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1. Introduction

The concept of frame was introduced by Duffin and Schaeffer [2] to study nonharmonic
Fourier series in 1952. Frames are generalizations of orthonormal bases in Hilbert spaces.
If 27 is a Hilbert space, 5 & ¢ is called super Hilbert space in literatures [1, 3, 4] and
have been widely studied recently. For example, Balan [1] introduced the concept of super
frames and presented some density results for Weyl-Heisenberg super frames. In [4], Han
and Larson derived necessary and sufficient conditions for the direct sum of two frames to
be a super frame, and in [3], Gu and Han investigated the connection between decomposable
Parseval wavelet frames and super wavelet frames, and gave some necessary and sufficient
conditions for extendable Parseval wavelet frames. In [6], a generalization of the frame
concept was introduced. Sun introduced a g-frame in a Hilbert space and showed that this
includes more other cases of generalizations of frame concept and proved that many basic
properties can be derived within this more general context. G-frames and g-Riesz bases in
complex Hilbert spaces have some properties similar to those of frames, Riesz bases, but
not all the properties are similar (see [6]). In [7], some properties of g-frames for super
Hilbert space /% @ . with respect to C? were studied. The authors showed that a g-frame
associated with a frame for . @ /¢ remains a g-frame whenever any one of its elements
is removed. Furthermore, they showed that the excess of such a g-frame is at least dim.7Z.
In this paper we study the relationship between g-frames for super Hilbert space ¢ & %
and g-frames for .7 and ¢ and frames for ¢, % and ¢ & % . Also we characterize g-
frames operators for supper Hilbert space .77 & ¢ via the g-frame operators for 7 and J¢.
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Throughout this paper ¢, ¢ are separable Hilbert spaces and {.%};c; is a sequence
of separable Hilbert spaces, where J is a subset of Z, £ (¢, 5%) is the collection of all
bounded linear operators from ¢ to s#. For each sequence {.74 };c;, we define the space
Dics i by

@%:{{ﬁ}ig cfieJ, ie€Jand Z’||f,||2 < oo},
iel ieJ
With the inner product defined by

<{fl}> {gl}> = Z<ﬁagi>7
icJ
it is clear that @,.; 74 is a Hilbert space.
A frame for a complex Hilbert space 77 is a family of vectors {f;}ic; so that there are
two positive constants A and B satisfying

AlFIP < XU HP <BIfI S e 2.
il
The constants A and B are called lower and upper frame bounds.

We say that the frame pairs ({f;},{gi}) and ({h;},{k:i}) are similar if there are bounded
invertible operators 77 and 75 such that f; = T1 h; and g; = T>k; for all i € J. A pair of frames
{fi:ieJ}and {g; :i € J} is called disjoint if {(fi,g):i € J} is a frame for 5 & ¢ .
A pair of normalized tight frames {f; : i € J} and {g; : i € J} is called strongly disjoint
if {(fi,g):i€ J}is anormalized tight frame for # & ¢, and a pair of general frames
{fi:i€J}and {g;:i € J} is called strongly disjoint if it is similar to a strongly disjoint pair
of normalized tight frames.

Let {f; : i € J} be a normalized tight frame for .72 If there exists a Hilbert space .# and
a normalized tight frame {g; : i € J} for 2 such that {(f;,g):i € J} is an orthonormal
basis for S @ %, we call {g; : i € J} a strong complementary frame to {f; : i € J} , and
we call ({fi},{gi}) a strong complementary pair. If {f; : i € J} is a general frame, we will
define a strong complement to {f; : i € J} to be any frame {g; : i € J} such that the pair
({fi},{gi}) is similar to a strong complementary pair of normalized tight frames.

We say that { f;}ics is a Riesz basis for 7, if {f;}ics is complete in .7 and there exist
constants 0 < A < B < oo, such that for all sequences of scalars ¢ = {c;};e/,

AY e < I ¥ efil? <BY lef
i€l il il
Riesz bases are special cases of frames.

A sequence {A; € L (A, ) i € J} is called a generalized frame, or simply a g-frame,
for ¢ with respect to {.7%}c; if there exist two positive constants A and B such that for
all fes?,

AlfI? < Z}IIAifHZ < BI|fI1*.
e
The constants A and B are called the lower and upper g-frame bounds, respectively. If A =B
we call this g-frame a tight g-frame and if A = B = 1 it is called a normalized tight g-frame.
We say simply a g-frame for # whenever the space sequence 7 is clear. If we only have
the upper bound, we call {A;};c; a g-Bessel sequence with bound B. We say that {A,;};c; is
g-complete, if {f : A;f =0,Vi € J} = {0} and is called g-orthonormal basis for 7, if

(Agi,Nigj) = 0 j(8i,8)), i,J €J, 8 € K, gj € I,
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and
Y lasl? =112
icJ
We say that {A; € L(,.7) : i € J} is a g- Riesz basis for 2, if it is g-complete and
there exist constants 0 < A < B < oo, such that for any finite subset / C J and g; € 74, i €1,
AY llgil® < 1Y Avgill®> <BY. llsill*.
iel icl icl
Theorem 1.1. [6] Let {A; € L(S,56) i € J} be a g-frame for S with respect to
{H}ics. The operator
S:H — H,Sf=Y AAS,
=
is a positive invertible operator and every f € € has an expansion
=Y ST IAAf =Y NAST'f.
i€l ic]
So {Ai=NS"' € L(AH, ) i€} isag-frame for A with respect to {H}ic; and is
called canonical dual g-frame of {A; € L(H, 7)1 i € J}. The operator S is called the
g-frame operator of {A;}icy .

Definition 1.1. [5] Let {A; € L (A, 56) - i € J} be a g-frame for . Then the synthesis
operator for {A\; € L(H,H6) : i € J} is the operator

T: @jﬁ — I,
icJ
defined by
T({fitiesr) = ) AF(fi)-

We call the adjoint T* of the synthesis operator the analysis operator. The analysis operator
for {Aj € L(I,56) i€ J} is the operator

T" : H# — @jﬁ,
ieJ
defined by
T*(f) = {Ai(f) ties-
Proposition 1.1. [5] Let {A;}ics be a sequence in L(, ). Then the following are
equivalent:

(1) {Ai}ies is a g-frame for F;

(ii) The operatorT : ({f;}ics) — Licy A (fi) is well-defined and bounded from (@, ; 76)1,

onto J;
(iii) The operator S : f+— Y ic; ATA;f is well-defined and bounded from € onto €.

In order to present the main results of this paper, we need the following Theorem which
can be found in [6] and gives a characterization of g-frames.

Theorem 1.2. Let {A;}ics be a sequence in (A, ), {eix : k € K;} be an orthonormal
basis for €, i € J where K; is a subset of Z and let W, = Afe;x. Then we have the
followings.
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() Aif = Yhek, \f Vix)eix and {A; € L (A, ) i € J} is a g-frame (resp. g-Bessel
sequence, tight g-frame, g-Riesz basis, g-orthonormal basis) for 7€ if and only if
{Wix i €J,k € K;} is a frame (resp. Bessel sequence, tight frame, Riesz basis,
orthonormal basis) for €.

(ii) The g-frame operator for {A; € L (I, %) : i € J} coincides with the frame oper-
ator for {1 i € J,k € K;}.

(i) Moreover, {A; € L (A, H) i €]} and {Ni € L (A, H) i €]} are a pair
of (canonical) dual g-frames if and only if the induced sequences are a pair of
(canonical) dual frames.

We call {y;; :i € J,k € K;} the sequence induced by {A; € L (A, 74) : i € J} with
respect to {e; 4 : k € K;}.

The paper is organized as follows. In section 2 we study the relationship between g-
frames for super Hilbert spaces 5 @ ¢ with respect to 4 & J';, 7 and g-frames for
A and ¢ with respect to % and J#”'; and frames for 7, ¢ and S & . Also we
give generalized version of disjoint frames and strong complementary frame and the con-
cepts of disjoint g-frames and strong complementary g-frame are introduced and studied.
We show that strong complementary g-frames to a given g-frame are similar and strongly
disjoint pairs of g-frames on the same Hilbert space have some useful additional structural
properties. Also we give some other properties of g-frames.

2. Main results
The following Proposition is proved in [5, Theorem 2.20], we give another proof.

Proposition 2.1. Let {A; € L(,5%) : i € J} be a normalized tight g-frame for 7€ with
respect to {F}icj. Then there exists a Hilbert space ¢ D . and a g-orthonormal basis
{O;, € L(H,54) i €J} for A& with respect to {5 }icy such that A; = ©;P, where P is
the orthogonal projection from J¢ onto €.

Proof. By using Theorem 1.2, A;f = Y, (f, Wix)eix Where {y;;} is a normalized tight
frame for 77, by [4, Proposition 1.1] there exists a Hilbert space #" O ¢ and an orthonor-
mal basis {¢;x} for # such that y;; = P¢;;, where P is the orthogonal projection from
K onto . Let O;f = Y ek (f, 9ik)eix- By Theorem 1.2, {®; € (A ,.74)icJ}isa
g-orthonormal basis for %~ with respect to {7 };c;, and

OPf =Y (Pf.oieis= Y (f Wireix =Aif. 1
keK; keK;
Corollary 2.1.

(i) Suppose that {A\; € L(H,75) i € J} is a g-orthonormal basis for 7€, and V is
a partial isometry in £(). Then {A;V} is a normalized tight g-frame for the
range of V.

(i) Let {A; € L(H°,F8) i € J} be a normalized tight g-frame for S with respect to
{H}icyand {®; € L (A ,56) i€ J} be a g-orthonormal basis for a Hilbert space
H with respect to { 5 }icy. If T is the isometry defined by T (f) =Y ;c; OF A, f, then
O,;T = A;, and A\;T* = O;P for all i € J, where P is the projection from & onto the
range of T. More generally, if {A; € L (I, 7€) i € J} is a general frame for H,
then T defined above is a bounded linear operator and ®;T = A; for all i € J.
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(iii) Suppose that {\; € L (I, 7€) : i € J} is a normalized tight g-frame for 7 with
respect to {}icy and {e; ;. : k € K;} is an orthonormal basis for 76, i € J where

K; is a subset of Z. Then we have ¥ ;¥ ick, | Are;||* is equal to the dimension of
H.

Proof. (i) Statement (i) follows from the definition.
(ii) By using Theorem 1.2, A;f = Yiek (f, Vik)eik» where {y} is a normalized tight
frame for J7, and O} f; = Y. (fi,€ix)®ix» Where {¢;} is an orthonormal basis for %"

Hence we have
T() =Y OiAif =Y, Y (f. vik) ik

ieJ ieJ keK;
Further, by [4, Corollary 1.2], T*¢;x = Wi« and Ty, = P¢; , and it follows

OT(f)= Y (Tf ¢ix)eix =Y (f  Wix)eix = Aif

kek; keK;
and
AT*(f) = Y (T*fwidei =Y (f, Pdix)eix = OPf,
kekK; keK;
foralli e J.
(iii) Since ; x = Aje;, the conclusion follows from [4, Corollary 1.2]. ]

Let (¢, ;) € @ and Aif = ({(f, @), (f,w:))*+ , Vf € A, the authors in [7] have
proved {A;}ic; is a g-frame for .7# with respect to C? if and only if {¢;}ics U {Wi}ics is a
frame for .7#. The following Proposition is its extension to g-frames.

Proposition 2.2. Let {A;}ic; and {T;}icj be sequences in £ (., 76), {eix - k € K;} be an
orthonormal basis for 7, O;f = (Aif, Tif), Wix = Afeir, and ¢ =Tre; . Then {y; i€
Jk € Ki} U{¢i i € J,k € K;} is a frame (resp. Bessel sequence, tight frame, Riesz basis,
orthonormal basis ) for 7 if and only if {®; € L (I, 7D ) i € J} is a g-frame (resp.
g-Bessel sequence, tight g-frame, g-Riesz basis, g-orthonormal basis) for 7.

Proof. By using Theorem 1.2 we have A;f = Yick (f, Vik)eix and T f = Yy (f, Dik)eik-

Since
Y llAieT)(N)1? = YA+ LI

ieJ ieJ ieJ
=Y Y (vl + Y Y 100
ieJkek; ieJ kek;
=Y ¥ (v P+ 0 ),
ieJkeK;

we conclude {yix i € J,k € Ki} U{¢ix : i € J,k € K;} is a frame (resp. Bessel sequence,
tight frame ) for 2 if and only if {®; € L (', 76 ® %) : i € J} is a g-frame (resp. g-
Bessel sequence, tight g-frame) for 7.

Since {e; : k € K;} is an orthonormal basis for /7, every fhg, € J¢; have expansions
of the form g; = Yyek, cixeix and fi = Yyex, ¢; k€ik> where {cix, ¢! cip k€ K} € P(K;). Tt
follows that
2

2 2

Y 07 (g, fi)

iel

Y Afgi+T5fi

icl

=Y Y cicWisx+cirdix

iel kek;

)
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hence {yj i€ J ke K} U{¢ix:i€JkecK;} is a Riesz basis if and only if {0; €
L(H,7®56) i € J} is a g-Riesz basis.
On the other hand if g; », g; ,y € 7 and g} 4,8 4 € 7 We have A7 gi , = Yiek,(&ip»€ik) Wik

and I77g; r = Ykek, (i p'»€ik) Dik

<<®?<gi,pvgi,p’)a®;(gjﬂ’gj~,q/)>>

= <A?gi7p ""‘F;(gi,pUA;gjyt] + F;gj’q/>

= <A?gi¢P7A§gj~q> + <F?gi,p’vrjgj,q’> + <A?gi~,P’F;gj,q’> + <Fi*gi7p’aAjgj,q>

= Z Z <gi,p73i,k><ej,lvgj,q><l/’i,ka‘I/j,l>+ Z Z <gi,p’aei,k><ej,lvgj,q’><¢i,ka¢j,l>

kEK,‘lEKj kEK,‘lEKj
+ Y Y (giprein)ein i) (Vi 0500+ Y Y (8 ein) (e 8iq) (Pises Wia)-
kEK,‘lEKj kEK,’lEKj

Then if {yjx i€ J, k€ Ki}U{¢;x :i € J,k € K;} is an orthonormal basis we conclude
{O; € L (s, 56,®54) i € J} is a g-orthonormal basis.
If{®; € L (', #® H) i €J}is ag-orthonormal basis, since (Wi, Wj1) = (Afeir, Aseji)
and (Wix, ;1) = (Aeix,Tjej ) and
((OF (8ik:8in), O5(8)1,8j00))) = (AT&ik + 178w, Njgji +1758)
= (A7 8ikNigjn) + (U7 gk U8 r)
+ (AT gin 5800 + (i gik Ajgjr),
ifletgix=g;y=0and g;x =e;p, g;y = e,y we have
(©7 (gix8ix ) 07(870:8)0)) = (Diks 9j.1) = 01 Sk,
andif let g;p = g;p =0and g;x = e;x, g = e;; we have
<®?(gi.,kagi,k’)7®7(gj.,lagj,l’)> = (%ka ll’j,l> = 6i,j5k,la
alsoiflet g, =e;p, gjr =0and g;r = e;x, g1 = e;; we have
0 jleirejr) = (O (gik, 8k ) 07(851:80)) = (Wiks Wia) + (Wi, 9j.1)-
Then {y;;:i€J k€ K} U{¢;x:i€J,k €K} is an orthonormal basis for 7. 1
The following is an immediate consequence.
Corollary 2.2. Let {A;}ics and {T';}ic; be sequences in £ (€, ) and O, f = (Aif,Tif).
Then {A; € L(H, ) i€}y U{l; € L (A, ) i€ J}is ag-frame (resp. g-Bessel
sequence, tight g-frame, g-Riesz basis, g-orthonormal basis ) for S if and only if {®; €

L(H, D) i €J}is a g-frame (resp. g-Bessel sequence, tight g-frame, g-Riesz basis,
g-orthonormal basis) for I .

Putting Definition 1.2 and Corollary 2.2 together, we get

Proposition 2.3. Let {®; € L(H, D) i€l}, {Ne€ L(H,H):ic]}and {T; €
LA, ) i € T} be g-frames where O;(f) = (Aif ,Tif). Then the synthesis operator for
{B; € L(H, 70 56) i € J} is the operator

T: @A) — A,

icJ
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defined by
T({(fi-8)}ics) = _Z;(Ai*fi +1I78i).
ic
The analysis operator for {®; € L (H, 7® J) : i € J} is the operator
T — DA oA,

il

defined by
T*f = {(Aif . Tif) }ies-
Also the g-frame operator for {©; € L (I, 7,® ) : i € J} is the operator
Se : I — H
defined by
Sof =Y AIAif+Y TiTif = SAf+Srf.

ieJ il
Proposition 2.4. Let {A;}icy and {T;}ics be sequences in L (A, 7) and L (K, A")
respectively. Then {A\; € L (A, ) i€t} and {T; € L(H ,H';) i€ J} are g-frames
(resp. g-Bessel sequences, tight g-frames, g-Riesz bases, g-orthonormal bases ) for 7€ and
Hif and only if {A\; @i € L(H O A, 7 H';) i €T} is a g-frame (resp. g-Bessel
sequence, tight g-frame, g-Riesz basis, g-orthonormal basis) for 76 © K .

Proof. Since

Y (A eT) (£ o)l = L IIA)IP+ ) ITu()l1%,

ieJ ieJ ieJ
then {A; € L(, ) icJ}and {I; € L (A, ') i€ J} are g-frames (resp. g-Bessel
sequences, tight g-frames) for 5 and ¢ if and only if {A; & T; € L (KX, 70 H;)
i € J} is a g-frame (resp. g-Bessel sequence, tight g-frame) for 2 @ ¢ . For any finite
subset I C J, f; € A7, gi € 7 we have

2 2 2
i€l iel iel iel
2 2
=Y A +|XTA|
il i€l

and so {A; € L (A, ) :i€J} and {[; € L (A, ")) i € J} are g-Riesz bases for 57
and ¢ if and only if {A; @1 € L(H ®& K, 70 H';) i€ J} is a g-Riesz basis for
HDH .

On the other hand if g;; € 4, gy € # and g,y € A, gjp € %’f/ we have

(A DY) (i 8ik)s (AT ) (80, 8x)) = (AT &ia T7 i), (NigjTigjn))
= (Afgin, Nigj) + (Ui ginTigjn)
then {A; € L(A, ) i€ J}and {I; € L (A, ") i € J} are g-orthonormal bases for

A and ¢ if and only if {A; @1 € L(H ® X, 70 A;): i€ J}is a g-orthonormal
basis for 7 @ 7 . 1
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Corollary 2.3. A set {A; € L (I, 55) : i € J} is a normalized tight g-frame for 7€ with
respect to {Hi}icy if and only if there exists a Hilbert space 4 and a normalized tlght
g-frame {I'; € L(M,76) i € J} for A such that {A\;®T; € L(H O M, 76D )i

J} is a normalized tight g-frame for F & A with respect to { I © Hi}icy and we have
(AT (fi, fi), (N ST (5 1) = i (fis S)-

Proof. It {A; € L(H,.55) i € J} is anormalized tight g-frame for 7#, by using Proposi-
tion 2.1, there exists a Hilbert space 2" D ¢ and a g-orthonormal basis {®; € L (.7, ) :

i € J} for # such that A; = ©;P, where P is the orthogonal projection from ¢ onto
. Let 4 = (I—P)# and I'; = ©;(I — P). Then, by Proposition 2.4, {A; ®T; €
L(AH DM, ) i € J}is anormalized tight g-frame for 72 @ .#. Also we have

(ML) (fis i), N BT (f5,£7)) = (AL fi N ) + (L7 £, T3 )
= (PO} fi, PO} fj) + (I - P)O] fi, (I - P)® f))
= (07,0} fj) = 6.;(fi. f3)- I
Proposition 2.5. Let {®; € L (A ®H A0 H') i)}, {Ai€ L (A H):icl}and
{Ty e L(H, ")) i €J}ics be g-frames where ©;(f,g) = (Aif,Tig). Then the synthesis
operator for {®; € L (A & KX , 7,0 H";) i€ J} is the operator
T:PAeA)— Ao,
icJ
defined by
({ ﬁ7gl }tel ZA ftaZF*gI

ieJ ieJ
The analysis operator for {®; € L(H & X ,H® ') i € J} is the operator
T : Ao — P(ADA),
il
defined by
T*(f,8) = {(Aif.Tig) bies.
Also the g-frame operator for {®; € L(H & K , 70 H';) i € J} is the operator
So: HBH - H DA,

defined by

So(f,8) = (L AIAf, Y TiTig) = (SafSrg).

= i€l

Proposition 2.6. Let {A;}ic; and {Ti}icy be sequences in L (., 56) and L (K, )
respectively, and {(e];.e}}) : k € K;} be an orthonormal basis for ;& H;, i € J where K;
is a subset of 7 and let Wy = Nre!,, ¢y =1Tre!,. Then {(Wix,¢ix) i € J,k €Ki} isa
frame (resp. Bessel sequence, tight frame Riesz b’asis orthonormal basis ) for 7 ® K if
and only if {N; ®T; € L(H @K , 56D ) i € J} is a g-frame (resp. g-Bessel sequence,
tight g-frame, g-Riesz basis, g-orthonormal basis) for 7€ & .

Proof. Since (A;®TI)* = A; ® T} and {(e;.¢/;) : k € K;} is an orthonormal basis for
H® A, i€ J we have (A; ©T7)(ej;.e)}) = (Wi, ®ix), and hence {(Wix, @) :i € J,k €
K;} is the sequence induced by {A; @1 € L(H & K, 7P IF) : i € J} with respect to
{(€js-¢€iy) 2i € J,k € K;}. So, by Theorem 1.2, {(Wix, 9ix) : i € J,k € K;} is a frame (resp.
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Bessel sequence, tight frame, Riesz basis, orthonormal basis) for 7 @ ¢ if and only if
{Nal e L(H DX, D) i€ J}is a g-frame (resp. g-Bessel sequence, tight
g-frame, g-Riesz basis, g-orthonormal basis) for 7 @ ¢ . 1

Proposition 2.7.
() If T is a co-isometry and {A; € L (A, ) i € J} is a g-frame for F, then
{AiT*}icy is a g-frame. Moreover, {A;T*}icy is a normalized tight g-frame if
{A }zEJ Is.
(i) Suppose that {\; € L(H,75) i€ J} and {I'; € L (A, 75) i € J} are normal-
ized tight g-frames, and suppose that T is a bounded linear operator which satisfies
NT* =T, forallieJ. ThenT is a co-isometry. If T is invertible, then it is unitary.

Proof. (i) Since T is a co-isometry, T* is an isometry. Hence, for all f € /7,
AIfIP =AIT*FI? < Y IAT*fI? < BIT*£II* = BIlf|>.
icJ
() If {A; € L(H,56) i} and {T; € L (A, ) : i € J} are normalized tight g-
frames, the induced sequences {y; :i € J,k € K;} and {¢;x : i € J,k € K;} by {A;}ies and
{T'i }ies respectively, are normalized tight frames. Since A;T* =T'; we conclude Ty x = ¢; ,

and so by Proposition 1.9(ii) of [4], T is a co-isometry and if T is invertible, then it is
unitary. 1

Proposition 2.8. Let {A;}ic; and {T;}ics be sequences in L (H, ) and L (K , )
respectively, and {e; . : k € K;} be an orthonormal basis for ¢, i € J where K; is a subset
of Z and let Wiy = Nfeir, ¢ix = Uieir and ©;(f,8) = Aif +Tig. Then {(W;x,0ix) 1 i €
J,k € K;} is a frame (resp. Bessel sequence, tight frame, Riesz basis, orthonormal basis) for
DK ifand only if {©; € L(H ® A ,H5) i €J}is a g-frame (resp. g-Bessel sequence,
tight g-frame, g-Riesz basis, g-orthonormal basis) for 7 ® J with respect to { ;}icy.

Proof. Since Ofe; = (Wi, §ix), by using Theorem 1.2, we have {(W;, ¢ix) :i € J,k € K;}
is a frame (resp. Bessel sequence, tight frame, Riesz basis, orthonormal basis ) for 2 @ ¢
if and only if {@; € L( & H ,7) i € J} is a g-frame (resp. g-Bessel sequence, tight
g-frame, g-Riesz basis, g-orthonormal basis) for .7 @ ¢ with respect to {7 }icy. 1

Proposition 2.9. Let {Q; ¢ L(H# A, ) icJ}, {N€ L(H, ) ic}and {T; €
LA, ) i € J}iey be g-frames where ©;(f,g) = A;f +1';g. Then the synthesis operator
for{®, € L(H & X, ) i J}is the operator

T: @% — DN,
icJ
defined by
T({fi}ies) = QAT fis Y. Ti o)

ieJ ieJ

The analysis operator for {®; € L (& K ,H) i € J} is the operator
T . DA — @%,
ieJ
defined by
T*(f,8) = {(Aif +Tig) bies-
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Also the g-frame operator for {®; € L(H# &K ,56) i € J} is the operator
So: HBH —>H DA

defined by
So(f,8) = (L (AT Af +ATig), Y (TiAf +TiTig)).
i€l icJ

We say that the g-frame pairs ({A;},{I;}) and ({Y;},{®;}) are similar if there are
bounded invertible operators 77 and 75 such that A; = Y;7; and I'; = ©;T; for all i € J. A pair
of g-frames {A; € L(H°, 7)) i €J} and {I'; € L(H , I8 : i € J}icy is called disjoint if
{0, e L(H DK, ) i€} where ©;(f,g) = Aif +Tig is a g-frame for £ @ .7 . A pair
of normalized tight g-frames {A; € L(,56) i€ J} and {I'; € L (A, ) i € J}icy is
called strongly disjoint if {®; € £ (5 ® ¥ ,5) : i € J} is a normalized tight g-frame for
A @, and a pair of general g-frames {A; € L(°,5) i€ J}and {I'; € L (A, 56) :
i € J} is called strongly disjoint if it is similar to a strongly disjoint pair of normalized tight
g-frames.

Corollary 2.4. A pair of g-frames {A; € L (A, 7)) i €J} and {T; € L(H, ) 1 i
J}iey is disjoint (resp. strongly disjoint) if and only if { Wi :i € J,k € Ki} and { ¢ i € J, k €
K;} is a pair of disjoint (resp. strongly disjoint) frames where W; = Afe; , and ¢ =7 e;y.

Corollary 2.5. If a pair of normalized tight frames {A; € £( ,56) :i € J} and {T; €
L(H, ) i € J}iey is strongly disjoint, then for all f € F and g € X we have
Y ATig=0, Y ITAif =0.
= icJ
Han and Larson in [4] have proved that {¢; };cs is a normalized tight frame in a Hilbert
space S if and only if there is a Hilbert space .7 and a normalized tight frame {y;}cs in
 such that {(@;, ¥;) }ies is an orthonormal basis for 57 @ #". We extend this this result
for g-frames.

Proposition 2.10. A set {A; € L (3, 5%) i € J} is a normalized tight g-frame for

with respect to { 7 }icy if and only if there exists a Hilbert space ¥ and a normalized tight

frame {Tye L(H, ) i€} for & such that {®; € L(H & K , ) ieJ}, where
O;(f,8) = Aif +Tig is a g-orthonormal basis for 7€ @® & with respect to { /i }icy.

Proof. If {A; € L(H,5%) ;i € J} is a normalized tight g-frame for # then by using
Theorem 1.2, we have A;f = Yiek, (f, Vix)eix Where {y;,} is a normalized tight frame
for .7 and, by Corollary 1.3 of [4], there exists a Hilbert space .#” and a normalized tight
frame {¢;x : i € J,k € K;} for 2 such that {(Wix, ¢;x) : i € J,k € K;} is an orthonormal
basis for S X . X Tif = Yaek (f, Gik)eir. by Theorem 1.2, {I'; € L (€, ) :i € J}
is a normalized tight frame for %~ with respect to {J%};c;. So, by Proposition 2.8, {@; €
L(AH DX, ) i€ J}is ag-orthonormal basis for .7 @ ¢ with respect to {5 }icy. 1

Proposition 2.11. The extension of a tight g-frame to a g-orthonormal basis described in
the statement of Proposition 2.10 is unique up to unitary equivalence. That is if N is
another Hilbert space and {Y; € L (N , ) : i € J} is a tight g-frame for N such that
{N@Y, € L(H DN, ) iel}isa g-orthonormal basis for 7€ ® N with respect to
{H}icy, then there is a unitary transformation U mapping % onto N such that T;U* =Y;
foralli € J. In particular, dim# = dim. AV .
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Proof. If {Y; € L (N, 5%) :i € J} is a normalized tight g-frame for .4 then, by using
Theorem 1.2, we have Y f = Y sk, (f Qix)eix Where { @} is a normalized tight frame for
/" and by Proposition 2.8 we know { (Wi, @) : i € J,k € K;} is an orthonormal basis for
@S N so by [4, Corollary 1.4] there is a unitary transformation U mapping % onto .4
such that U¢; x = @;x and dim %" = dim.#". Therefore

LU f =Y (U, 0iein= Y, (fLUb)eix =Y (f @i)eix = if. 1

keK; kekK; keK;

Proposition 2.12. If a set {A; € L (H°, 7). i € J} is a g-frame then there exists a Hilbert
space % and a normalized tight g-frame {U; € L( A ,55) 1 i € J} for J& such that
{0i(f,g) € L( ® X, ) i€ J}, where ©;(f,g) = Aif +Tig is a g-Riesz basis for
S © K with respect to {5 }ic).

Proof. If {A; € L(,7) i € J} is a g-frame for 7 by using Theorem 1.2, we have
Aif = Yrek (f: Vik)eix» where {yji} is a frame for #” and by [4, Corollary 1.6] there
exists a Hilbert space #" and a normalized tight frame {¢; s : i € J,k € K;} for J# such that
{(Wik, k) : i €J,k € K;} is a Riesz basis for 7@ 2" Now set I'; f = Yk (f, Gik)€ix- By
Theorem 1.2, {I'; € £ (S, 5%) : i € J} is a normalized tight g-frame for 2 with respect
to {.#}ics, and so by Proposition 2.8, we have {®; € L (. @ 4, ) :i € J} is a g-Riesz
basis for 7 @ .# with respect to {4 }ic;. 1

Proposition 2.13. If {A; € L(, ) icJ} and {T; € L (A, ) . i € J} are normalized
tight g-frames such that {®; € L (A & I, ) :i € J}, where ©;(f,g) = Aif +Tig isa
normalized tight g-frame for 7 & S with respect to { 5 }icy and if {Y; € L(H, 56 i
J} is a normalized tight frame which is unitarily equivalent to {I'; € L(H, ) i€ J }
then {Q; € L(H &, ) i € T}, where Qi(f,g) = Aif +Y,g, is also a normalized tight
g-frame for S ® H with respect to {5} icy-

Proof. We know that the induced sequences {y; : i € J.k € K}, {¢i i € J,k € K;} and
{@Qik:i€J,keK;} by {A;}ics, {Ti}ics and {Y;}ic; respectively, are normalized tight frames
and {@;; : i € J,k € K;} unitarily equivalent to {@;4 : i € J,k € K;}. Since {®; € L (@
A, F6) i€ J} is a normalized tight g-frame for 7 @ 22 with respect to {J%}ic; by
Proposition 2.8, {(Wix, §ix) : i € J,k € K;} is normalized tight frame for /¢ & 7 and so by
Corollary 1.9 of [4] {(Wix, @ix) : i € J,k € K;} is normalized tight frame for ¢ & J¢ and
therefore {Q; € L (€ @ A, 54) : i € J} is also a normalized tight g-frame for S @
with respect to {5 }ic;.

Let {A; € L(A,56) i € J} be a normalized tight g-frame for .7 with respect to
{F}ic;. By Proposition 2.10 there exists a Hilbert space .#  and a normalized tight g-
frame {I'; € L (¢, 7). i € J} for & suchthat {®;(f,g) € L(H ®H , ) i€ J} where

O;(f,g) = Aif +Tig is a g-orthonormal basis for 5 @ ¢ with respect to {7 }ic;. We Wlll
call {I'; € L(A,56) i € J} a strong complementary g-frame to {A; € L (I, 5) i
J}, and we will call ({A;},{I;}) a strong complementary pair. Proposition 2.11 says that
the strong complement of a normalized tight g-frame is unique up to unitary equivalence.
If {A; € L(H,56) :icJ}is ag-frame, we will define a strong complement to {A; €
L(A,H) i€ J}be any g-frame {I'; € (4, 56) i € J} such that the pair ({A;},{T})
is similar to a strong complementary pair of normalized tight g-frames. 1
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Corollary 2.6. A pair of g-frames {A; € L (A ,56):i€J} and {T; € L(H, ) i€
J}ies is strong complementary pair of g-frames if and only if {Wiy :i € J,k € K;} and
{ix 11 € J,k € K;} is complementary pair of frames.

Proposition 2.14. Let {A; € L (I, %) i € J} be a g-frame for 7€ and{I'; € L (M , 75 :
i€J}, {©; e L(N,H):ieJ} be strong complementary g-frame to {A; € L(H, 7€) :
i € J} in Hilbert spaces .# and N, respectively. Then there exists an invertible operator
T e LM, N) such that ©; =T;T*.

Proof. By using Theorem 1.2, we have

Aif = Y (fiWi)eix andTig =) (g,0ix)eix and @i = Y (h, @ix)eis,
keK; keK; keK;
where {W;«}, {¢i«} and {@; } are frames in 7, .# and 4", respectively. So by Corollary
2.6 and [4, Proposition 2.1], there exists an invertible operator T € £ (.# ,./") such that
T iy = @i and hence ©; = I';T™*. 1

Proposition 2.15. Suppose that {A; € L (A, 56) i€ J} and {T; € L (A, 6) i€ T} are
strongly disjoint g-frames for the same Hilbert space . Then {\;+1; € L (A, ) i€
J} is a g-frame for . In particular, if {\; € L (I, 56) i€ J} and {I'; € L (H, ) :
i € J} are strongly disjoint proper normalized tight g-frames for J, then {A; +1T; €
L(H, ) i €T} is a tight g-frame with g-frame bound 2.

Proof. Conclusion follows from Theorem 1.2, Corollary 2.4 and [4, Proposition 2.19]. 1

Proposition 2.16. If {A; € L(,56) ieJ} and {T; € L(H, )i € J} are disjoint
g-frames for H, then {\;+T; € L (A, 76) i € I} is a g-frame for F.

Proof. The assertion follows from Theorem 1.2, Corollary 2.4 and [4, Proposition 2.20]. 1

Proposition 2.17. Suppose that {A; € L(H, ) i € J} and {T; € L (A, 76) i€ J}
are strongly disjoint normalized tight g-frames for ¢ and A,B € £ () are operators
such that AA* + BB* = I. Then {\;A* +T1;B*} is a normalized tight g-frame for F .

Proof. Conclusion follows from Theorem 1.2, Corollary 2.4 and [4, Proposition 2.21]. 1
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