |un (t)|#dt is bounded. If y > r, by (3.4) and Holder’s inequal-

ity
T e T r
/ |un(t)|rdt§TT(/ (1)) "
0 0

one has ||uy,|| is bounded. If x4 < r, by (2.1), one has

T T
/ fun (8) " dt = / ot (8) 7 (£)|
0 0
T
< oun 22" / o (£) |t
0

T
< O g |7 / ot (£) .
0

Thus, by (3.4) and r — 1 < p, one can know that |u,|| is bounded, too. Hence ||uy||
is bounded in W%’p . Since for the set in a reflexive Banach space, boundedness and
weak compactness are equivalent, then there is a subsequence of {u,, }, again denoted
by {u,}, such that

(3.5) U, — u weakly in WP
Furthermore, by [6, Proposition 1.2], one has
u, — u strongly in C([0,T],RM).

Then we can use the same argument as in [16] to obtain that ||u,| — |Ju||. Because
of the uniform convexity of W%’p and (3.5), it follows that u, — u strongly in W:,IJP
from the Kadec-Klee property. The proof is completed.

The Linking Theorem introduced in [9] (also see [3, Theorem 2.1 and Example 3
in Chapter 3]) by Rabinowitz will be used to obtain the critical point of .

Theorem 3.1 (Linking Theorem). Let E = Ey @ Ey be a Banach space, where E;
is a finite dimensional subspace of E and Ey = Ei-. Suppose that ¢(-) € C*(E,R)
satisfies the Palais-Smale condition and the following conditions:
(i) There are constants p > 0 and o such that ¢|op,np, > a, where B, = {u €
E:lulle < p},
(ii) there is a constant d < o and e € Es, |le|lg = 1, s1 > 0,82 > p such that
vlog < d where Q@ ={u € Elu=z+ Xe,z € Eq, ||z| < s1,A € [0, s2]}.

Then @ possesses a critical value.

Proof of Theorem 2.1. As shown in [2], a deformation lemma can be proved with
the weaker condition (C) replacing the usual Palais-Smale condition, and it turns
out that the Linking Theorem holds under the condition (C). Let By = RY, Fy =
WP = {u € Wp"| fOTu(t)dt = 0}. Then, by Lemma 3.1, one only needs to prove
(i) and (ii) in Linking Theorem hold.
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By (2.5), there is g9 > 0 such that

F(t 1
i (¢, z) < —— — 2¢p.
lz|—0 |z|P pI'P

Thus, there is a constant dy € (0, d1) such that

1
(3.6) F(t,z) < (pr - 50> |z|P, for all |z| < dp and a.e. t € [0,T].

It follows from assumption (A) that

(3.7 |F(t,z)| < I%a)g }a(s)b(t), for all g < || < 7 and a.e. t € [0,T].
5€[00,01
Then, by (3.2), (3.6) and (3.7), for all z € RY and a.e. t € [0, 7], one has
1
. < | —== - P 0 "

(3.8) F(t,x) < (pr 50> 2| + (Ser%??gl]a(s)b(t)éo +C1)al
Hence, by (2.2), (2.3), (3.8) and (2.1), for every u € W%’p, one has

1 /7 T

o) = [ Worde— [Pt u)a
pJo 0

1 [T 1 T
> = u’tpdt—(—e)/ u(t)|Pdt
[ wora- (o5 -a) [ ol
T

T
— s o) [ be)de 6"l — Crllllc” [ fute) P
SE[(S(),51] 0 0

1 /T 1 T
> - u’tpdt—(—e)Tp/ ' (t)[Pdt
s wora= (o -a) [ o)

T T
— s o) [ be)dt 6"l — Collllc” [ fute)
56[50,61] 0 0
T T
— T? / o/ ()Pdt — max a(s) / b(t)dt 557 |lull’s
0 86[50,61] 0

T
~Cilullr [
0
> eoT(T7 + 1)~ |Jull” — (C1C ™" + Cady " Co) ull"
Thus it is easy to know that there exist constants a > 0 and p € (0,1) such that
o(u) > a, for every u € Wi* and |jul| = p.
which shows that (i) holds. Next it will be shown that (ii) also holds. By (2.6), for

F(t, 4
€1 = essinf lim inf (t,2) _ > 0,
te[0,T] |z|—oo  |x|P P

there exists d3 > pT_% such that

P
F(t,z) > <w +€1> |z|P, for all |z| > d3 and a.e. t € [0,T].
p
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Hence, by (2.4), for all x € RY and a.e. t € [0,T], one has

wP wP
(39) F(t,CE) > ( +51> ‘Sﬂ|p — < +€1> 5§
p p
Let
sin wt coswt
€1 + 1
(T +wrPT)? (T + wPT)?
e1 = (1,0,0,...,0) € RY,
es =(0,1,0,...,0) € RV,
Then it is easy to know that

€2,

1
le| = -
(T +wrT)?
e = ———,
(T +wPT)»

e =1 and e € WP, Let
Q=1{z+selr e RY, |z| < (w+1) dg, 0<s< (w+1) 53(T—|—Twp)%
per pex

and Cg = (“;TP + 51) T6%. It follows from Holder’s inequality that

T T »
/ |z + se|?dt < / (Jz + se|?)* dt
0 0

2
P

2
ST e,

Thus one has

T T
wp/ |z + se|Pdt > WPT % </ |z + Se|2dt>
0 0
. T T

= WPT "2 / || 2dt —|—/ |se|?dt
0 0
T g

> WPT' % (/ se|2dt>
0

- TsPwP
- T+ wrT

T
(3.10) _ / |se|Pdt.

0
Then for every = + se € @, by (3.9) and (3.10), one has

)
2

P
2

1 /T T
o(x + se) = 7/ |selPdt —/ F(t,z + se)dt
P Jo 0

wP [T wP T
< —/ |z + selPdt — (+51)/ |z + se|Pdt + Cg
P Jo p 0
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T
—&1 / |z + se|Pdt + Cg
0

P T T 82
751T17§ / |.’£|2dt+/ —dt + Cs.
0 o (

3.11
(8:11) T +wrT)?

IN

For every x + se € @), where |z| = ( + 1) 03, one has
ya
2

T
(3.12) oz +se) < —e T 7% / lz]2dt | + Cg = 0.
0

1
For every x + se € (), where s = (:Tpl + 1) " 03(T + Twp)%, one has

(NS}

82

T
(3.13) oz +se) < —e T2 / ——dt| +Cs=0.
o (T+wrT)r

If s =0, for all z € RV, by (2.4), one has
T

(3.14) o(z) = 7/ F(t,x)dt <O0.
0

1
Therefore, by (3.12)-(3.14), one has ¢plagg < 0. Let d = 0,51 = T (— 1),, 03

per

v\H

and s; = (1?1 + 1) 3(T + Tw”)p > p. Thus (ii) is proved. Hence, by Linking

Theorem, system (1.1) hab a non-constant T-periodic solution. 1
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