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1. Introduction and preliminaries

Let Ap denote the class of functions of the form

(1.1) f(z) = zp +
∞∑
k=1

ap+kz
p+k (p ∈ N = {1, 2, 3, · · · }),

which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. Also let the
Hadamard product (or convolution) of two functions

fj(z) = zp +
∞∑
k=1

ap+k,jz
p+k (j = 1, 2),

be given by

(f1 ∗ f2)(z) = zp +
∞∑
k=1

ap+k,1ap+k,2z
p+k = (f2 ∗ f1)(z).

Given two functions f(z) and g(z), which are analytic in U , we say that the
function g(z) is subordinate to f(z) and write g(z) ≺ f(z) (z ∈ U), if there exists
a Schwarz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U) such
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that g(z) = f(w(z)) (z ∈ U). In particular, if f(z) is univalent in U , we have the
following equivalence

g(z) ≺ f(z) (z ∈ U)⇐⇒ g(0) = f(0) and g(U) ⊂ f(U).

A function f(z) ∈ Ap is called p-valently starlike in U if it satisfies

Re
zf ′(z)
f(z)

> 0 (z ∈ U).

A function f(z) ∈ Ap is called p-valent strongly starlike of order α (0 < α ≤ 1) if
it satisfies

(1.2)
∣∣∣∣arg

(
zf ′(z)
f(z)

)∣∣∣∣ < π

2
α (z ∈ U).

For any integer n greater than−p, let fn+p−1(z) = zp/(1−z)n+p and let f (−1)
n+p−1(z)

be defined such that

(1.3) fn+p−1(z) ∗ f (−1)
n+p−1(z) =

zp

(1− z)p+1
.

Then for f(z) ∈ Ap, we define an integral operator In+p−1 as follows.

In+p−1f(z) = f
(−1)
n+p−1(z) ∗ f(z)

= zp +
∞∑
k=1

Γ(p+ k + 1)Γ(p+ n)
Γ(p+ k + n)Γ(p+ 1)

ap+kz
p+k.(1.4)

It is obvious that Ipf(z) = f(z). The operator In+p−1 was introduced by Liu and
Noor [3]. When p = 1, the operator In was first defined by Noor and Noor [6]. Many
interesting subclasses of analytic functions, associated with the integral operator
In+p−1 and its many special cases, were investigated recently by (for example) Noor
[5], Noor and Noor [6], Liu and Noor [3], Liu [1, 2] and others.

In order to prove our main results, we need the following lemma.

Lemma 1.1. Let the function g(z) be analytic and univalent in U and let the func-
tions θ(w) and ϕ(w) be analytic in a domain D containing g(U), with ϕ(w) 6= 0
(w ∈ g(U)). Set

Q(z) = zg′(z)ϕ(g(z)) and h(z) = θ(g(z)) +Q(z)

and suppose that
(i) Q(z) is univalently starlike in U and
(ii)

Re
zh′(z)
Q(z)

= Re
(
θ′(g(z))
ϕ(g(z))

+
zQ′(z)
Q(z)

)
> 0 (z ∈ U).

If q(z) is analytic in U with q(0) = g(0), q(U) ⊂ D and

(1.5) θ(q(z)) + zq′(z)ϕ(q(z)) ≺ θ(g(z)) + zg′(z)ϕ(g(z)) = h(z) (z ∈ U),

then q(z) ≺ g(z) (z ∈ U) and g(z) is the best dominant of (1.5).

The lemma is due to Miller and Mocanu [4, p.132].
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2. Sufficient conditions for strongly starlike functions

In this section, we assume that α, λ0, λ, a, b ∈ R and µ ∈ C.

Theorem 2.1. Let

(2.1) 0 < α ≤ 1, λ0a ≥ 0, |b+ 1| ≤ 1
α

and |a− b− 1| ≤ 1
α
.

If f(z) ∈ Ap satisfies In+p−1f(z)(In+p−1f(z))′ 6= 0 (z ∈ U \ {0}) and

(2.2) λ0

(
z(In+p−1f(z))′

pIn+p−1f(z)

)a
+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
≺ h(z),

for (z ∈ U) where

(2.3) h(z) = λ0

(
1 + z

1− z

)aα
+
(

1 + z

1− z

)(b+1)α

· 2αz
1− z2

,

then the function In+p−1f(z) is p-valent strongly starlike of order α in U . The
number α is sharp for the function f(z) defined by

(2.4)
z(In+p−1f(z))′

pIn+p−1f(z)
=
(

1 + z

1− z

)α
.

Proof. We choose

q(z) =
z(In+p−1f(z))′

pIn+p−1f(z)
, g(z) =

(
1 + z

1− z

)α
, θ(w) = λ0w

a and ϕ(w) = wb

in lemma. Clearly, the function g(z) is analytic and univalently convex in U and

(2.5) |arg g(z)| < π

2
α ≤ π

2
(z ∈ U).

The function q(z) is analytic in U with q(0) = g(0) = 1 and q(z) 6= 0 (z ∈ U). The
functions θ(w) and ϕ(w) are analytic in a domain D containing g(U) and q(U), with
ϕ(w) 6= 0 when w ∈ g(U). For

− 1
α
≤ b+ 1 ≤ 1

α
,

the function Q(z) given by

Q(z) = zg′(z)ϕ(g(z)) =
2αz

(1− z)1+(b+1)α(1 + z)1−(b+1)α

is univalently starlike in U because

Re
zQ′(z)
Q(z)

= 1 + (1 + (b+ 1)α)Re
z

1− z
− (1− (b+ 1)α)Re

z

1 + z

> 1− 1
2

(1 + (b+ 1)α)− 1
2

(1− (b+ 1)α) = 0 (z ∈ U).(2.6)

Further, we have

θ(g(z)) +Q(z) = λ0

(
1 + z

1− z

)aα
+

2αz
(1− z)1+(b+1)α(1 + z)1−(b+1)α

= h(z),
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where h(z) is given by (2.3), and so

zh′(z)
Q(z)

=
θ′(g(z))
ϕ(g(z))

+
zQ′(z)
Q(z)

= λ0a(g(z))a−b−1 +
zQ′(z)
Q(z)

.(2.7)

Also, for

|a− b− 1| ≤ 1
α
,

we find that

(2.8)
∣∣arg(g(z))a−b−1

∣∣ ≤ |a− b− 1| · απ
2
≤ π

2
(z ∈ U).

Therefore, it follows from (2.1) and (2.5) to (2.8) that

Re
zh′(z)
Q(z)

> 0 (z ∈ U).

The other conditions of lemma are also satisfied. Hence we conclude that

q(z) =
z(In+p−1f(z))′

pIn+p−1f(z)
≺
(

1 + z

1− z

)α
= g(z) (z ∈ U)

and g(z) is the best dominant of (2.2). By (2.5) we see that the function In+p−1f(z)
is p-valent strongly starlike of order α in U .

Furthermore, for the function f(z) defined by (2.4), we have

λ0(q(z))a + zq′(z)(q(z))b = h(z),

which shows that the number α is sharp. The proof of Theorem 2.1 is completed.

Theorem 2.2. Let

(2.9) 0 < α ≤ 1, λ(b+ 2) ≥ 0, (b+ 1)Reµ ≥ 0 and |b+ 1| ≤ 1
α
.

If f(z) ∈ Ap satisfies In+p−1f(z)(In+p−1f(z))′ 6= 0 (z ∈ U \ {0}) and

λ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+2

+ µ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+1

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
≺ h(z) (z ∈ U),(2.10)

where

(2.11) h(z) =
(

1 + z

1− z

)(b+1)α(
µ+ λ

(
1 + z

1− z

)α
+

2αz
1− z2

)
,

then the function In+p−1f(z) is p-valent strongly starlike of order α in U . The
number α is sharp for the function f(z) defined by (2.4).
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Proof. Let

q(z) =
z(In+p−1f(z))′

pIn+p−1f(z)
, g(z) =

(
1 + z

1− z

)α
, θ(w) = λwb+2+µwb+1 and ϕ(w) = wb

in lemma. Clearly, the functions q(z), g(z), θ(w), ϕ(w) and Q(z) = zg′(z)ϕ(g(z))
satisfy the conditions of lemma respectively. Further, we have

θ(g(z)) +Q(z) = λ

(
1 + z

1− z

)(b+2)α

+ µ

(
1 + z

1− z

)(b+1)α

+
2αz

(1− z)1+(b+1)α(1 + z)1−(b+1)α

= h(z),

where h(z) is given by (2.11), and so

zh′(z)
Q(z)

=
θ′(g(z))
ϕ(g(z))

+
zQ′(z)
Q(z)

= λ(b+ 2)g(z) + µ(b+ 1) +
zQ′(z)
Q(z)

.

Now, for
λ(b+ 2) ≥ 0 and (b+ 1)Re µ ≥ 0,

we have

Re
zh′(z)
Q(z)

> 0 (z ∈ U).

The other conditions of lemma are also satisfied. Hence we obtain the desired result
of the theorem.

Furthermore, for the function f(z) defined by (2.4), we have

λ(q(z))b+2 + µ(q(z))b+1 + zq′(z)(q(z))b = h(z),

which shows that the number α is sharp. The proof of Theorem 2.2 is completed.

Theorem 2.3. Let

(2.12) 0 < α ≤ 1, µ > 0 and 0 ≤ b+ 1 ≤ 1.

If f(z) ∈ Ap satisfies In+p−1f(z)(In+p−1f(z))′ 6= 0 (z ∈ U \ {0}) and∣∣∣∣∣arg

{
µ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+1

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b}∣∣∣∣∣
<
π

2
β (z ∈ U),

(2.13)

where

(2.14) β = (b+ 1)α+
2
π

tan−1

(
α

µ

)
,

then

(2.15)
∣∣∣∣arg

(
z(In+p−1f(z))′

In+p−1f(z)

)∣∣∣∣ < π

2
α (z ∈ U).
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This shows that the function In+p−1f(z) is p-valent strongly starlike of order α in
U . The bound β in (2.13) is the largest number such that (2.15) holds true.

Proof. By taking

λ = 0, µ > 0 and 0 ≤ b+ 1 ≤ 1
α

in Theorem 2.2, we see that if

(2.16) µ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+1

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
≺ h(z)

for (z ∈ U), where

(2.17) h(z) =
(

1 + z

1− z

)(b+1)α(
µ+

2αz
1− z2

)
,

then (2.15) is true.
For z = eiθ (θ ∈ R), z 6= 1 and z 6= −1, we get

(2.18)
z

1− z
= −1

2
+
i

2
cot

θ

2
,

z

1 + z
=

1
2

+
i

2
tan

θ

2

(2.19)
1 + z

1− z
=

1 + eiθ

1− eiθ
= cot

θ

2
e
π
2 i 6= 0.

The following two cases arise.
(i) If

k(θ) = cos
θ

2
sin

θ

2
=

1
2

sinθ > 0,

then we deduce from (2.17) to (2.19) that

h(eiθ) =
(

cot
θ

2

)(b+1)α

e
1
2 (b+1)απi

(
µ+ i

α

2

(
cot

θ

2
+ tan

θ

2

))
,

which yields

(2.20) arg h(eiθ) =
1
2

(b+ 1)απ + tan−1

(
α

2µk(θ)

)
for µ > 0, eiθ 6= 1 and eiθ 6= −1. Let θ1 = π

2 , then

(2.21) 0 < k(θ) ≤ k(θ1) =
1
2

and it follows from (2.12),(2.20) and (2.21) that

π > arg h(eiθ) ≥ arg h(eiθ1) =
1
2

(b+ 1)απ + tan−1

(
α

µ

)
=
π

2
β > 0.(2.22)

(ii) If k(θ) < 0, then it follows from (2.17) to (2.19) that

h(eiθ) =
(
−cot

θ

2

)(b+1)α

e−
1
2 (b+1)απi

(
µ+ i

α

2

(
cot

θ

2
+ tan

θ

2

))
,
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and so

(2.23) arg h(eiθ) = −1
2

(b+ 1)απ + tan−1

(
α

2µk(θ)

)
for µ > 0, eiθ 6= 1 and eiθ 6= −1. Let θ2 = −π2 . Then

(2.24) 0 > k(θ) ≥ k(θ2) = −1
2

and from (2.12),(2.23) and (2.24) we have

−π < arg h(eiθ) ≤ arg h(eiθ2) = −1
2

(b+ 1)απ − tan−1

(
α

µ

)
= −π

2
β < 0.(2.25)

Noting that h(0) = µ > 0, we find from (2.22) and (2.25) that h(U) properly contains
the angular region −π2β < argw < π

2β in the complex w-plane. Consequently, if
f(z) ∈ Ap satisfies (2.13), then the subordination relation (2.16) holds true, and so
we have the assertion (2.15) of Theorem 2.3.

Furthermore, for the function f(z) ∈ Ap defined by (2.4), we have (2.15) and

µ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+1

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
= h(z).

Hence, by using (2.22) and (2.25), we conclude that the bound β in (2.13) is the
best possible. This completes our proof.

Theorem 2.4. Let

(2.26) 0 < α < 1, λ > 0 and 0 ≤ b+ 2 ≤ 1.

If f(z) ∈ Ap satisfies In+p−1f(z)(In+p−1f(z))′ 6= 0 (z ∈ U \ {0}) and∣∣∣∣∣arg

{
λ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+2

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b}∣∣∣∣∣
<
π

2
γ (z ∈ U),

(2.27)

where

(2.28) γ = (b+ 2)α+
2
π

tan−1

(
α cos

(
π
2α
)

2λδ(α) + α sin
(
π
2α
)) ,

and

(2.29) δ(α) =
1
2

(1− α)
1−α

2 · (1 + α)
1+α

2 ,

then

(2.30)
∣∣∣∣arg

(
z(In+p−1f(z))′

In+p−1f(z)

)∣∣∣∣ < π

2
α (z ∈ U).

This shows that the function In+p−1f(z) is p-valent strongly starlike of order α in
U . The bound γ is the largest number such that (2.30) holds true.
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Proof. Putting

µ = 0, λ > 0 and 0 ≤ b+ 2 ≤ 1
α
,

we easily have (2.9) and it follows from Theorem 2.2 that if

(2.31) λ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+2

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
≺ h(z)

for (z ∈ U), where

(2.32) h(z) =
(

1 + z

1− z

)(b+1)α(
λ

(
1 + z

1− z

)α
+

2αz
1− z2

)
,

then (2.30) holds true.
Proceeding as in the proof of Theorem 2.3, we consider the following two cases.

(i) If

k(θ) = cos
θ

2
sin

θ

2
=

1
2

sinθ > 0,

then from (2.18) and (2.19) (used in the proof of Theorem 2.3) and (2.32) we get

h(eiθ) =
(

cot
θ

2

)(b+1)α

e
1
2 (b+1)απi

(
λ

(
cot

θ

2

)α
e
απi
2 + i

α

2k(θ)

)
and so

(2.33) arg h(eiθ) =
1
2

(b+ 2)απ + tan−1

(
αcos

(
π
2α
)

2λk1(θ) + αsin
(
π
2α
)) ,

where λ > 0, 0 < α < 1, eiθ 6= 1, eiθ 6= −1 and

(2.34) k1(θ) =
(

cot
θ

2

)α
k(θ) > 0.

Let us now calculate the maximum value of k1(θ). It is easy to verify that

(2.35) lim
θ→0

k1(θ) = lim
eiθ→−1

k1(θ) = 0

and that

k′1(θ) = −α
2

(
cot

θ

2

)α−1

· k(θ)(
sin θ2

)2 +
1
2

(
cot

θ

2

)α
cosθ

=
1
2

(
cot

θ

2

)α
(cos θ − α).(2.36)

Set

(2.37) θ1 = cos−1α.

Then k′1(θ1) = 0. Noting that 0 < α < 1, we easily have

(2.38) 0 < θ1 <
π

2
.

Hence, k(θ1) > 0 and it follows from (2.34) to (2.38) that

0 < k1(θ) ≤ k1(θ1) =
(

sin
θ1
2

)−2α(
cos

θ1
2

sin
θ1
2

)1+α
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=
(

1− cosθ1
2

)−α(1
2

sinθ1

)1+α

=
(1− α2)

1+α
2

2(1− α)α
= δ(α).(2.39)

Thus, by using (2.26),(2.33) and (2.39), we arrive at

π > arg h(eiθ) ≥ arg h(eiθ1) =
1
2

(b+ 2)απ + tan−1

(
αcos

(
π
2α
)

2λδ(α) + αsin
(
π
2α
))

=
π

2
γ > 0.(2.40)

(ii) If k(θ) < 0, then we obtain

h(eiθ) =
(
−cot

θ

2

)(b+1)α

e−
1
2 (b+1)απi

(
λ

(
−cot

θ

2

)α
e−

απi
2 + i

α

2k(θ)

)
,

which leads to

(2.41) arg h(eiθ) = −1
2

(b+ 2)απ − tan−1

(
αcos

(
π
2α
)

2λk2(θ) + αsin
(
π
2α
)) ,

where λ > 0, 0 < α < 1, eiθ 6= 1 and eiθ 6= −1 and

k2(θ) =
(
−cot

θ

2

)α
(−k(θ)) > 0.

Now we have
lim
θ→0

k2(θ) = lim
eiθ→−1

k2(θ) = 0

and

k′2(θ) =
1
2

(
−cot

θ

2

)α
(α− cos(−θ)).

Let
θ2 = −cos−1α.

Then k′2(θ2) = 0, θ1 + θ2 = 0 and −π2 < θ2 < 0. Thus, we deduce that k(θ2) < 0
and

0 < k2(θ) ≤ k2(θ2) =
(
−sin

θ2
2

)−2α(
−cos

θ2
2

sin
θ2
2

)1+α

=
(

1− cosθ2
2

)−α(
−1

2
sinθ2

)1+α

=
(1− α2)

1+α
2

2(1− α)α
= δ(α).(2.42)

Further, by (2.26), (2.41) and (2.42), we find that

−π < arg h(eiθ) ≤ arg h(eiθ2) = −1
2

(b+ 2)απ − tan−1

(
αcos

(
π
2α
)

2λδ(α) + αsin
(
π
2α
))

= −π
2
γ < 0.(2.43)
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In view of h(0) = λ > 0, we conclude from (2.40) and (2.43) that h(U) properly
contains the angular region −π2 γ < argw < π

2 γ in the complex w-plane. Therefore,
if f(z) ∈ Ap satisfies (2.27), then the subordination relation (2.31) holds true, and
thus we arrive at (2.30).

Furthermore, for the function f(z) ∈ Ap defined by (2.4), we have (2.30) and

λ

(
z(In+p−1f(z))′

pIn+p−1f(z)

)b+2

+ z

(
z(In+p−1f(z))′

pIn+p−1f(z)

)′(
z(In+p−1f(z))′

pIn+p−1f(z)

)b
= h(z).

Hence, by using (2.40) and (2.43), we see that the bound γ in (2.27) is sharp. The
proof is now completed.

Remark 2.1. If we let λ = p = n = 1 and b = −1, Theorem 2.4 reduces to the
result obtained earlier by Nunokawa [7] (see also Nunokawa and Thomas [9]) by
using another method.
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