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Abstract. A symplified axiomatization of pseudo-BCK algebras is given. In
addition, we obtain a system of axioms defining bounded commutative pseudo-
BCK algebras and show that these axioms are independent (that is, none follows
from the others).
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1. Introduction

In 1958, C. C. Chang [1] introduced MV (Many Valued) algebras. In 1966, Y. Imai
and K. Iséki [8] introduced the notion of BCK algebra. A BCK algebra [2] is an
algebra (A;x*,0) of type (2,0) satisfying the following axioms:

(BCK-1) ((z*xy) *x (xx2))*(z*xy) =0,

(BCK-2) (z* (z*xy))*xy =0,

(BCK-3) zxx =0,

(BCK-4) 0x2 =0,

(BCK-5) zxy =0 and y*x =0 imply = y.

In 1996, P. Héjek ([6, 7]) invented Basic Logic (BL for short) and BL algebras,
structures that correspond to this logical system. The class of BL algebras contains
the MV algebras. G. Georgescu and A. Iorgulescu [3] (1999), and independently J.
Rachunek [15] introduced pseudo-MV algebras which are a non-commutative gen-
eralization of MV algebras. After pseudo-MV algebras, the pseudo-BL algebras [4]
(2000), and the pseudo-BCK algebras [5] (2001) were introduced and studied. The
paper [5] contains basic properties of pseudo-BCK algebras and their connections
with pseudo-MV algebras and with pseudo-BL algebras. Y. B. Jun [12] obtained
some characterizations of pseudo-BCK algebras. A. Iorgulescu [10, 11] studied par-
ticular classes of pseudo-BCK algebras. There exist several generalizations of BCK
algebras such as BCI algebras [19] and BE algebras [18].
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In this paper, we give a system of axioms defining pseudo-BCK algebras. We
provide conditions for a pseudo-BCK algebra to be commutative and bounded. It
is also shown that the question of [5] (see Open problem 23) has a negative answer.

2. An axiomatization of pseudo-BCK algebras

The notion of pseudo-BCK algebras is defined by Georgescu and Iorgulescu [5] as
follows:

Definition 2.1. A pseudo-BCK algebra is a structure A = (A4; <, *,0,0), where for
any x,y,z € A the following conditions are satisfied:
(PBCK-1) (zxy)o(z*2) <zxy, (zoy)x(zoz)<zoy,
(PBCK-2) zx (zoy) <y, zo(rxy) <y,
(pBCK-3) z <z,
(pBCK-4) 0 < «z,
(PBCK-5) (z <y and y<z) = z=y,
(pBCK-6) z <y xzxy=0<zxzo0y=0.
Remark 2.1. An equivalent definition of pseudo-BL algebras can be found (in a
dual form) in [9], namely as a structure (A4; <, *,0,0) such that for all z,y,z € A :
(RO) (A4;<,0) is a poset with smallest element 0,
(RL) [(xy)o(zx2)]o(zxy) =0, [(@oy)x(zoz)]*(z0y)=0,
(R3) z#0=xz=1x00;
(R4) yxx=0&yoxr =0z >y,
Rh) s<y=axz<yxz xoz<yoz
Remark 2.2. If (A4; <,%,0,0) is a pseudo-BCK algebra verifying x x y = 2 oy for
all z,y € A, then (A4;%,0) is a BCK algebra.

Proposition 2.1. [12, Theorem 3.8] A structure (A;<,%,0,0) is a pseudo BCK-

— ) )

algebra if and only if it satisfies (pBCK-1), (pBCK-5), (pBCK-6), and
z*(0oy)=ax=z00xy) foral z,yeA

Proposition 2.2. Let(A;*,0,0) be an algebm of type (2,2,0) satisfying the following

(A1) [(@xy)o(zx2)]o(zxy)
(A2)  [(woy)*(zoz)*(z0 y)
(A3) z20(0xy)=ux,
(Ad) zxx(0oy)=umz.
Then for all z,y €A:
(a) Oxx=0=0o0ux,
(b) xx0=xz=z00,
() [zo(@xy)oy=0, [xx(zoy)]*xy=0,
(d) zxy=0&xzoy=0.
Proof. (a) Substituting x = z = 0, y = x, (Al) becomes
0=[(0*z)o(0x0)]o(0x*z).
Hence, applying (A3) we get 0 = (0 ) o (0% 0) = 0 * x, that is,
(2.1) Oxz=0
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for all x € A. Using (A2) and (A4) we obtain
0=[0o0z)*(000)]*(0ox)=(0ox)*(000)=00zx.
From this and (2.1) we see that (a) holds.
(b) By (A3),z =20 (0xy) =x00. Applying (A4) gives x = x x (0o y) = x % 0.
(c) (A1) yields
[(z+0)o(zxy)o(y*0)=0.
Then [z o (z *y)] oy = 0. Similarly, [z * (z oy)] xy = 0.
(d) Follows from (c). 1
Remark 2.3. Note that (Al) & (A2) = (R1).
The following theorem gives a simplified axiomatization of pseudo-BCK algebras.

Theorem 2.1. Let(A;*,0,0) be an algebra of type (2,2,0) obeying (Al)—(A4) and
the following axiom:
(Ab) zxy=yox=0 = xz=y.

Let us define

rlyerxy=0.
Then the structure A = (A;<,%,0,0) is a pseudo-BCK algebra. Conversely, if A is
a pseudo-BCK algebra, then it satisfies the axioms (A1l)—(Ab5).
Proof. We conclude (pBCK-1) from (A1), (A2), and Proposition 2.2 (d). By Propo-
sition 2.2 (¢, d) we have (pBCK-2). Using (A2) we get
xxx=[(xo0)*(xo0)]*(000)=0,

which is (pBCK-3). From Proposition 2.2(a) we obtain (pBCK-4). Moreover, (A5)
and Proposition 2.2(d) clearly force (pBCK-5) and (pBCK-6). Hence the structure
A is a pseudo-BCK algebra.

The converse is obvious. 1

According to the above theorem, we say that A = (4;%,0,0) is a pseudo-BCK
algebra if (A1)—(A5) are true in A.

Remark 2.4. If ¥ is a statement expressed in terms * and o, then we denote by
U’ the statement we get from ¥ by interchanging * and o. Obviously (A2) = (A1),
(A4) = (A3’), and (A5) = (AD).

Hence:
Corollary 2.1. If A = (A;%,0,0) is a pseudo-BCK algebra, then A4 = (A;o,*,0)
is also a pseudo-BCK algebra.

Remark 2.5. Applying Proposition 2.2 we can assert that the axioms (A1)—(A5)
are equivalent to the conditions (1.1.7)—(1.1.12) from Theorem 1.1.10 of [13].

Lemma 2.1. [5] Let (A4;*,0,0) be a pseudo-BCK algebra. Then for all x,y,z € A:
(xy)oz=(z02)y.
Definition 2.2. [5, 10] In a pseudo-BCK algebra A = (A;x,0,0) we define, for all
x,y € A:
cAy=yo(y*z), xNy=yx*(yows)
We say that A 1is:
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(a) A-commutative if t Ny =y Az for all z,y € A,
(b) N-commutative if t Ny =y Na for all x,y € A.

Proposition 2.3. [5, Theorem 18] Let A = (A;*,0,0) be a pseudo-BCK algebra.
Then:

(i) A is A commutative if and only if (A;N) is a semilattice,
(i) A is N commutative if and only if (A;N) is a semilattice.

Proposition 2.4. Let A = (A;x*,0,0) be an algebra of type (2,2,0). Then:
(i) A is a A commutative pseudo-BCK algebra if and only if A satisfies (A1)
(A4) and
(Bl) yo(y*z)=zo(x+y);
(i) A is a N commutative pseudo-BCK algebra if and only if A satisfies (Al)—
(A4) and
(BT’) y*(yox)=ax*(xzoy).
Proof. (i) If A is a A-commutative pseudo-BCK algebra, then it obviously satisfies
(A1)—(A4) and (B1). Conversely, let A satisfy the axioms (A1)—(A4) and (B1). By
Proposition 2.2 (b),

(2.2) zo0=z forallze A

To prove (Ab), let x xy = y oz = 0. Using Proposition 2.2 (d) we get y * = 0.
From (2.2) and (B1) we obtain

r=x00=zo(z*xy)=yo(y*xx)=yol0=uy.

Consequently, (A5) holds in A. Thus A is a pseudo-BCK algebra. By (B1), A is
A-commutative.
(’) has a similar proof. 1
Following a suggestion of [13] (see also [14]), we call a pseudo-BCK algebra
(A;%,0,0) commutative if and only if it satisfies both (B1) and (B1’). In [5] these
algebras were considered under name “semilattice-ordered” pseudo-BCK algebras.

Corollary 2.2. An algebra A = (A;*,0,0) of type (2,2,0) is a commutative pseudo-
BCK algebra if and only if A satisfies (A1)—(A4), (B1), and (B1’).

Remark 2.6. Another axiomatization of commutative pseudo-BCK algebras can
be found in [13]. The axioms are: (B1), (B1’), and (SK1)—(SK4), where

(SK1) yx(yox) =zo0 (zx*y),

(SK2) (zoy)xx = (z%x)oy,

(SK3) 0xkxz=0=0o0u,

(SK4) 0=z =x00.

Proposition 2.5. [5, Corollary 22] If A is a commutative pseudo-BCK algebra,
then

(2.3) xANy=xzNy foralaxyée A

Remark 2.7. Is every pseudo-BCK algebra verifying the condition (2.3) commuta-
tive? (Open problem 23 of [5]). The answer is in the negative. Indeed, let (A;x,0)
be a non-commutative BCK algebra (that is, y * (y * ) # x * (x x y) for some
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xz,y € A). Then A = (4;*,%,0) is a pseudo-BCK algebra satisfying (2.3), but it is
not commutative since (B1) does not hold in A.

3. Bounded pseudo-BCK algebras

Definition 3.1. If there is an element 1 of a pseudo-BCK algebra A, satisfying
(B2) x«1=0 forallx € A, then 1 is called a unit of A. We say that (A;x,0,0,1)
is a bounded pseudo-BCK algebra if (A;*,0,0) is a pseudo-BCK algebra and 1 is a
unit of (A;jx,0,0).

Theorem 3.1. Let A = (A;%,0,0,1) be an algebra of type (2,2,0,0). A is a
bounded commutative pseudo-BCK algebra if and only if it satisfies (B1), (B2), and
the following axioms:

(B3) (z+y)oz=(z02)+y,

(B4) yol(yxz)=yx*(yox)

(B5) z%0=ux.

Proof. Let A be a bounded commutative pseudo-BCK algebra. It is obvious that A
satisfies (B1), (B2), and (B5). The axiom (B3) follows from Lemma 2.1. By (2.3)
we obtain (B4).
Conversely, let A satisfy (B1)-(B5). Using (B4) and (B1) we have
yx(yos)=yolyrz)=zo(axy) =a*(zoy),
which is (B1’). Applying (B2) and (B3) we get
Qox=(zx*xl)ox=(rox)*x1=0,

ie., forall z € A,

(3.1) Doz =0.
We have
zox=uzo(x*x0) (by (B5))
=z (xo0) (by (B4))
=0x%(0ox) (by (B1))
=0x0=0 (by (3.1) and (B5))
Then
(3.2) xox =
for all z € A. Observe that
(3.3) zoy=0=>2xy=0.

Indeed, let z o y = 0. Using (B5), (B4), (B3), and (3.2) we get
rxy=(zx0)ry=[vx(roy)ry=I[ro(rxy)*ry=(rxy)o(zxy)=0.

Thus (3.3) is satisfied. Now applying (3.2) and (3.3) we have

(3.4) zxx =0

for all x € A. From (B5), (3.2), (B4), and (3.4) we obtain

r=xx0=uzx*(rox)=zo(r*xx)=x00,
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i.e., (B5’) holds in A. Since
zol=x0(lx0)=zx(lo0)=x*x1=0,
we see that (B2’) also holds in A. Moreover, (B3) = (B3’) and (B4) = (B4’). Thus
the identities (B1’)—(B5’) are true in A. From this and (3.3) we deduce that
(3.5) zxy=0=z0y=0
for all 2,y € A. By (B3) and (B1),
(xxy)o(zxz)=lro(zxz)]+y

=[zo(zxx)|xy

=(zx*xy)o(zxx).
Hence, applying (B3), (3.4), and (3.1), we obtain

[(zxy)o(zx2)] x(zxy) = [(zxy) o (zx2)]* (2 xy)
[(zxy) * (zxy)l o (2 x)

Oo(zxx)=0.

Using (3.5) we get (Al). Similarly, since the identities (B1’)—(B5’) are true in A, we
conclude that (A2) = (A1’) holds in A. It is easy to see that (A3) and (A4) also hold
in A. From Corollary 2.2 it follows that A is a bounded commutative pseudo-BCK
algebra. 1

By the proof of Theorem 3.1 we get:

Corollary 3.1. If A = (A;%,0,0,1) is a bounded commutative pseudo-BCK algebra,
then A4 = (A;0,%,0,1) is also a bounded commutative pseudo-BCK algebra.

Corollary 3.2. The class of bounded commutative pseudo-BCK algebras is a variety
defined by the identities (B1)—(B5) or (B1")—(B5’).

Theorem 3.2. The azioms (B1)—(B5) are independent, that is, none of them can
be deduced from the others.

Proof. We are going to give some examples of algebras in which only four of the
axioms hold. Let A = {0, a, 1}. Define binary operations x and o on A as follows:

1
0
a
0

Then (A4;x*,*,0,1) fulfils the axioms (B2)—(B5), but not (B1), since 1 % (1xa) =0 #
a = a* (ax*1). However, (A;0,0,0,1) satisfies (B1) and (B3)—(B5), but not (B2).
Now we define the binary operations * and o on the set A by the following tables:
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The identities (B1), (B2), (B4), and (B5) are valid in (4;%*,0,0,1), but (B3) does
not hold because (0 1) o a = a, while (0oa) *1=0.
Now, consider the set A = {0,1} with the operations * and o given as follows:

x| 0 1 o|0 1
0|0 O 0|0 O
111 0 1(0 0

Then the algebra (A;x,0,0,1) satisfies (B1)-(B3) and (B5), but not (B4). Indeed,
lo(1x1)=0#1=1x%(100). Finally, it is evident that the axioms (B1)—-(B4) hold
in (A4;0,0,0,1), while (B5) does not. 1
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