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Abstract. Let M" be an n(n > 3)-dimensional complete connected and oriented hypersur-
face in a unit sphere $"*!(1) or Euclidean space R™"! with constant k-th mean curvature
Hy, > 0(k < n) and with two distinct principal curvatures A and p such that the multiplicity
of Aisn— 1. We show that (1) in the case of ™1 (1), if k > 3 and [h]? < (n— 1)e/* +1, 2%,
then M" is isometric to the Riemannian product S' (v/1 —a2) x 8"~ (a), where , is the pos-
itive real root of the function Py, () = k' T — (n— k)t +nHy; (2) in the case of R, if
|A? < (n—1)(nHy/(n—k)) t , then M™ is isometric to the Riemannian product "~ (a) x R.
We extend some recent results to the case k > 3.
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1. Introduction

Let M"!(c) be an (n+ 1)-dimensional connected Riemannian manifold with constant sec-
tional curvature c¢. According to ¢ > 0 or ¢ = 0, it is called sphere space or Euclidean space,
respectively, and it is denoted by $"*!(c),R"*!. Let M" be an n-dimensional hypersurface
in a unit sphere S"*1(1). As it is well known there are many rigidity results for hypersur-
faces with constant mean curvature or constant scalar curvature in "' (1), for example, see
[1-8]. In [7], Wei proved:

Theorem 1.1. Let M" be an n(n > 3)-dimensional complete connected and oriented hy-
persurface with constant mean curvature H and with two distinct principal curvatures such
that the multiplicity of one of the principal curvatures is n— 1 in S""1(1). If

n’H? n(n—2)

h* < — 2H4 +4(n—1)H?
= nt 36— 2(n—1)\/” +aln—DH?,
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then M™ is isometric to the Riemannin product S'(a) x S""'(v/1 —a?), where

a> = (1/2n(1+H?))[2 +nH?* + \/n2H* 4+ 4(n — 1)H?

On the other hand, if M" has constant scalar curvature n(n — 1)r and two distinct principal
curvatures, one of which is simple, Wei [8] also proved the following theorems:

Theorem 1.2. Let M" be an n-dimensional complete connected and oriented hypersurface
in S"T1(1) with constant scalar curvature n(n — 1) r(r # Z%%) and with two distinct princi-
pal curvatures, one of which is simple. If
n(r—1)+2 n—2

n—2 n(r—1)+2’

then M" is isometric to the Riemannian product S' (v/1 — a2) x "~ (a), where a* = (n—2) /nr.

h2 < (n—1)

Let Hy be the normalized k-th symmetric function of principal curvatures of the hyper-
surface M" defined by

(1.1) C'H, = Y Aiy A

1< <ip<-<ix<n

i)

where CK = n!/k!(n—k)!. We call Hy, the k-th mean curvature of M".
‘We should note that for ¢ = 1, if k = 1, H; is the mean curvature of M" and if k = 2, from
(1.1) and (2.11), we have H, = r — 1, where r is the normalized scalar curvature of M".
Denote by Py, (1) and Py, (t) the following function:

(1.2) PHl(t):%f(n—l)t+nH1,

(1.3) PHZ(I) =—(n—2)t+nH,+2,
we can rewritten Theorem 1.1 and Theorem 1.2 as follows:
Theorem 1.3. Let M" be an n(n > 3)-dimensional complete connected and oriented hyper-

surface with constant mean curvature Hy and with two distinct principal curvatures such
that the multiplicity of one of the principal curvatures is n— 1 in S"*'(1). If

> < (n—1)8 +1,%,
then M" is isometric to the Riemannin product

1
1 n—1 2 2 2 2174 2
V1o - 24+ nH? +\/n2H* +4(n— )H
S'(a) x S"( a?),a 2l H2)[ n \/n (n—1)H?],

where ty is the positive root of (1.2).

Theorem 1.4. Let M" be an n-dimensional complete connected and oriented hypersurface
in S"*1(1) with constant 2-th mean curvature Hy(Hy # —1/n—1) and with two distinct
principal curvatures, one of which is simple. If

B> < (n—n+1, ",

then M" is isometric to the Riemannian product S' (V1 —a?) x " ~1(a), a®> = (n —2) /n(Hy + 1),
where ty is the root of (1.3).
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Now it is natural for us to consider the problem: May we extend recent results Theorem
1.3 and Theorem 1.4 of G. Wei [7, 8] to the case that M" has constant k(k > 3)-th mean cur-
vature Hy (k < n) and with two distinct principal curvatures. Denote by Py, (¢) the following
function:

k=2
(1.4) PHk(t):k[Tf(n*k)Z“FnHk,
‘We may solve the problem and obtain the following:

Theorem 1.5. Let M" be an n(n > 3)-dimensional complete connected and oriented hy-
persurface with constant k(k > 3)-th mean curvature Hy > 0(k < n) and with two distinct
principal curvatures A and p such that the multiplicity of A is n— 1 in S"*1(1). If

Ih? < (n—1)5"" +1, 2%,

then M" is isometric to the Riemannin product S' (v/'1 —a?) x §"~!(a), where t, is the posi-
tive root of (1.4).

Let M" be an n-dimensional hypersurface in a Euclidean space R"*! with constant k-th
mean curvature Hy(k < n). Recently, Wei [9] also obtained the following result:

Theorem 1.6. Let M" be an n(n > 3)-dimensional complete connected and oriented hy-
persurface in R"™! with constant k-th mean curvature Hy > 0(k < n) and with two distinct
principal curvatures, one of which is simple. If

2

H, O\ ©

2> (n—1) [ 2
AP = (=1 (=)

then M" is isometric to Riemannin product S"~'(a) x R.

It is natural for us again to consider the problem: May we extend recent results Theorem
1.6 of Wei [9] to the case that M" has constant k(k > 3)-th mean curvature Hy(k < n) and
with two distinct principal curvatures and satisfies |[h|?> < (n—1)(nHy/(n—k))*/*.

We solve the problem and obtain the following result:

Theorem 1.7. Let M" be an n(n > 3)-dimensional complete connected and oriented hy-
persurface in R*™! with constant k-th mean curvature Hy > 0(k < n) and with two distinct
principal curvatures, one of which is simple. If

|h|2s<n—1>(”H" )

n—k
then M™ is isometric to Riemannin product S"~'(a) x R.

For ¢ =0, if k = 1, H; is the mean curvature of M" and if k = 2, from (1.1) and (2.11),
we have H, = r, where r is the normalized scalar curvature of M". From Theorem 1.7, we
have the following important corollaries:

Corollary 1.1. Let M" be an n(n > 3)-dimensional complete connected and oriented hyper-
surface in R"! with constant mean curvature H and with two distinct principal curvatures,
one of which is simple. If |h|> < n*H*/(n—1), then M" is isometric to the Riemannian
product S~ '(a) x R.
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Corollary 1.2. Let M" be an n(n > 3)-dimensional complete connected and oriented hy-
persurface in R"! with constant scalar curvature n(n— 1)r and with two distinct principal
curvatures, one of which is simple. If |h|> < n(n—1)r/(n—2), then M" is isometric to the
Riemannian product S"~'(a) x R.

2. Preliminaries

Let M"!(c) be an (n+ 1)-dimensional connected Riemannian manifold with constant sec-
tional curvature ¢(> 0). Let M" be an n-dimensional complete connected and oriented
hypersurface in M™*!(c). We choose a local orthonormal frame ey, -- e, in M"*1(c)
such that ey, --- ,e, are tangent to M". Let @y, -+, @,+ be the dual coframe. We use the
following convention on the range of indices:

1<AB,.C,---<n+1; 1<ijk--<n.

The structure equations of M"*!(c) are given by

2.1 dwy :Z(DAB/\(D& Wap+ wpy =0,
B

(2.2) dwap =Y 0ac A Ocp + Qus,

C
where

1
(2.3) Qup=—5 Y Kascpoc A ap,

CD

2.4 Kapcp = ¢(8acBp — Oap 0B )-
Restricting to M",
(2.5) @1 =0.
(2.6) Oni1i = Y hijoj, hij=hji.

J
The structure equations of M" are
2.7 da)i:Zwij/\coj, ;j +wj; =0,

J
1
(2.8) dw; :Zwik/\wkj_EZRijklwk/\wl»
i ol
(2.9) Rijir = (661 — 0i ) + (hixhji — hithji),
(2.10) Rij:(n_l)caij+thij_Zhikhkj,
k

(2.11) n(n—1)(r—c) =n*H> —|h|?,

where n1(n— 1)r is the scalar curvature, H is the mean curvature and |/|? is the squared norm
of the second fundamental form of M".
The Codazzi equation and the Ricci identity are

(2.12) hijk = higj,
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(2.13) hijkr — hijie = Z IRkt + Z himRom ki
m m

where h;ji and h;ji; denote the first and the second covariant derivatives of h;;.
We choose ey, - -+ , e, such that /;; = 7L,~5,-j. From (2.6), we have

(2.14) Opr1i =A@, i=12,--,n.
Hence, we have from the structure equations of M"

dw, ;= dA N+ Aido;
(2.15) :dl,-/\wi+l,~2w,~j/\a)j.
J

On the other hand, we have on the curvature forms of M1 (c),

1
Qpi1i = ) Y Kutiicpoe A op
CD
1
=-3 Y c(8u11¢8ip — 8u108ic) ¢ A @p
CD
(2.16) =—cWu+1 ANw;=0.

Therefore, from the structure equations of M"*!(c), we have

doy41; = Z(Dnﬂj A @ji + Opy 11 A Opy1i + 1
J

2.17) ZZAJ'(DZ'/'/\(DJ'.
J

From (2.15) and (2.17), we obtain

2.18) dhi N @i+ Y (Ai—Aj)oij A ;= 0.
7

Putting

(2.19) vij = (i — 4)) ;.

Then y;; = y;;,(2.18) can be written as

(2.20) Y (wij+ 8ijd ;) Aw; =0.

J

By Cartan’s lemma, we get

2.21) ij+ 8;jdA; =Y Qi
k

where Q; i are uniquely determined functions such that

(2.22) Oijk = Qixj-

439
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3. Proof of main theorems

We firstly have the following Proposition 3.1 original due to Otsuki[6].

Proposition 3.1. Let M" be a hypersurface in M" ' (c) (¢ > 0) such that the multiplicities
of the principal curvatures are constant. Then the distribution of the space of the principal
vectors corresponding to each principal curvature is completely integrable. In particular,
if the multiplicity of a principal curvature is greater than 1, then this principal curvature is
constant on each integral submanifold of the corresponding distribution of the space of the
principal vectors.

Let M" be an n(n > 3)-dimensional complete connected and oriented hypersurface with
constant k-th mean curvature Hy > 0 and with two distinct principal curvatures one of which
is simple, that is, without loss of generality, we may assume

3.1 M=h=—=kh 1=, L=u,

where A; for i = 1,2,--- ,n are the principal curvatures of M". Therefore, we obtain
CkHy = CF_ ARy,

this implies that

(3.2) A (n—k)A + ku] = nHy.

By changing the orientation for M" and renumbering ey, - - - , ¢, if necessary, we may assume
that A > 0. From (3.2), we have

n n—k

. — “H MR )
(3.3) p=v A A A
Since
Ak —H,
A—HZ’?W?AO,

we know that ¥ — Hj, # 0.
Let @ = |Af—H|~ 7. We denote the integral submanifold through x € M" corresponding
to 2 by M~ ! (x). Putting

n n
(3.4) dA=Y Ay, du=Y piox
=1 k=1

From Proposition 3.1, we have

3.9 Ai=Ap=--=2A,_1=0 on Mlllfl(x)'
From (3.3), we have

1—k —k
(3.:6) dp = | ™ p )Hkﬁrk—”T dx.

Hence, we also have

(37) “71:“72:"':“51171:0 on M’ll_l(x).
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In this case, we may consider locally A is a function of the arc length s of the integral curve
of the principal vector field e, corresponding to the principal curvature . From (2.21),
(3.4)and (3.5),wehave for 1 < j<n-—1,

dA :dlj = Z ijka)k
k=1

n—1
= Z Qi@+ Qjjn®y,
k=1
(3.8) = Aun @y
Therefore, we have
(39) ijk:O, 1§k§n—l7 and ijn:)“mo

By (2.21), (3.4) and (3.7), we have

n
d.u = d)Ln = Z ankwk
k=1

1

3
|

= ankwk + annwn
k=1
n
= Zﬂ,i ;
i=1
(310) = H,n Wy
Hence, we obtain
(3.11) Ok =0, 1<k<n-—1, and Qum =U-
From (3.6), we get
ann = H,n
n(l—k) _x n—k
12 = |=—q — )
(3 ) A kA k Am

From the definition of ;;, if i # j, we have y;; =0for 1 <i<n—land 1< j<n—1.
Therefore, from (2.21),if i # jand 1 <i<n—1and 1 < j<n—1 we have

(3.13) Oijk =0, forany k.
By (2.21), (3.9), (3.11), (3.12) and (3.13), we get

n
Yin = Z O jnk O
k=1

= ijnwj + annwn
3.14) =, @j.
From (2.19), (3.3) and (3.14), we have

Wjp =
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kAIQ, o
n(Ak—H)

Therefore, from the structure equations of M" we have

(3.15) =

n—1
dw, =Y g A O+ Opn A @, = 0.
=1

Therefore, we may put @, = ds. By (3.8) and (3.10), we get

dA = A,,ds, },,n:@,
ds
and
d
dy =, ds, #7n=£~
Then we have
kA1,
O (A=)
dA
/'Lk lds o
n(lk H)
log |Af — H, |7
(3.16) _ 4 0g|/1d k| }a)j
K

From (3.16) and the structure equations of M"*1(c), we have

n—1

dwjn = Z (75 N Qg + Wjn N Oy + Wjnt1 A Opy1n+ Q]n
k=1
n—1

= Z Qji N\ Oy + Djny1 N\ Opt1p — cOj A Wy

k=1
_ d{log|A* ~ Hln}'c
— ];wjk/\(ok—(/lu+c)w,/\ds
From (3.16), we have
d*{log |A* — Hy|n } d{log |A* — Hy|n}
dw;j, = e ds N\ wj+ s dw;
d?{log| A% — Hy|n d{log | A% — Hy|
_ d*{log| i il }dsij+ {log | kl}ZkaAwk
ds ds
d{log|A* — Hyft) [ dflog|at — it} ]
_ ./\d
ds? + ds wj s
 dilog |2~ gt}
N
ds Z(Dk @y

k=
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From the above two equalities, we have

d*{log|A* — Hy|r} _ {d{logW—Hkm

(3.17)

2
ds? ds } ~(Apte)=0.

From (3.3) we get

2 k_ g |+ k_f % g —
Pllog\F—Hy b} {d{mgz H }} T L

ds? ds k
Since we define @ = |Af — Hk|_% , we obtain from the above equation
> _nH— (n—k)AF+ ckA*—?
3.18 o =0
(3-18) sz kAK=2

We can prove the following Lemmas:

Lemma 3.1. Let
k=2
Py (t) =kt ® — (n—k)t +nHj,

where t >0, k > 3 and Hy = const. > 0. Then Py, () obtains its maximum at to = [(k —2)/
(n—k)|*/? and has a positive real root, denoted by t,. In addition,

(1) if H, > ty, then

() ift > Hy, then t <t holds if and only if Py, (1) > 0;

(i) if t < Hy, then Py, (t) > 0 for to <t < Hy, Py, (t) > 0 for 0 <t <t.

(2) if H, <ty, then

() ift > Hy, then to <t <t holds if and only if Py (t) > 0 and Py, (t) > 0 for Hy <

t <rtoy,
(i) ift < Hy, then Py (t) > 0 for 0 <t < Hy.

Proof. We have
dPy, (1)
dt
it follows that the solution of dPy, (t)/dt = 0 is to = [(k—2)/(n—k)]*/> > 0. Therefore, we
know that if < g if and only if Py, (¢) is an increasing function, t > t, if and only if Py, (¢)
is a decreasing function and Py, (¢) obtain its maximum at t = .
Since Py, () is continuous and Py, (0) = nH), > 0, we infer that Py, (¢) has a positive real
k=2
root, denoted by . Since Py, (Hy) = kaT +kHy > 0 = Py, (t2), we have 1, > H;.
Now we prove the next part of Lemma 3.1.
(1) If H; > ty, we consider two cases t > Hy and t < Hy If t > H, since t > t( if and only
if Py, (¢) is a decreasing function, we infer that if 7 > H;, then ¢ < 1, if and only if
Py, (t) > Py, (t2) = 0. If t < Hy, we have ¢ € (0,%] U (to, Hi], from the increasing and

= —(n—k)+ (k—2)72/%

k=2
decreasing property of Py, (1), we easily have Py, (1) > Py, (Hy) = kH, * +kH; >0
for tog <t < Hy, Py, (t) > Py, (0) = nH; > 0 for 0 <t < 1.
(2) If H, <1y, we also consider two cases t > H; and t < H;. If t > Hj, from the
increasing and decreasing property of Py, (¢), we easily know that o < <1, holds

k=2
if and only if Py, (t) > Py, (12) = 0 and Py, (t) > Py, (Hy) = kH,* + kHy, > 0 for
Hy <t <1;Ift < Hy, we have r € (0,Hy], from the increasing property of Py, (1),
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we easily have Py, (1) > Py, (0) > 0 for 0 < ¢ < H;. We complete the proof of
Lemma 3.1. 1

Lemma 3.2. Let
1
20,
W) = e
t >0, H,=const. >0 and k > 3. Then, if t > Hy, t < t, holds if and only if |h|2(t) <

(n— l)tzz/k + t{z/k, where t, is the positive real root of (1.4)

{(n— DK** + [nHy — (n— k)t]?},

Proof. We have

2 2-3k) /k
d”ﬂh 0 _ 2! 5 ! ((n* = 2nk +nk*)t* +n(k —2)(n — k)Hyt + (1 — k)n*H}) ,
it follows that the solution of d|h|?(¢)/dt = 0 is t = Hy. Therefore, we know that if ¢ < Hj
if and only if |4|?(t) is a decreasing function, ¢ > Hy if and only if |4|(¢) is an increasing
function and |4|?(¢) obtain its minimum at t = Hj.
From the proof of Lemma 3.1, we know that t, > H;. Since t > H if and only if |h|?(¢)
is an increasing function, we infer that if t > Hy, then ¢ < ; holds if and only if

(1) <[] (t2)

1
- m{(n — 1)K%23 + [nHy — (n—k)1)?}
2

1 2.2 k2 2\ 2
k) k (n—1)k 12+(|:I1Hk—(n—k)l2+kt2k :| — kt, * )

- k2t§

1 2,2 s2\?
= NI (n—1)k"ty + ( —kt,
5)

— (n— )i/ 41,7,
This completes the proof of Lemma 3.2. 1

Proof of Theorem 1.5. Firstly, we may prove that the positive function @ = |AX — Hy|~'/"
is bounded from above. In fact, from the definition of @ and (3.18), we have

d’® n 2 n—k 2
3.19 —— 4@ H(H+o ") - (H+ o)k =0
a9 5o (tare it - wra i) —o
for A¥ —H, > 0, or
o —k
(320) —5 +@ (Zﬂk(Hk—w—")i—l —%(Hk—w_")i—kc) =0, for A¥— H, <0.
s
Multiplying (3.19) or (3.20) by 2‘%’ and integrating, we can get
Ao\ > 2 5 2 X
(d) +cO°+o0 (Hy+o ")k =C, for A"—Hp>0,
s

or

ESDS]

dw\*
() +c0° + @ (Hy—@ ")

=C, for A*—H, <0,
ds
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where C is a constant. Therefore, we have

(3.21) @+ @ H+@ ") <C, for AK—H >0,
or
(3.22) @+ 0 H— @ ") <C, for AF—H <O0.

Since ¢ > 0 and H; > 0, from (3.21) and (3.22), we infer that the positive function @ is
bounded from above.
Denote t = AK(> 0), we have |h|> = |h|?(¢). Putting ¢ = 1 in (3.18), from (1.4), we have

d*o 1
(3.23) Ryl (1) =0.

Since
Ak —H,
A—p= Ty #0,

we know that ¥ — H; # 0, that is, t # Hy. Therefore, we may consider two cases ¢ > H
and t < Hy.

Case (i). If + > Hy, we may also consider two subcases Hy > ty and Hy < ty, where fg is
defined in Lemma 3.1.

Subcase (i). If Hy > tg, since t > H;, from Lemma 3.1, Lemma 3.2 and (3.23), we have
|h)?(t) < (n— l)tzz/k +t;2/k if and only if # <1, if and only if Py, (r) > 0 and if and only
if > /ds* < 0. Thus d@ /ds is a monotonic function of s € (—oo, +o0). Therefore, by the
similar assertion in Wei [7], we have @ (s) must be monotonic when s tends to infinity. Since
@ (s) is bounded and monotonic when s tends to infinity, we know that both lim,_, . @ (s)
and lim,_, 1. @ (s) exist and then we get
do(s)

‘ . do(s)
3.24 1 =1
( ) s—lEloo ds s—lﬂloo ds

=0.

From the monotonicity of d@(s)/ds, we have d@(s)/ds = 0 and @ (s) = constant. From
o= Ak - Hk|_1/” and (3.2), we have A and u are constant. Therefore, we know that M" is
isometric to the Riemannian product S' (v/1 —a?) x "~ !(a).

Subcase (ii). If Hy < ty, since ¢ > Hy, from Lemma 3.2, we have if |2>() < (n— l)tg/k +
t2_2/k then 7 < fp. Thus, we have t € (Hy, ] U (o, 12].

If t € (Hy,to), from Lemma 3.1, we have Py, (t) > 0. From (3.23), we have d*>@ /ds* < 0.
This implies that d@(s)/ds is a strictly monotone decreasing function of s and thus it has
at most one zero point for s € (—eo, +o0). If d@(s)/ds has no zero point in (—eo, +o0), then
@ (s) is a monotone function of s in (—oo,+oc0). If d@(s)/ds has exactly one zero point sy
in (—oo,40), then @(s) is a monotone function of s in both (—eo, so] and [sg, o).

On the other hand, since @(s) is bounded and monotonic when s tends to infinity, we
know that both lim,_,_.. @ (s) and lim,_, ;.. @(s) exist and (3.24) holds. This is impossible
because d®@(s)/ds is a strictly monotone decreasing function of s. Therefore, we know that
the case ¢ € (Hy, ] does not occur and we conclude that ¢ € (¢, ).
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If 1 € (f9, 1], from Lemma 3.1, Lemma 3.2 and (3.23), we have [A[2(r) < (n— 1)e2/* +
ty, 2/K if and only if r < #, if and only if Py, (t) > 0 and if and only if d°@ /ds* < 0. Thus
d® /ds is a monotonic function of s € (—eo, +o0). By the same assertion in the proof of sub-
case (i), we know that M" is isometric to the Riemannian product ! (v/1—a?) x 8"~ (a).

Case (ii). If t < Hy, we may also consider two subcases Hy > ty and Hy < 1.

Subcase (i). If Hy > 19, since t < Hy, we have 7 € (0,7] U (¢, Hy)-

If t € (0,1, from Lemma 3.1, we have Py, (¢) > 0. From (3.23), we have d’@ /ds* < 0.
This implies that d@ (s) /ds is a strictly monotone decreasing function of s and thus it has at
most one zero point for s € (—oo, 400). By the same assertion in the proof of subcase (ii) in
case (i), we know that the case 7 € (0,7] does not occur and we conclude that ¢ € (fo, Hy).
If € (to,Hy), from Lemma 3.1, we also have Py, () > 0. By the same assertion above, we
also know that r € (o, Hy) does not occur.

Subcase (ii). If Hy < t, since t < Hy, from Lemma 3.1 and (3.23), we have Py, (t) > 0 and
d*® /ds* < 0. By the same assertion above, we may know that this subcase does not occur.
This completes the proof of Theorem 1.5. 1

Proof of Theorem 1.7. Putting ¢ = 0 and t = A¥ in (3.18), we have
o nHy—(n—k)t

(3.25) O =0,
Since )
A% —Hy

we know that AX — Hj # 0. If A¥ — H, < 0, we have A2 — A < 0, then A% < Ay, from the
Gauss equation (2.9), we know that the sectional curvature of M" is not less than A2 >0.
From the result of Hartman [5], we have M" is isometric to a totally umbilical hypersurface.
This is impossible because M" has two distint principal curvatures. Thus, Ak — Hj, > 0, that
is,t = Ak > Hy

Since |1|? = |h|?(t), from the assumption of Theorem 1.7, we have

W{(”— DI + [nHy — (n—k)t)*} < (n—1) ( i )k :

that is
1

n—1
K2(2k—2)/k [

(n—k)t
Therefore, we have (nHy)*/* — (n—k)2/%>/F > 0, that is, nHy, > (n— k)t because of # > 0.
From (3.25), we have d*o / ds* < 0. By the same assertion in the proof of Theorem 1.5,

we have A and p are constant. Therefore, we know that M" is isometric to the Riemannian
product §"~!(a) x R. This completes the proof of Theorem 1.7. 1

nHy — (n— k)2 < [(nHk)% —(n—k)%t%]
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