BULLETIN of the Bull. Malays. Math. Sci. Soc. (2) 35(2) (2012), 399-410
MALAYSIAN MATHEMATICAL
SCIENCES SOCIETY
http:/math.usm.my/bulletin

A Characterization of Cayley Graphs
of Brandt Semigroups

I'BEHNAM KHOSRAVI AND 2BAHMAN KHOSRAVI

lDepanment of Mathematics, Institute for Advanced Studies
in Basic Sciences, Zanjan 45137-66731, Iran
2Department of Mathematics, Faculty of Science, Islamic Azad University,
North Tehran Branch, Tehran, Iran
'behnam_kho @yahoo.com, 2khosravibahman @yahoo.com

Abstract. In this paper, first we characterize Cayley graphs of finite Brandt semigroups,
and we give a criterion to check whether a finite digraph is a Cayley graph of a finite Brandt
semigroup. Also Kelarev and Praeger gave necessary and sufficient conditions for Cayley
graphs of semigroups to be vertex-transitive. Then, some authors gave descriptions for all
vertex-transitive Cayley graphs of some special classes of semigroups. In this note similar
descriptions for all vertex-transitive Cayley graphs of Brandt semigroups are given.
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1. Introduction

Let S be a semigroup and C be a subset of S. Recall that the Cayley graph Cay(S,C) of S with
the connection set C is defined as the digraph with vertex set S and arc set E(Cay(S,C)) =
{(s,cs) :5€8,c€C}.

Cayley graphs of groups have been extensively studied and some interesting results have
been obtained (see for example, [1]). Also, the Cayley graphs of semigroups have been
considered by some authors (see for example, [2], [3], [6]-[17]).

It is known that the Cayley graphs of groups are vertex transitive; i.e. for every two ver-
tices g1, go there exists a graph automorphism ¢ such that ¢(g;) = g». In [10], Kelarev and
Praeger characterized vertex transitive Cayley graphs Cay(S,C) of semigroups S for which
all principal left ideals of the subsemigroup generated by the connection set C are finite.
Using this result, in [3, 14, 15, 17], descriptions of vertex transitive Cayley graphs of some
special classes of semigroups are given. In this paper we give similar descriptions for all
vertex-transitive Cayley graphs of Brandt semigroups which form one of the most popular
classes of semigroups. Sabidussi in [18] presented a criterion to check whether a digraph
is a Cayley graph of a group. In [16] by presenting a characterization of the Cayley graphs

Communicated by Sriwulan Adji.
Received: December 18, 2008; Revised: September 7, 2010.



400 B. Khosravi and B. Khosravi

of Clifford semigroups, a similar criterion for these Cayley graphs is obtained. Similarly
in [15], a characterization of the Cayley graphs of rectangular groups is obtained. Also in
this note, we present a characterization of Cayley graphs of finite Brandt semigroups and
we give a criterion to check whether a finite digraph is a Cayley graph of a finite Brandt
semigroup.

2. Preliminaries

A digraph (directed graph) T is a nonempty set V = V(') of vertices, together with a
binary relation £ = E(T') on V. We denote the digraph I' by I' = (V,E). A digraph is
symmetric if the relation E is symmetric. Symmetric digraphs are more conveniently viewed
as (undirected) graphs. The elements a = (u,v) of E are called the arcs of I, u is said the
tail of a and v is its head. An empty digraph is one with no arcs. Given a digraph I, the
underlying graph of T which is denoted by T, is the graph with the same vertices of I' and
(u,v), (v,u) € E(T) if (u,v) or (v,u) belongs to E(T). A digraph I is said to be connected if
its underlying graph is connected. If for each pair of vertices u,v of I, there exists a directed
path from u to v, then I is said to be strongly connected. By a connected component of a
digraph I we mean any component of the underlying graph of I". The in-degree dr- (v) of a
vertex v in a digraph I is the number of arcs with head v; the out-degree dlf (v) of v is the
number of arcs with tail v.

Let I' = (V,E) be a digraph. Suppose that V' is a nonempty subset of V. The subgraph
of " whose vertex set is V' and whose arc set is the set of those arcs of I that have both
ends in V' is called the subgraph of T induced by V' and is denoted by I'[V']. The union
of digraphs I'y and I'p, written Iy UT,, is the digraph with vertex set V(I';) UV(I';) and
arc set E(I')) UE(I,). If T} and I, are disjoint, we denote their union by I'; +I';. In this
paper, the i-th projection map is denoted by ;.

Let S be a semigroup, and C be a nonempty subset of S. The Cayley digraph Cay(S,C) of
S relative to C (which is simply called Cayley graph) is defined as the digraph with vertex
set S and arc set E(C) consisting of those ordered pairs (s,z) such that cs = ¢, for some
¢ € C. The set C is called the connection set of Cay(S,C) (see [7]). Obviously, if C is an
empty set, then Cay(S,C) is an empty digraph.

Let I'y = (V1,E)) and I'; = (V»,E,) be digraphs. A graph (digraph) homomorphism
¢ : Ty — I'; is a mapping ¢ : V; — V, such that (u,v) € E; implies (¢ (u),¢(v)) € E,, and
is called a graph (digraph) isomorphism if it is bijective and both ¢ and ¢! are graph
homomorphisms. A graph homomorphism ¢ : I" — I' is called an endomorphism, and a
graph isomorphism ¢ : I' — I' is said to be an automorphism. We denote the set of all
endomorphisms on a digraph I by End(T), and the set of all automorphisms on I" by Aut(T").

For a Cayley graph Cay(S,C), we denote End (Cay(S,C)) by End¢(S), and Aut (Cay(S,C))
by Autc(S). An element f € End¢(S) is called a color-preserving endomorphism if cx =y
implies ¢f(x) = f(y) for every x,y € S and ¢ € C. The set of all color-preserving endomor-
phisms of Cay(S,C) is denoted by Col End¢ (), and the set of all color-preserving automor-
phisms of Cay (S, C) by Col Autc(S). Obviously Col End¢(S) C End¢(S) and Col Autc(S) C
Autc(S).

The following proposition, known as Sabidussi’s Theorem, gives a criterion to check
whether a digraph is a Cayley graph of a group (see also [16, Theorem 2.5]).
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Proposition 2.1. [18] A finite digraph T = (V,E) is a Cayley graph of a group G if and only
if the automorphism group of I contains a subgroup A isomorphic to G such that for every
two vertices u,v € V there exists a unique 6 € A such that ¢(u) = v.

The Cayley graph Cay(S,C) is said to be automorphism-vertex transitive or simply
Autc(S)-vertex-transitive if, for every two vertices x,y € S, there exists f € Autc(S) such
that f(x) = y. The notions of Col Autc(S)-vertex-transitive, ColEnd¢(S)-vertex-transitive,
and Endc(S)-vertex-transitive for Cayley graphs are defined similarly.

A right zero semigroup (left zero semigroup) is a semigroup S satisfying the identity
xy =7y (xy = x). Also, recall that a semigroup is said to be left simple (right simple) if it
has no proper left (right) ideals. A semigroup is called a left group (right group) if it is
left (right) simple and right (left) cancellative. It is known that a semigroup is a right (left)
group if and only if it is isomorphic to the direct product of a group and a right (left) zero
semigroup (see [5]). The following proposition describes all semigroups S and all subsets
C of S, satisfying a certain finiteness condition, such that the Cayley graph Cay(S,C) is
Col Autc(S)-vertex-transitive.

Proposition 2.2. [10, Theorem 2.1] Let S be a semigroup, and C be a subset of S which
generates a subsemigroup (C) such that all principal left ideals of (C) are finite. Then, the
Cayley graph Cay(S,C) is Col Autc(S)-vertex-transitive if and only if the following condi-
tions hold:
1) ¢S=S, forall c € C;
(i) (C) is isomorphic to a right group;
(iil) |(C)s| is independent of the choice of s € S.

A semigroup is completely simple if it has no proper ideals and has an idempotent ele-
ment which is minimal with respect to the partial order on idempotents ¢ < f < e =ef = fe.

Proposition 2.3. [10, Theorem 2.2] Let S be a semigroup, and C be a subset of S such that
all principal left ideals of the subsemigroup (C) are finite. Then, the Cayley graph Cay(S,C)
is Autc(S)-vertex-transitive if and only if the following conditions hold:
(i CS=S;
(ii) (C) is a completely simple semigroup;
(iil) the Cayley graph Cay({C),C) is Autc({C))-vertex-transitive;
(@iv) [(C)s| is independent of the choice of s € S.

Let G be a group and I, be a set of cardinality A > 0. Now we define a semigroup
operation on S = (I} x G x I},) U{0} as follows:

; P _ (i7gh7k)7 lf Jj= L
(lvgv.])(lvh,k)_{ O, lf ]#l,
and (i,g,7)0=0(i,g,j) =00=0, forall i, j,I,k € I, and g,h € G. Then the semigroup S is
called a Brandt semigroup and is denoted by B(G,1).
Lemma 2.1. [10, Lemma 6.1] Let S be a semigroup, and C be a subset of S.
(i) If Cay(S,C) is End¢(S)-vertex-transitive, then CS = S.
(ii) If Cay(S,C) is ColEndc(S)-vertex-transitive, then ¢S = S for each ¢ € C.

Lemma 2.2. [10, Lemma 5.2, Corollary 5.3] Let S be a semigroup with a subset C such that
(C) is completely simple, and CS = S. Then, every connected component of the Cayley graph
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Cay(S,C) is strongly connected, and for every v € S, the connected component containing
v is equal to (C)v. Also, if (C) is isomorphic to a right group, then the right (C)-cosets are
the connected components of Cay(S,C).

For more information on graphs, we refer to [4], and for semigroups see [5].

3. Characterization of Cayley graphs of Brandt semigroups

In this section, we suppose that every digraph is finite. To provide a criterion for Cayley
graphs of finite Brandt semigroups, we present a characterization of Cayley graphs of finite
Brandt semigroups. Let S be a finite Brandt semigroup and C C S. Then it is obvious that
if 0 € C, then each vertex of Cay(S,C) is joined to 0. Also if C = 0, then Cay(S,C) is an
empty digraph. Therefore in the sequel of this section we suppose that C is a nonempty set
and 0 ¢ C.

Theorem 3.1. A finite digraph D is a Cayley graph of a finite Brandt semigroup if and only
if D consists of a vertex vy, with a loop on it, and A mutually disjoint subgraphs {Da}%‘:]
such that vy ¢ V(Dg,), for each a. Also the arc set of D satisfies the following conditions:
there exists no arc between V(D) and V(Dy), for 1 < a,a’ < A and o # o/, and every
Dy, is isomorphic to a digraph denoting by T = (V,E) such that
(H Vv= Uftzl Vi, where V;’s are pairwise disjoint and have the same cardinality,
(2) there exists a group G such that for every 1 <i < A, if I'; = T'[Vi], then T; &
Cay(G,GC;), for some C; C G,
(3) there exists a family of graph isomorphisms { f;}*,, fi : Cay(G,C;) — T, for 1 <
i < A such that if, for x € G and e the identity of G, fi(e) is joined to f;(x), then
fi(g) is joined to fi(xg) for every g € G. Also there is not any other arc from I'; to
['j. Let C;j be the elements of G, say x, such that fi(e) is joined to fj(x).
Moreover let Ny : T — Dg, where 1 < a < A, be the isomorphism between I and D¢y. For
every 1 <o <A, if Ci # 0, for some 1 <i <A orCi; #0, for some 1 <i,j<Aandi# j,
then all vertices in Ny (V \ Vi) are joined to vy in D.

Proof. (=) Let D = Cay(S,C), where S = (I} x G x I; ) U{0} is a finite Brandt semigroup
and C C §. By the definition of Brandt semigroup we know that 7 is a set of cardinality
A, G is a group, and O is the zero of S. Without loss of generality we can assume that
I, ={1,2,...,A}. Let vg = 0. Also since for every ¢ € C, c0 = 0, there exists a loop on
0. We know that § = (U,<; j<21(i,8,/)|g € G}) U{0}. Forevery 1 <i,j <A, let D;; =
D[{(i,8,))|g € G}| and A;; = {(i,&, /) € C|g € G}. We claim that D;; = Cay(G, C;), where
Ci = {g € G|(i,8,i) € C}. To prove it, we define y;; : D;; — Cay(G,C;), by (i,8,)) — &.
Obviously y;; is one-to-one and onto. So it is enough to check that y;; preserves adjacency
and non-adjacency. To prove y;; preserves adjacency, let vi = (i,g1,/), v2 = (i,82,)) €
V(Djj) and (vi,v2) € E(D;j). So there exists ¢ € C such that v = cvi. So (i,82,]) =
c(i,g1,j). Thus g» = m(c)g1, mi(c) =i, and also since (i,g2,j) # 0, m3(c) =i. Hence
m(c) € C;. Therefore (g1,82) € E(Cay(G,C;)). So (yij(v1),y;;(v2)) € E(Cay(G,C;)). To
prove yj;; preserves non-adjacency, let (y;;(v1), ¥;j(v2)) = (g1,82) € E(Cay(G,C;)). Then,
there exists i € C;, such that g» = hgy. Since h € C;, (i, h,i) € A;;. Also since vi,vs € V(D;j)
and (1,82, ) = (i,h,i)(i,81,]), we conclude that ((i,g1,]),(i,82,7)) = (vi,v2) € E(Djj).
Therefore

(31) Dl‘j %Cay(G,Ci),
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foreach 1 <i,j<A.

Now we show that there exists no arc between V (D;;) and V(Dy 1), for 1 <i,i’ <A, 1 <
J>J' < Aand j# j'. On the contrary if there exists some arcs between V(D;;) and V (Dy ;) in
D, there exist (i, g, j) € V(D;;) and (', ¢', j') € V(Dy; /)suchthat((l & 7)s ( /g, ]))GE(D)
Since D = Cay(S,C), there exists (/,h,k) € C such that (¢/,g', ;") = (I,h,k)(i (8] J)- Since
(i',¢',j)) # 0, we get that k = i. Thus (i,g’,j) = (I,hg,j). Hence j = j, which is a
contradiction. Now we prove that D has A subgraphs {D(x}é=1 such that Dy, ’s are pairwise
disjoint and isomorphic to each other. Let Dy = DX, V(Diq )], for 1 < ot < A. Then the
Dy’s are pairwise disjoint and there exists no arc between Dy, and D if @ # . Obviously,
V(D) =U%_, V(Dy)U{0}. Now we prove that Dg’s are isomorphic to each other. To prove
it, for every arbitrary 1 < o, o' < A, we define y: Dy — Dy, by w(i,g, o) = (i,g, '), for
every (i,g,a) € V(Dg). Since (i1, g1, &) = (iz,g2, @) if and only if (i1, g1, &) = (i2, g2, '),
we get that y is well-defined and one-to-one. Also it is obvious that y is onto. So it
is enough to prove that y preserves adjacency and non-adjacency. To prove Y preserves
adjacency, let (u,v) € E(Dqy), u = (i1,81,¢) and v = (i2,82, ). Hence there exists ¢ =
(l,h,k) € C such that (iz,gz, (X) = (Lh,k)(il,g],a). Sol=1ip, gp=hgiandk=i;. Thusc=
(i, h,i1) and (ip, g2, 0) = (io, h,i1)(i1,81, ). Therefore (y(u), y(v)) € E(Dy). Similarly

if (W(u)7W(V)):((ilvg]aa/)7(i27g2v ))GE( ) then ((ilvg]v ),(12,82, ))GE(DOC)’
which proves that y preserves non-adjacency. W1th0ut loss of generality we can assume
that ' = (V,E) is equal to D;. Let ng : D} — D¢ by

(32) na(iagal):(ivgva)a

where (i,g,a) € V(Dgy) and 1 < a0 < A.

Now we prove that conditions (1) and (2) are satisfied. Let V; = V(D;;) and I'; =T'[Vj],
1 <i < A. Therefore I'; = D;; and, by (3.1), we have I'; = D;; = Cay(G, C) Also we note
that V(D) = Ule V(Dj1)andsoV = U?LZI V;. Since by (3.1), D;; = Cay(G,C;), we get that
[V(Di1)| = |G]|. So V;’s have the same cardinality. Hence conditions (1) and (2) are satisfied.

To prove condition (3), for every 1 <i < A, we define f; : Cay(G,C;) — I, for 1 <i< A,
by fi(g) = (i,g,1). It is easy to check that the f;’s are well-defined, one-to-one and onto.
So it is enough to prove that f; preserves adjacency and non-adjacency. To prove that f;
preserves adjacency for every arc (g1,g2) € E(Cay(G,C;)), we know that there exists d € C;
such that 82 ngl. So (i,d,i) € A;; and f,‘(gz) = (i,gz, 1) = (i,d,i)(i,gl, 1) = (i,d, i)f,-(gl).
Hence (fi(g1), fi(g2)) € E(I;). Therefore f; preserves adjacency. To prove f; preserves non-
adjacency, let (fi(g1), fi(g2)) € E(T;). There exists ¢ € C such that fi(g2) = cfi(g1), since
D = Cay(S,C). Let c = (I,d, k). Similarly to the above, we conclude that ) (¢) = i, m3(c) =
i. Thus, ¢ = (i,d,i), d € C; and g» = dg|. Therefore (g1,82) € E(Cay(G,C;)). Hence f;
preserves adjacency and non-adjacency. Therefore f; is a graph isomorphism. Since (i,e, 1)
is joined to (j,x, 1), where x € Cj;, it follows that (j,x,i) € C and so {j} x Cj; x {i} C C.
Thus, for every g € G, fi(g) is joined to each vertex of {(j,d,i)(i,g,1)|d € Ci;} = fi(Cijg).
Now we prove that all arcs from I'; to I'; are arcs mentioned above. Let there exists an arc
from a vertex fi(g) € V; = V(I';), for some g € G, to a vertex fj(g ) €V;=V(I;), where
g € G. Since D = Cay(S,C), there exists (I,h,k) € C such that (j,g',1) = (I,h,k)(i,g,1).
Sol=j,k=iand g = hg. Since (j,h,i)(i,e,1) = (j,h,1), it follows that f;(e) is joined
to fj(h). Thus h € C;;, and so g’ € C;jg. Therefore f;(g') € f;(Cijg) and condition (3) is
satisfied.



404 B. Khosravi and B. Khosravi

Now we prove that if C; # 0 or C;; # 0, then each vertex of 1y (V \ V;) are joined to v
in D, where 1 < a < A. If C; # 0, then there exists d € C; such that (i,d,i) € C. Thus, for
every vertex (i',g,1) € V\ Vi, we have i # i’ and since (i,d,i)(',g,1) = 0, we conclude that
(/',g,1) is joined to 0. Also since, for every 1 < a < A, (i,d,i)(i,g,a) = 0, we get that
Na(i',g,1) = (i, g,a) is joined to 0 in D.

If C;j # 0, then as we mentioned above (j,h,i) € C, for h € C;;. For every vertex
(/,g,1) € V\V, we have i # i’ and since (j,d,i)(/',g,1) = 0, we conclude that (i',g,1)
is joined to 0. Also since, for every 1 < a < A, (j,h,i)(i, g, ) =0, we get that ng (', g,1)
is joined to 0 in D.

(<) Take a digraph I" = (V, E) with properties (1)-(3) and take a digraph D with the given
properties. Then D consists of a vertex vy with a loop on it and A mutually disjoint subgraphs
{Dg}%_, such that each Dy is isomorphic to I' = (V,E). We define a Brandt semigroup S
as S = (I x G x I} ) U{0}, where G is the group given in part (2) and [; = {1,2,...,1}.
Let

A
(3.3) c=(Uixax{u( U Urxcx{),
i=1 1<i,j<A
i#j

where C; and C;; are given in parts (2) and (3), respectively. Let D’ = Cay(S,C) and D}, =
D'[{(i,g,a)|lg € G,1 <i<A}], for | <a < A. Using the (=) part of the theorem, we
conclude that D’ = Cay(S, C) consists of the vertex 0 with aloop on it and A pairwise disjoint
subgraphs D/, which are isomorphic to a graph satisfying conditions (1)-(3) and there exists
no arc between these subgraphs. We claim that D is isomorphic to D' = Cay(S,C).

To prove D is isomorphic to IV, first we prove that I" = D}. Using (2), we know that
I'; =TV, & Cay(G,C;), for | <i< A, and by (3) there exists a graph isomorphism f; :
Cay(G,C;) —T';. Foreveryv € V =V(T'), using (1) we get that there exists a unique 1 <i <
A such that v € V; = V(I';). To prove ' 2 D), we define y : T — D), by w(v) = (i, £, ' (v), 1),
where v € V; = V(I';). Now we prove that ¥ is a graph isomorphism. Since f;"! is a graph
isomorphism, we get that y is one-to-one and onto. So it is enough to show that y pre-
serves adjacency and non-adjacency. Let (u,v) € E(I'). There exists 1 <, j < A such that
uecV;=V([;)andv e V;=V(I;). Now we consider two cases. If i = j, then using (2) we
get that there exists d € C; such that ;' (v) = df;"' (u). So by the definition of C in (3.3),
we conclude that (i,d, i) € C. Now since (i, f; '(v),1) = (i,d,i)(i, ' (u),1), we conclude
that (y(u), y(v)) € E(D}). If i # j, then there exist g,¢’ € G such that f;(g) =u, fj(g') =v.
Using (3), we get that f;(g) is joined in I'; only to f;(C;;g). Hence g'g~! € C;;. By the defi-
nition of C'in (3.3), we get that (j,g’g !, i) € C. Hence (j,f;l(v), D=(j,gg 1i)i,g,1)=
(j,&'g Vi) (i, £ (u),1). Thus, (y(u),y(v)) € E(D}). Therefore y preserves adjacency.
To prove y preserves non-adjacency, let (v (u),y(v)) € E(D)). Also let y(u) = (i,g,1)
and y(v) = (i',g’,1). Therefore g = f; '(u) and g’ = f,'(v). By definition of Cay-
ley graph, there exists (ic,gc,j.) € C such that (i',¢',1) = (ic,g¢, jc)(i,g,1). Soi. =17,
je=1i,and g = g.g. If i =i, then by the definition of C in (3.3), we get that g. € C;.
Since i = i’, we have g = f;'(u) and g’ = f;"'(v). Since f; is a graph isomorphism and
(8,¢') € E(Cay(G,Ci)). (fi(g), fi(g')) = (u,v) € E(I) C E(I'). If i # ', then (1, gc,i) €C
and so g. € C;y. Using (3), each vertex fi(g”), g’ € G, is joined to fy(g.g"). Thus fi(g) is
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joined to fy(g.g) = f»(g'). Hence u is joined to v. So (u,v) € E(T'). Therefore y preserves
non-adjacency. Hence I' = D).

Now we prove that D & D' = Cay(S,C). By assumption, D' = Cay(S,C) is a Cay-
ley graph of a Brandt semigroup. Therefore as we mentioned in the necessary part of
the proof, for each 1 < a < A, there exists a graph isomorphism n(’x : D’, — Dﬁx, where
No(i,g,1) = (i,g,a) (see 3.2). To prove D =2 D' = Cay(S,C), we define u : D — D’ by
w(vo) =0and u(v) = nyyny'(v) if v € V(Dy), for some 1 < a < A. It is easy to check
that  is bijection since 1, W and 1, ! are bijection and vy does not belong to any V (D),
for 1 < a < A. Hence to prove U is a graph isomorphism, it is enough to prove that y pre-
serves adjacency and non-adjacency. For this purpose let vi,v, € V(D) and (v, v;) € E(D).
Since in the graph D there does not exist any arc from vg to any other vertex of D, we have
three following cases.

Case (1). Let vi = vo = vp. Since we know that there is a loop on v in D, and there is a
loop on u(vp) =0 in D', we conclude that (u(vy), 1 (v2)) = (0,0) € E(D').

Case (2). Let v # vg and vy # vg. Since there does not exist any arc between D, and
Dy, for1 < a,o <A and o # ', we conclude that there exists some 1 < o < A such that
v1,v2 € V(Dg). Since N}, wand 1, ! are graph isomorphisms, we get that (1t(v;), 1t(v2)) =
(Mayng' (v1),newng' (v2) € E(Dg) € E(D').

Case (3). Let vi # vg and v = vg. Then v; € V(Dy), for some 1 < o < A. By the
hypothesis, v; is joined to vg. Therefore C; # 0, for some 1 <i < A, or C; ; # 0, for some
1<i,j<A,i# jand ng'(vi) € V\Vi. Let ng'(vi) € Vy =V (Iy), for some 1 <i' < A4,
where i’ # i. By the definition of v, we know that w(ng'(vi)) = (i',fl.,’l(no_‘l(vl)), 1).
Therefore 1(vi) =15, (W(ng (1)) = (@, £, (g (v1)), @) € V(D}y). If C; # 0, then there
exists d € C; and so (i,d,i) € C. Then (i,d,z’)(z”,j”lfl(?‘[(;1 (v1)),a) = 0 shows that @ (vy) is
joined to p(vo) = 0. Similarly if C;; # 0 and d € C;;, then by the definition of C, (j,d,i) € C.
Similarly to the above, we conclude that u(vi) = n,wng'(vi) = (i’,fl.T1 Mg (1)), @) is
joined to u(v2) =0in D',

Thus p(vy) is joined to p(v,) in D’. Therefore y preserves adjacency. Similarly we can
conclude that i preserves non-adjacency. Hence U is a graph isomorphism. Thus D = D' =
Cay(S,C). Therefore D is isomorphic to a Cayley graph of a finite Brandt semigroup. 1

In the next example we show that the following digraph is not a Cayley graph of a Brandt
semigroup, because condition (3) of the above theorem is not satisfied.

Example 3.1. Let D be the following digraph. By Theorem 3.1, we show that D is not
a Cayley graph of a Brandt semigroup. Throughout of the proof, we use the notations of
Theorem 3.1. On the contrary suppose that D is a Cayley graph of a Brandt semigroup. Let
S= (I, x G x1;)U{0} be a Brandt semigroup and C C S such that D = Cay(S,C).

Since |S| = A%|G|+1 = 17, we get that A € {1,2,4}. In any case vp = 0. If 1 = 1, then
8§22 GY. So, by conditions (1) and (2) of Theorem 3.1 we conclude that D[V \ {0}] must be
isomorphic to a Cayley graph of a group. By Proposition 2.1, we know that every Cayley
graph of a group is vertex-transitive. Also we know that in a finite vertex-transitive graph
the in-degree is the same for each vertex, and is equal to its out-degree. Now we note that
D is not vertex-transitive because dyy\ (o1, (v3) =1 and A joy] (vg) = 2. Since D[V \ {0}]
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is not vertex-transitive, we get that D[V \ {0}] can not be isomorphic to a Cayley graph of
a group, which is a contradiction. Hence A > 1. Then there exist A mutually disjoint sub-
graphs, {D;}* | such that there exists no arc between them. Let v; € V(D). Since there
does not exist any arc between D;’s, we get that vy, v4,vg € V(Dy). Since vp,va,vs € V(Dy),
similarly to the above we conclude that v3,vs,ve,v7 € V(Dy), too. Similarly we conclude
that there exists D;, where 2 < i < A, such that v} ,v5,v5, v}, v5, v, V5, vg belong to V(D;).
This implies that A = 2. Without loss of generality, we can assume that [, = {1,2}. We
choose Dy = D[{vi,v2,V3,v4,V5,V6,Vv7,v8}] and Dy = D[{V},v5, V5, v}, Vi, ve, V5, ve . Tt is
obvious that D and D, are isomorphic to each other and up to isomorphism the choices of
D and D; are unique. Without loss of generality, we can assume that I' = D;. By condition
(1), we get that {V],V27V3,V4,V5,V6,V7,V3} = Ui2=1Vi such that |V1| = ‘V2| =4 and F[V,] is
isomorphic to a Cayley graph of a group, for i = 1,2. Without loss of generality let v; € V.
Now we consider the following four cases.

Figure 1: Digraph D.

Case (1). Let v, € V| and vg € V;. We claim that this case can not occur. Since v,,vg € V|,
d;rl (vi) =2. Butdp (vi) <dp(v1) = 1, which is a contradiction because I'y is vertex-
transitive.

Case (2). Let vp ¢ V; and vg € V. Since I is vertex-transitive, we get that d1:1 (vi) =
di,(vi) = 1. So v4 € Vi and dr (va) = dft (va) = 1. Therefore v3 € Vi and dr (v3) =
dli'] (v3) = 1 which implies that v, € Vj, and this is a contradiction.

Case (3). Let v, € V; and vg ¢ V;. Then dlil (v1) = dffl (vi) =1 and so v4 € V;. Now similar
to the above cases, we conclude that v3 € V;. Therefore

Vi ={vi,v,v3,v4}, Va={vs,ve,v7,v8}.

So I'[V}] & Cay(Z4,{c}), where ¢ = 1 or ¢ = 3, and I'[V,] = Cay(Z4,{2}) (we note that
since I'[V}] is a square, then ¢ must be an element of order 4 and so G can be only Za).
Hence S = (I x Zs x L) U{0}. Let f; : Cay(Z4,{c}) — T'[Vi], where ¢ € {1,3} and
f: Cay(Z4,{2}) — T'[V,]. Now we claim that condition (3) of Theorem 3.1 can not be sat-
isfied. To prove it we note that vi = f; (g1 ) is joined to vy = f1(g2) € V) and vg = f>(g') € Va,
for some g1,82,8’ € Za. Since f is a graph isomorphism, (g1,g2) € E(Cay(Z4,{c})) and
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$0 g2 = g1 +c¢. We note that vi = fi(g;) is joined to vg = f>(g’). Hence fi(e) is joined
to f>(g' —g1). By condition (3) of Theorem 3.1, since v, = f1(g2) = fi(g1 +¢) is joined
to vs, we get that vs = f>(g' — g1 + g1 +¢). Therefore vs = f2(g’ +¢). Since f, is a graph
isomorphism and (vs,vs) € E(I2), we get that (f; ' (vs), /5 ' (vs)) € E(Cay(Z4,{2})) and
so fy '(vs) = f; ' (vs) +2. Thus g’ = g’ +c+2. Hence ¢ = 2, which is a contradiction
because ¢ € {1,3}. Therefore in this case the graph D can not be a Cayley graph of a Brandt
semigroup.

Case (4). Let v> ¢ Vi and vg ¢ Vi. Then dp (v1) = dffl (v1) =0. Sovs € V. Alsodp, (v2) =
dlfz (v2) = 0 implies that v3,vs € V. Finally dr_2 (v4) =0 and so vy € V. Therefore

Vi={vi,v3,vs,v7}, Vo ={v2,v4,v6,8}.
Also we note that by condition (3) of Theorem 3.1, each vertex of I'; is joined to exactly
|C12| vertices of I';. Now vy is joined to v, and vg in V, = V(I'2) but v; is joined only to
ve in Vo = V(I'z), which is a contradiction. Therefore in this case the graph D can not be a
Cayley graph of a Brandt semigroup.
So D is not a Cayley graph of a finite Brandt semigroup.

4. Vertex-transitive Cayley graphs of Brandt semigroups

In this section, we describe Cayley graphs of Brandt semigroups which are vertex transitive.
Throughout this section, we assume that S is a Brandt semigroup and C is a nonempty subset
of S.

Theorem 4.1. Let S = (I, x G x I} ) U{0} be a Brandt semigroup. Let C be a subset of
S which generates a subsemigroup (C) such that all principal left ideals of (C) are finite.
Then the following statements are equivalent:

(i) Cay(S,C) is Col Autc(S)-vertex-transitive;

(ii) Cay(S,C) is Autc(S)-vertex-transitive;

(iii) Cay(S,C) is ColEndc(S)-vertex-transitive;

(V) || =1, 822G and C = {(i,ec,i)}, where I, = {i};

(v) Cay(S,C) = |S|K;.

Proof. (1)=-(iv) By Proposition 2.2, we get that ¢S = S, for every ¢ € C. Let ¢ = (i, go, jo) €
C. Forevery s= (i, g, j) € S, since ¢S = S, there exists s’ = (jo,g’, j) € S such that (i, g, j) =
(i0,£0,J0)(jo,&’,j)- Since s is arbitrary, for every i € I;, i = iy. Therefore |I;| = 1. Let
I, = {i}. Now we define v : ({i} x G x {i}) U {0} — G°, by (i,g,i) — g and 0 ~— 0.
Obviously, ¥ is a semigroup isomorphism. Hence S = G°. Since for every ¢ € C, ¢S = S,
we getthat 0 ¢ C. So C C {i} x G x {i}.

By Proposition 2.2, we conclude that (C) is isomorphic to a right group. By Lemma 2.2,
we conclude that for every v € S the connected component containing v is equal to (C)v.
Since [(C)0| = |{0}| = 1, by Proposition 2.2, we conclude that for every v € S, [(C)v| = 1.
So the cardinality of all connected components of Cay(S,C) are 1. Since C is not empty, all
connected components of Cay(S,C) are isomorphic to K;. Since C C {i} x G x {i} and all
connected components of Cay(S,C) are isomorphic to K, C = {(i,e,i)}.

(iv)= (v) Since C = {(i,eg,i)} and for every (i,g,i) in S, (i,eq,i)(i,g,i) = (i,8,i), it follows
that each vertex is joined only to itself. Therefore every connected component of Cay(S,C)
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is isomorphic to K;. Hence Cay(S,C) = |S|K,.
(v)= (i) It is routine to verify that the digraph |S \121 is Col Autc(S)-vertex-transitive.

(i) (v) It is routine to verify that the digraph |S|K; is Autc(S)-vertex-transitive. Con-
versely let Cay(S,C) be an Autc(S)-vertex-transitive Cayley graph. First we claim that
0 ¢ C. On the contrary let 0 € C. So all vertices of Cay(S,C) are joined to 0. Also we
know that 0 is not adjacent to any other vertex of Cay(S,C). Since Cay(S,C) is Autc(S)-
vertex-transitive, for a non-zero vertex v, we conclude that there exists f € Autc(S) such that
f(v) =0. Since (v,0) € E(Cay(S,C)), we get that (f(v), f(0)) = (0, f(0)) € E(Cay(S,C)).
Since 0 is not adjacent to any other vertex of Cay(S,C), we conclude that f(0) = 0 which
is a contradiction since f(0) =0 = f(v), f € Autc(S) and v # 0. Therefore 0 ¢ C. On
the other hand, by Proposition 2.3 we know that |(C)s| is independent of s € S. Since
[{C)0| = [{0}| =1, and C # 0, by Lemma 2.2 we conclude that all connected components
of Cay($,C) are isomorphic to K;. Therefore Cay(S,C) = |S|K;.

(iii)< (v) It is routine to verify that the digraph |S |I? 1 is Col End¢ (S)-vertex-transitive. Con-
versely let Cay(S,C) be a Col End¢(S)-vertex-transitive Cayley graph. By Lemma 2.1, we
get that ¢S = S, for every ¢ € C. Now similar to the proof of (i)= (iv) we get that | | = 1,
0¢C,and S=G". Let I = {i}. Since Cay(S,C) is ColEndc(S)-vertex-transitive and
there exists a loop on the vertex 0, there exists a loop on each vertex of Cay(S,C). Hence
(i,eq,i) € C, since C C {i} x G x {i}. Since Cay(S,C) is ColEndc¢(S)-vertex-transitive,
for every vertex v # 0, there exists a ¥ € ColEnd¢(S) such that yw(0) = v. Since for
every ¢ € C, ¢c0 =0, we get that v = y(0) = y(c0) = cy(0) = cv. So (i,m(v),i) =
(i, m(c),i)(i,m(v),i). Since m(v) = M (c)m(v) and c is an arbitrary element of C, we
conclude that C = {(i,eq,i)}. So we get (iv) and we proved that (iv) and (v) are equiva-
lent. 1

Remark 4.1. Let S = (I x G xI;) U{0} be a Brandt semigroup, and let C be a subset of
S. By the proof of Theorem 4.1 we conclude that the following statements are equivalent:
(i) Cay(S,C) is ColEndc(S)-vertex-transitive;
(i) [Iy|=1,5=2G%and C = {(i,eg,i)} where I, = {i};
(iii) Cay(S,C) =2 |S|K;.

Now we present a necessary and sufficient condition for Cayley graphs of Brandt semi-
groups to be endomorphism-vertex-transitive.

Theorem 4.2. Let S = (I, X G x I} ) U{0} be a Brandt semigroup, and let C be a subset of
S such that all principal left ideals of the subsemigroup (C) are finite. Then the following
statements are equivalent:
(i) Cay(S,C) is End¢(S)-vertex-transitive;
(ii) there exists a loop on each vertex;
(iil) (i,eq,i) €C, for everyi€ I,.

Proof. (i)=-(ii) Since C # 0, there exists a loop on vertex 0. Also since Cay(S,C) is
End¢(S)-vertex-transitive, there exists a loop on each vertex of Cay(S,C).
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(ii)= (i) For every s € S, we consider the map y;(v) = s, which maps every vertex of
Cay(S,C) to s. Since there exists a loop on each vertex of Cay(S,C), every y; is a digraph
endomorphism, for s € S. Hence for every vertices s,7 € S, y,(t) = s and so Cay(S,C) is
End¢(S)-vertex-transitive.

(ii)=-(iii) For every (i, g, j) € S\ {0}, there exists (i, g, jc) € C such that (i, g, j) = (ic, gc, jc)
(i,g,))- So j.=1i,i.=iand g.g = g. Hence g. = e¢. Therefore forevery i € I;, (i,ec,i) € C.

(iii)=- (ii) It is obvious. 1

Theorem 4.3. Let S = (I x G x I),)) U{0} be a Brandt semigroup and C C S. Then T =
Cay(S,C) is symmetric if and only if
() || =1;

(i) m(C) = (m(C) s

(iii) 0 ¢ C.
Proof. (=) We claim that |I; | = 1. On the contrary suppose that |I;| > 1. Since C is not
empty, there exists (ic, g, jo) € C. Since |I)| > 1, there exists i € I) such that i # j.. So
every vertex (i,g, j) € S is joined to 0, which is a contradiction since there does not exist any
arc from O to (i,g, j) and we know that Cay(S,C) is symmetric. So |I; | = 1. LetI; = {i}. If
0 € C, then every vertex of I" is joined to 0 and similarly we get a contradiction. Let ¢ € C.
Since I = {i}, we get that ¢ = (i,t,i), where t € G. Therefore (i,7,i)(i,g,i) = (i,tg,i)
implies that Cay(S,C) = Cay(G,m(C)) + K;. To prove m(C) = (m(C))~", let ¢ € C.
Then ¢ = (i,t,i), for some t € G. For every (i,g,i) € S, since ((i,g,i),(i,,i)(i,8,i)) €
E(Cay(S,C)), then ((i,t,i)(i,8,i), (i,g,i)) € E(Cay(S,C)). So there exists (i,g’,i) € C such
that (i,g,i) = (i,g',i)(i,t,i)(i,g,i). Hence t ! = g’ € my(C). Therefore m(C) = m,(C) .

(<=) Since |I;| = 1, S22 G°. Also since 0 ¢ C, then as we mentioned above it follows that
Cay(S,C) = Cay(G,m(C)) + K;. On the other hand we know that if 7, (C) = (m»(C)) ",
then Cay(G, m(C)) is symmetric. Therefore Cay(S,C) is symmetric. i
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