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Abstract. Let G be a finite group and π(G) = {p1, p2, · · · , ps}. For p ∈ π(G), we put
deg(p) : = |{q ∈ π(G)|p∼ q in the prime graph of G}|, which is called the degree of p. We
also define D(G) := (deg(p1),deg(p2), . . . ,deg(ps)), where p1 < p2 < · · · < ps, which is
called the degree pattern of G. We say G is k-fold OD-characterizable if there exist exactly
k non-isomorphic finite groups having the same order and degree pattern as G. In particular,
a 1-fold OD-characterizable group is simply called an OD-characterizable group. In the
present paper, we determine all finite simple groups whose first prime graph components
are 1-regular and prove that all finite simple groups whose first prime graph components
are r-regular except U4(2) are OD-characterizable, where 0≤ r ≤ 2. In particular, U4(2) is
exactly 2-fold OD-characterizable, which improves an earlier obtained result.
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1. Introduction

Throughout this paper, groups under consideration are finite. For any group G, we de-
note by πe(G) the set of orders of its elements and by π(G) the set of prime divisors of
|G|. We associate to π(G) a simple graph called prime graph of G, denoted by Γ(G).
The vertex set of this graph is π(G), and two distinct vertices p, q are joined by an edge
if and only if pq ∈ πe(G). In this case, we write p ∼ q (see [3, 7, 10, 22]). Denote by
s(G) the number of connected components of Γ(G) and by πi(G) (i = 1,2, . . . ,s(G)) the
vertex sets of the distinct connected components of Γ(G). When |G| is even, we always
assume 2 ∈ π1(G). Denote by π(n) the set of all primes dividing n, where n is a natu-
ral number. Then |G| can be expressed as a product of m1,m2, . . . ,ms(G), where mi’s are
positive integers with π(mi) = πi(G). These mi’s are called the order components of G
(see [4]). Let OC(G) := {OC1(G),OC2(G), . . . ,OCs(G)(G)} = {m1,m2, . . . ,ms(G)} be the
set of order components of G, where OCi(G) = mi for i = 1,2, . . . ,s(G). Meanwhile, let
T (G) = {πi(G)|i = 1,2, . . . ,s(G)} be the set of connected components of G.
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All further unexplained notations are standard and can be found in [13], for instance.

Definition 1.1. [13] Let G be a finite group and π(G) = {p1, p2, . . . , ps}. For p ∈ π(G),
put deg(p) := |{q ∈ π(G)|p ∼ q}|, which is called the degree of p. We also put D(G) :=
(deg(p1),deg(p2), . . . ,deg(ps)), where p1 < p2 < · · · < ps, which is called the degree pat-
tern of G.

Set

Ω0(G) = {p ∈ π(G)|deg(p) = 0} and Ω0′ (G) = {p ∈ π(G)|deg(p) 6= 0}.
Clearly, π(G) = Ω0(G)∪Ω0′ (G). Since deg(p) = 0 if and only if {p} is a connected
component of Γ(G), we have |Ω0(G)| ≤ s(G).

Definition 1.2. A group M is called k-fold OD-characterizable if there exist exactly k non-
isomorphic groups G such that |G| = |M| and D(G) = D(M). Moreover, a 1-fold OD-
characterizable group is simply called an OD-characterizable group.

Definition 1.3. Let n be a natural number. We say that a finite group G is a Kn-group if and
only if |π(G)|= n.

Definition 1.4. Let p be a prime. A group G is called a Cp,p-group if and only if p ∈ π(G)
and the centralizers of its elements of order p in G are p-groups.

Up to now, it has been shown that many finite simple groups are OD-characterizable.
Here we summarize all known results into the following proposition.

Proposition 1.1. Let q be a prime power of a prime p. A finite non-abelian simple group G
is OD-characterizable if G is isomorphic to one of the following groups:

(a) [13, Theorem 1.3 (2)] all sporadic simple groups;
(b) [30, Theorem 3.1]; [26, Theorem 3.1]; [14, Theorem 3.1] all finite simple groups

L2(q) for each q and 2B2(q) for each q = 22m+1;
(c) [28, Theorem 3.5] all finite simple groups with exactly four prime divisors but A10;
(d) [32, Theorem]; [32, Theorem A]; [14, Theorem 1.5] the alternating groups A16,

A22, Ap, Ap+1 and Ap+2;
(e) [8, 16, 17, 32] all alternating groups Ap+3, where 7 6= p ∈ π(100!);
(f) [14, Theorem 1.4] all finite simple C2,2-groups;
(g) [32, Theorem 1] all finite simple groups whose orders are less than 108 but A10 and

U4(2);
(h) [2, Theorem 1]; [25, Theorem 1] all finite projective special linear groups Lp(2)

and Lp+1(2), where 2p−1 is a Mersenne prime;
(i) [2, Theorem 2] the simple groups L4(5), L4(7), U4(5) and U4(7);
(j) [31, Theorem ]; [29, Theorem 1] the simple groups L3(9) and U3(5);
(k) [13, Theorem 1.3(3)] the following simple groups of Lie type:

(1) L3(q) with |π((q2 +q+1)/d)|= 1,where d = (3,q−1);
(2) U3(q) with q > 5 and |π((q2−q+1)/d)|= 1,where d = (3,q+1);
(3) 2G2(q) with q = 32m+1 (m≥ 1) with |π(q+

√
3q+1)|= |π(q−

√
3q+1)|= 1.

In particular, we have the following proposition.

Proposition 1.2. [15, Theorem A], [13, Theorem 1.5] Finite non-abelian simple groups
A10, S6(3) and O7(3) are 2-fold OD-characterizable. Namely, the following statements
hold.
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(a) If G is a finite group such that |G|= |A10| and |D(G)|= |D(A10)|, then G∼= A10 or
J2×Z3.

(b) Let M ∈ {S6(3),O7(3)}. If G is a finite group such that |G| = |M| and |D(G)| =
|D(M)|, then G∼= O7(3) or S6(3).

More details about finite 2-fold OD-characterizable simple groups can be found in [1].

Definition 1.5. A graph Γ is called an r-regular graph if every vertex of Γ is adjacent to
exactly r vertices of Γ.

In [18], M. Suzuki determined all finite non-abelian simple groups whose first prime
graph components are 0-regular, that is, all finite non-abelian simple C2,2-groups.

Proposition 1.3. [18, Theorem] If G is a finite non-abelian simple C2,2-groups, then G is
isomorphic to one of the following groups:

(a) A5,A6,L3(4);
(b) L2(q), where q is a Fermat prime, a Mersenne prime or a prime power of 2;
(c) Sz(q), where q is an odd prime power of 2.

In [11], B. Khosravi and E. Fakhraei determined all finite simple groups whose first
prime graph components are 2-regular (see Lemma 2.7). In the present paper, we determine
all finite simple groups whose first prime graph components are 1-regular and prove that all
finite simple groups whose first prime graph components are r-regular except U4(2) are OD-
characterizable, where 0≤ r ≤ 2. In particular, U4(2) is exactly 2-fold OD-characterizable,
which improves [25, Theorem 1].

2. Lemmas

In this section, we list some basic and known results which will be used later. Let n be a
natural number and p be a prime. In the sequel, np denotes a prime power of p such that np

∣∣∣n
but pnp - n. Usually, we call np the p-part of n. Also, ε must be one of the symbols + or −.
Suppose G is a finite group and p1, p2, . . . , ps ∈ π(G). We use expression p1 ∼ p2 ∼ ·· · ∼ ps
to mean that vertices pi and pi+1 are adjacent to each other in Γ(G) for i = 1,2, . . . ,s− 1.
Surely ps � p1 in this case. On the other hand, p1 ∼ p2 ∼ ·· · ∼ ps ∼ p1 means that vertices
pi and pi+1 are adjacent to each other for i = 1,2, . . . ,s−1 and ps ∼ p1 in Γ(G).

In one of his last papers (see [18]), Suzuki studied the prime graph of finite groups
without using the classification and obtained the following result. As far as we know, his
paper is the first on the prime graph which does not use the classification.

Lemma 2.1. [19, Theorem B] Let G be a finite simple group whose prime graph Γ(G) is not
connected and let ∆ be a connected component of Γ(G) whose vertex set does not contain
2. Then ∆ is a clique.

Lemma 2.2. [13, Corollary 7.6] Let G be a finite non-abelian simple group. All connected
components of the prime graph Γ(G) are cliques if and only if G is one of the following
groups:

(a) sporadic groups M11,M22,J1,J2,J3,HS;
(b) alternating groups An, where n = 5,6,7,9,12,13;
(c) groups of Lie type A1(q), where q > 3; A2(4); A2(q), where (q−1)3 6= 3,q+1 = 2k;

2A3(3); 2A5(2); 2A2(q), where (q−1)3 6= 3,q−1 = 2k; C3(2), C2(q), where q > 2;
D4(2); 3D4(2); 2B2(q), where q = 22k+1; G2(q), where q = 3k.
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Table 1. The order components of some finite non-abelian simple groups

Group G OC1(G) OC2(G) OC3(G) OC4(G)

Ap−1(q), (p,q) 6= (3,2),(3,4) q
p(p−1)

2 ∏
p−1
i=1 (qi−1) qp−1

(q−1)(p,q−1)
2Ap−1(q) q

p(p−1)
2 ∏

p−1
i=1 (qi− (−1)i) qp+1

(q+1)(p,q+1)

Cn(q), n = 2m ≥ 2 qn2
(qn−1)∏

n−1
i=1 (q2i−1) qn+1

(2,q−1)

A1(q), 3 < q≡ ε1 ( mod 4) q− ε1 q q+ε1
2

A1(q), q > 2, q even q q−1 q+1
2B2(q), q = 22n+1 > 2 q2 q−

√
2q+1 q+

√
2q+1 q−1

G2(q), 3
∣∣∣q q6(q2−1)2 q2 +q+1 q2−q+1

Lemma 2.3. [5, Table 1–2] The following table exhibits the order components of some finite
non-abelian simple groups, where p denotes an odd prime and q denotes a prime power.

Lemma 2.4. [12, Lemma 2] Let q be a prime power. Then |π(q2− 1)| ≤ 2 if and only if
q ∈ {2,3,4,5,7,8,9,17}.

Lemma 2.5. [13, Lemma 2] Let G and M be finite groups such that |G|= |M| and D(G) =
D(M). In addition, we suppose one of the following conditions holds:

(a) |Ω0′ (M)|= 0;
(b) |Ω0′ (M)|= 2;
(c) |Ω0′ (M)| ≥ 3, and there exists a vertex p ∈ π(M) such that deg(p)≥ |Ω0′ (M)|−2.

Then OC(G) = OC(M).

Lemma 2.6. [24, Theorem 3.3] If G is a finite group such that OC(G) = OC(U4(2)), then
G ∼= U4(2) or (U ×V )F, where U ∼= Z2×Z2×Z2×Z2, V ∼= Z3×Z3×Z3×Z3 and F ∼=
Z5 : Z4, a split extension of Z5 by Z4. In particular, U4(2) is 2-recognizable by its order
components.

Lemma 2.7. [11, Main Theorem] Let G be a finite non-abelian simple group. Then π1(G),
the first connected component of Γ(G), is 2-regular if and only if G is isomorphic to one of
the following groups:

(a) A9;J1,J2,J3,HS; S6(2); U3(9),U4(3); 3D4(2); G2(9); O+
8 (2).

(b) L2(q), where 4
∣∣∣(q+ ε1) and |π(q+ ε1)|= 3.

(c) S4(q), where q = 4,5,7,8,9,17.

The following lemmas suggest that some finite simple groups can be uniquely character-
ized by their order components.

Lemma 2.8. [9, Theorem; 27, Lemma 2.6] Let S4(q) be the projective symplectic simple
group, where q > 3 is a prime power. If G is a finite group such that OC(G) = OC(S4(q)),
then G∼= S4(q).

Lemma 2.9. [4, Theorem 1] Let q be a prime power. If G is a finite group such that
OC(G) = OC(G2(q)), then G∼= G2(q).

Denote by t(G) the maximal number of primes in π(G) pairwise nonadjacent in Γ(G).
That is, t(G) is a maximal number of vertices in independent sets of Γ(G) and is called an
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Table 2. Finite non-abelian simple groups G with π(G)⊆ {2,3,5,7}

G |G| |Out(G)| G |G| |Out(G)|
A5 22 ·3 ·5 2 A6 23 ·32 ·5 22

U4(2) 26 ·34 ·5 2 L2(7) 23 ·3 ·7 2
A9 26 ·34 ·5 ·7 2 U3(3) 25 ·33 ·7 2
A7 23 ·32 ·5 ·7 2 S4(7) 28 ·32 ·52 ·74 2
A9 26 ·34 ·5 ·7 2 L2(8) 23 ·32 ·7 3

O+
8 (2) 212 ·35 ·52 ·7 6 L2(49) 24 ·3 ·52 ·72 22

U3(5) 24 ·32 ·53 ·7 6 L3(4) 26 ·32 ·5 ·7 12
A8 26 ·32 ·5 ·7 2 L3(4) 26 ·32 ·5 ·7 12

McL 27 ·36 ·53 ·7 ·11 2 J2 27 ·33 ·52 ·7 2
S6(2) 29 ·34 ·5 ·7 1 A10 27 ·34 ·52 ·7 2
U4(3) 27 ·36 ·5 ·7 8 U3(5) 24 ·32 ·53 ·7 6

independence number of the graph. By analogy we denote by t(r,G) the maximal num-
ber of vertices in independent sets of Γ(G) containing the prime r. We call this number
an r-independence number. Denote by ρ(G) (by ρ(r,G)) some independence set in Γ(G)
(containing r) with maximal number of vertices and |ρ(G)|= t(G), |ρ(r,G)|= t(r,G) (see
[21]).

Lemma 2.10. [20, Theorem] Let G be a finite group such that t(G) ≥ 3 and t(2,G) ≥ 2.
Then the following assertions hold.

(a) There is a finite non-abelian simple group S such that S . G = G/K . Aut(S) for
the maximal normal soluble subgroup K of G. Furthermore, t(S)≥ t(G)−1.

(b) One of the following statements holds:
(1) S∼= A7 or L2(q) for some odd prime power q and t(S) = t(2,S) = 3;
(2) For every prime r ∈ π(G) non-adjacent to 2 in Γ(G) a Sylow r-subgroup of G

is isomorphic to a Sylow r-subgroup of S. In particular, t(2,S)≥ t(2,G).

Given a prime p, we denote by Πp the class of all finite non-abelian simple groups G
such that p ∈ π(G)⊆ {2,3,5, . . . , p}. It is clear that the set of all finite non-abelian simple
groups is the disjoint union of the finite sets Πp for all primes p. Observe that the first
two sets Π2 and Π3 are trivially empty, whereas the sets Πp (p≥ 5) are always non-empty
because they contain some generic elements.

Lemma 2.11. [6, 23, Table 1] Let Π be a given set of prime numbers and p be a prime.
If G ∈ Πp and π(G) ⊆ Π, where p = 5,7,13,17,29,73, then G is isomorphic to one of the
following groups exhibited in the following tables. In particular,

(a) either π(Out(G))⊆ {2,3} or π(Out(G)) =∅;
(b) 3 /∈ π(G) if and only if G = Sz(8).

3. Recognition of finite simple groups whose first prime graph components are r-
regular, where 0≤ r ≤ 2

In this section, we prove the main results–Theorems 3.4 and 3.8. In the investigation, we
should pay special attention to the subtle changes of the prime graph component itself, the
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Table 3. Finite non-abelian simple groups G with 13 or 73 ∈ π(G)⊆ {2,3,5,7,13,73}

G |G| |Out(G)| G |G| |Out(G)|
L4(3) 27 ·36 ·5 ·13 22 S4(5) 26 ·32 ·54 ·13 2
L2(13) 22 ·3 ·5 ·13 2 2F4(2)′ 211 ·33 ·52 ·13 2
L3(3) 24 ·33 ·13 2 L3(9) 27 ·36 ·5 ·7 ·13 22

L2(25) 23 ·3 ·52 ·13 22 3D4(2) 212 ·34 ·72 ·13 3
L2(27) 22 ·33 ·7 ·13 6 G2(4) 212 ·33 ·52 ·7 ·13 2
U4(5) 27 ·34 ·56 ·7 ·13 22 S4(8) 212 ·34 ·5 ·72 ·13 6
Sz(8) 26 ·5 ·7 ·13 3 S6(3) 29 ·39 ·5 ·7 ·13 2
U3(4) 26 ·3 ·52 ·13 4 O7(3) 29 ·39 ·5 ·7 ·13 2
L2(64) 26 ·32 ·5 ·7 ·13 6 O+

8 (3) 212 ·312 ·52 ·7 ·13 24
G2(3) 26 ·36 ·7 ·13 2 U3(9) 25 ·36 ·52 ·73 2
L3(8) 29 ·32 ·72 ·73 6 3D4(3) 26 ·312 ·72 ·132 ·73 1
L2(36) 23 ·36 ·5 ·7 ·13 ·73 12 S4(27) 26 ·312 ·5 ·72 ·132 ·73 6
G2(9) 28 ·312 ·52 ·7 ·13 ·73 4 L4(8) 218 ·34 ·5 ·73 ·13 ·73 6

Table 4. Finite non-abelian simple groups G with 17 or 29 ∈ π(G)⊆ {2,3,5,17,29}

G |G| |Out(G)| G |G| |Out(G)|
L2(17) 24 ·32 ·17 2 L2(16) 24 ·3 ·5 ·17 4
S4(4) 28 ·32 ·52 ·17 4 L2(172) 25 ·32 ·5 ·172 ·29 4

S4(17) 210 ·34 ·5 ·174 ·29 2

number of prime graph components and the order components of the unknown group G,
which might occur.

Theorem 3.1. If G is a finite sporadic simple group whose first prime graph component is
1-regular, then G is isomorphic to M11 or M22.

Proof. It is clear from [13, Table 1].

Theorem 3.2. If G is an alternating simple group whose first prime graph component is
1-regular, then G is isomorphic to A7.

Proof. Since π1(G) is 1-regular, it follows that |π1(G)|= 2. Hence π1(G) is a clique. More-
over, πi(G) is also a clique for i = 1,2, . . . ,s(G) by Lemma 2.1. By Lemma 2.2(b), we have
G∼= A7.

Theorem 3.3. Let G be a finite non-abelian simple groups of Lie type over the finite field
of order q = ps, where p is a prime number and s is a natural number. If the first prime
graph component of G is 1-regular, then G is isomorphic to one of the following finite simple
groups.

(a) L3(3), U3(3), U4(2), G2(3).
(b) A1(q), where q is a prime power such that 3 < q≡ ε1 (mod 4) and |π(q−ε1)|= 2.

Proof. Since π1(G) is 1-regular, it follows that |π1(G)|= 2. Hence π1(G) is a clique. More-
over, πi(G) is also a clique for i = 1,2, . . . ,s(G) by Lemma 2.1. By Lemma 2.2(c), we have
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G is isomorphic to one of the following groups: A1(q), where q > 3; A2(4); A2(q), where
(q− 1)3 6= 3,q + 1 = 2k; 2A3(3); 2A5(2); 2A2(q), where (q− 1)3 6= 3,q− 1 = 2k; C3(2),
C2(q), where q > 2; D4(2); 3D4(2); 2B2(q), where q = 22k+1; G2(q), where q = 3k.
Case 1. Suppose G ∼= A2(q) ((q− 1)3 6= 3,q + 1 = 2k), 2A2(q) ((q− 1)3 6= 3,q− 1 = 2k),
C2(q) (q > 2) or G2(q) (3

∣∣∣q).

Clearly π(q(q2− 1)) ⊆ π(G) by [1, table Lemma 1, 2.3]. Recall that |π1(G)| = 2 and
we have |π(q2− 1)| ≤ 1. By Lemma 2.4, q ∈ {2,3}. By a simple check, we obtain the
candidates are L3(3), U3(3), G2(3) and S4(3) ∼= U4(2)∼=2A3(2).
Case 2. If G ∈{A2(4),2A3(3),2A5(2),C3(2),D4(2),3D4(2)}, then no candidate arises in this
case.
Case 3. If G ∼= 2B2(q) (q = 22n+1 > 2) or A1(q) (4

∣∣∣q), then OC1(G) = q2 or q from Table
1, which implies that the first prime graph component of G can not be 1-regular.
Case 4. If G ∼= A1(q), where q is a prime power such that 3 < q ≡ ε1 (mod 4), then
OC1(A1(q)) = q− ε1 from Table 1. Since G is a simple group whose the first prime graph
component is 1-regular, it follows that G ∼= A1(q), where q is a prime power such that
3 < q≡ ε1 (mod 4) and |π(q− ε1)|= 2.

By Theorems 3.1–3.3, we have the following theorem.

Theorem 3.4. Let G be a finite non-abelian simple group. The first prime graph component
of G is 1-regular if and only if G is isomorphic to one of the following finite simple groups.

(a) A7, M11, M22, L3(3), U3(3), U4(2), G2(3).
(b) A1(q), where q is a prime power such that 3 < q≡ ε1 (mod 4) and |π(q−ε1)|= 2.

Theorem 3.5. Let G be a finite non-abelian simple group whose first prime graph compo-
nent is 1-regular. Then the following statements hold.

(a) If G�U4(2), then G is OD-characterizable.
(b) If |G| = |U4(2)| and D(G) = D(U4(2)), then G ∼= U4(2) or (U ×V )F, where U ∼=

Z2×Z2×Z2×Z2, V ∼= Z3×Z3×Z3×Z3 and F ∼= Z5 : Z4. Namely, U4(2) is
exactly 2-fold OD-characterizable.

Proof. By Theorem 3.4, G ∼= A7, M11, M22, L3(3), U3(3), U4(2), G2(3) or A1(q), where q
is a prime power such that 3 < q≡ ε1 (mod 4) and |π(q− ε1)|= 2. If G ∈ {A7, M11, M22,
L3(3), U3(3), G2(3)}, then |G|< 108 and so G is OD-characterizable by Proposition 1.5(g).
If G∼= A1(q), where q is a prime power such that 3 < q≡ ε1 (mod 4) and |π(q− ε1)|= 2,
then G is OD-characterizable by Proposition 1.5(b).

If |G|= |U4(2)|= 26 ·34 ·5 and D(G) = D(U4(2)) = (1,1,0), then OC(G) = OC(U4(2))
by Lemma 2.5(b). Therefore G ∼= U4(2) or (U ×V )F , where U ∼= Z2 ×Z2 ×Z2 ×Z2,
V ∼= Z3×Z3×Z3×Z3 and F ∼= Z5 : Z4, by Lemma 2.6. Namely, U4(2) is exactly 2-fold
OD-characterizable.

Remark 3.1. Theorem 3.5 improves [25, Theorem 1], in which it has been proved only that
U4(2) is k-fold OD-characterizable, where k ≥ 2.

Theorem 3.6. If G is a finite non-abelian simple group whose first prime graph component
is 2-regular, then G is OD-characterizable.

Proof. By Lemma 2.7, G is isomorphic to one of the following groups:
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(a) A9;J1,J2,J3,HS; S6(2); U3(9),U4(3); 3D4(2); G2(9); O+
8 (2).

(b) L2(q), where 4
∣∣∣(q+ ε1) and |π(q+ ε1)|= 3.

(c) S4(q), where q = 4,5,7,8,9,17.

Case 1. If G ∈{A9,J1,J2,J3,HS,S4(4),S4(5),S6(2),U3(9),U4(3)}, then |G|< 108 and so G
is OD-characterizable by Proposition 1.5(g).

Case 2. If G ∈{3D4(2),S4(7),S4(9),O+
8 (2)}, G is a finite simple K4-group and so G is

OD-characterizable by Proposition 1.5(c).

Case 3. If G∼= L2(q), where 4
∣∣∣(q+ ε1) and |π(q+ ε1)|= 3, then G is OD-characterizable

by Proposition 1.5(b).

Case 4. If G is a finite group such that |G| = |S4(8)| = 212 · 34 · 5 · 72 · 13 and D(G) =
D(S4(8)) = (2,2,1,2,1), then Γ(G) = {2 ∼ 3 ∼ 7 ∼ 2;5 ∼ 13}, {5 ∼ 2 ∼ 3 ∼ 7 ∼ 13},
{5∼ 2∼ 7∼ 3∼ 13}, {5∼ 3∼ 2∼ 7∼ 13}, {5∼ 3∼ 7∼ 2∼ 13}, {5∼ 7∼ 3∼ 2∼ 13}
or {5∼ 7∼ 2∼ 3∼ 13}.
Subcase 1. If Γ(G) = {2∼ 3∼ 7∼ 2;5∼ 13}, then OC(G) = OC(S4(8)) and so G∼= S4(8)
by Lemma 2.8.

Subcase 2. If Γ(G) ={5∼ 2∼ 3∼ 7∼ 13}, {5∼ 2∼ 7∼ 3∼ 13}, {5∼ 3∼ 2∼ 7∼ 13},
{5 ∼ 3 ∼ 7 ∼ 2 ∼ 13}, {5 ∼ 7 ∼ 3 ∼ 2 ∼ 13} or {5 ∼ 7 ∼ 2 ∼ 3 ∼ 13}, we claim that
G∼= S4(8), which is a contradiction.

Clearly, t(G) = 3 and t(2,G) ≥ 2 in any case. By Lemma 2.10, there is a finite non-
abelian simple group S such that S . G = G/K . Aut(S) for the maximal normal solvable
subgroup K of G.

Step 1. K is a {2,3}-group.
Assume that 5 ∈ π(K). We claim that 13 /∈ π(K) and so 5 ∈ π(K) ⊆ {2,3,5,7}. Oth-

erwise, we may suppose that T is a Hall {5,13}-subgroup of K. It is easy to see that T
is a cyclic subgroup of order 5 · 13. Thus 5 · 13 ∈ πe(K) ⊆ πe(G), a contradiction. Let
R ∈ Syl5(K). By Frattini argument G = KNG(R). Therefore, the normalizer NG(R) contains
an element of order 13, say x. Thus 〈x〉 R is a cyclic subgroup of G of order 5 ·13. Hence,
5 · 13 ∈ πe(G), a contradiction. Thus 5 /∈ π(K). Similarly, we can prove that 13 /∈ π(K),
either.

If 5 /∈ π(K), 13 /∈ π(K) and 7 ∈ π(K), then 7 ∈ π(K) ⊆ {2,3,7}. Let R ∈ Syl7(K). By
Frattini argument G = KNG(R). Therefore, the normalizer NG(R) contains two elements
of orders 5 and 13, say 〈x〉 and 〈y〉, respectively. Thus 〈x〉 R and 〈y〉 R are both nilpotent
subgroups of G of order 5 · 7i and 7i · 13 for i = 1 or 2, respectively. Hence, 5 · 7 ∈ πe(G)
and 7 ·13 ∈ πe(G), a contradiction.

In a word, K is a {2,3}-group.

Step 2. S is isomorphic to A5,A6,U4(2),L2(7),L2(8),A7,L2(13),A8,A9,L3(3),U3(3),
L2(27),L3(4),Sz(8), 3D4(2),L2(64),S6(2) or S4(8). Since |G|= |S4(8)|= 212 ·34 ·5 ·72 ·13,
it follows that π(S)⊆ {2,3,5,7,13}. By Tables 2 and 3, S∼= A5,A6,U4(2),L2(7), L2(8), A7,
L2(13), A8, A9, L3(3), U3(3), L2(27), L3(4),Sz(8), 3D4(2),L2(64), S6(2) or S4(8).

Step 3. G∼= S4(8), which is a contradiction.
If

∼= A5,A6,U4(2),L2(7),L2(8),A7,A8,A9,U3(3),L3(4) or S6(2),
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then 13 /∈ π(S). Since S . G . Aut(S) and π(Out(S)) =∅ or π(Out(S))⊆{2,3} by Lemma
2.11, it follows that 13∈ π(K), which is a contradiction since K is a {2,3}-group by Step 1.

If S ∼=L2(13), L3(3), L2(27), Sz(8) or L2(64), then |S|7 ≤ 7. Since S . G . Aut(S) and
π(Out(S)) ⊆ {2,3}, it follows that 7 ∈ π(K), a contradiction since K is a {2,3}-group by
Step 1.

If S ∼=3D4(2), then 5 /∈ π(3D4(2)). Since 3D4(2) . G . Aut(3D4(2)) and π(Out(S)) =
{3}, it follows that 5 ∈ π(K), which is a contradiction since K is a {2,3}-group by Step 1.

Therefore S∼= S4(8). Thus S4(8) . G . Aut(S4(8)). Hence |K|= 1 and so G∼= S4(8), a
contradiction.
Case 5. If G is a finite group such that |G| = |S4(17)| = 210 · 34 · 5 · 174 · 29 and D(G) =
D(S4(17)) = (2,2,1,2,1), then Γ(G) = {2∼ 3∼ 17∼ 2;5∼ 29}, {5∼ 2∼ 3∼ 17∼ 29},
{5 ∼ 3 ∼ 2 ∼ 17 ∼ 19}, {5 ∼ 2 ∼ 17 ∼ 3 ∼ 29}, {5 ∼ 3 ∼ 17 ∼ 2 ∼ 29}, {5 ∼ 17 ∼ 3 ∼
2∼ 29} or {5∼ 17∼ 2∼ 3∼ 29}.
Subcase 1. If Γ(G) = {2 ∼ 3 ∼ 17 ∼ 2;5 ∼ 29}, then OC(G) = OC(S4(17)) and so G ∼=
S4(17) by Lemma 2.8.
Subcase 2. If Γ(G) ={5∼ 2∼ 3∼ 17∼ 29}, {5∼ 3∼ 2∼ 17∼ 19}, {5∼ 2∼ 17∼ 3∼ 29},
{5 ∼ 3 ∼ 17 ∼ 2 ∼ 29}, {5 ∼ 17 ∼ 3 ∼ 2 ∼ 29} or {5 ∼ 17 ∼ 2 ∼ 3 ∼ 29}, we claim that
G∼= S4(17), which is a contradiction.

Clearly, t(G) = 3 and t(2,G) ≥ 2 in any case. By Lemma 2.10, there is a finite non-
abelian simple group S such that S . G = G/K . Aut(S) for the maximal normal solvable
subgroup K of G.
Step 1. K is a {2,3}-group.

Assume that 5 ∈ π(K). We claim that 29 /∈ π(K) and so 5 ∈ π(K) ⊆ {2,3,5,17}. Oth-
erwise, we may suppose that T is a Hall {5,29}-subgroup of K. It is easy to see that T
is a cyclic subgroup of order 5 · 29. Thus 5 · 29 ∈ πe(K) ⊆ πe(G), a contradiction. Let
R ∈ Syl5(K). By Frattini argument G = KNG(R). Therefore, the normalizer NG(R) contains
an element of order 29, say x. Thus 〈x〉 R is a cyclic subgroup of G of order 5 ·29. Hence,
5 · 29 ∈ πe(G), a contradiction. Thus 5 /∈ π(K). Similarly, we can prove that 29 /∈ π(K),
either.

If 5 /∈ π(K), 29 /∈ π(K) and 17 ∈ π(K), then 17 ∈ π(K) ⊆ {2,3,17}. Let |K|17 6= 174

and R ∈ Syl17(K). By Frattini argument G = KNG(R). Therefore, the normalizer NG(R)
contains two elements of orders 5 and 29, say x and y, respectively. Thus 〈x〉 R and 〈y〉 R are
both nilpotent subgroups of G of order 5 ·17i and 17i ·29 for i = 1,2,3, respectively. Hence,
5 ·17∈ πe(G) and 17 ·29∈ πe(G), a contradiction. Hence |K|17 = 174 and so 17 /∈ π(G/K).
Since S . G = G/K . Aut(S), it follows that 17 /∈ π(S). Thus π(S) ⊆ {2,3,5,29}. From
Tables 2 and 4, S∼= A5,A6 or U4(2). Since |G|= 210 ·34 ·5 ·174 ·29 and Out(S)⊆ {2,3}, it
follows that 29 ∈ π(K), a contradiction.

In a word, K is a {2,3}-group.
Step 2. S is isomorphic to A5,A6,U4(2),L2(17),L2(16),L2(172) or S4(17).

Since |G|= |S4(17)|= 210 ·34 ·5 ·174 ·29, it follows that π(S)⊆ {2,3,5,17,29}. From
Tables 2 and 4, S∼= A5,A6,U4(2),L2(17),L2(16),L2(172) or S4(17).
Step 3. G∼= S4(17), which is a contradiction.

If S ∼=A5,A6,U4(2),L2(17),L2(16) or L2(172), then |S|17 ≤ 172. Since S . G . Aut(S)
and π(Out(S)) ⊆ {2,3}, it follows that 17 ∈ π(K), which is a contradiction since K is a
{2,3}-group by Step 1.
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Therefore S ∼= S4(17). Thus S4(17) . G . Aut(S4(17)). Hence |K| = 1 and so G ∼=
S4(17), a contradiction.
Case 6. If G is a finite group such that |G|= |G2(9)|= 28 ·312 ·52 ·7 ·13 ·73 and D(G) =

D(G2(9)) = (2,2,2,1,1,0), then Γ(G) = {2 ∼ 3 ∼ 5 ∼ 2;7 ∼ 13;73}, {7 ∼ 2 ∼ 3 ∼ 5 ∼
13;73}, {7∼ 2∼ 5,5∼ 3∼ 13;73}, {7∼ 3∼ 2∼ 5∼ 13;73}, {7∼ 3∼ 5∼ 2∼ 13;73},
{7∼ 5∼ 3∼ 2∼ 13;73} or {7∼ 5∼ 2∼ 3∼ 13;73}.
Subcase 1. If Γ(G) = {2 ∼ 3 ∼ 5 ∼ 2;7 ∼ 13;73}, then OC(G) = OC(G2(9)) and so G ∼=
G2(9) by Lemma 2.9.
Subcase 2. If Γ(G) ={7∼ 2∼ 3∼ 5∼ 13;73}, {7∼ 2∼ 5,5∼ 3∼ 13;73}, {7∼ 3∼ 2∼
5∼ 13;73}, {7∼ 3∼ 5∼ 2∼ 13;73}, {7∼ 5∼ 3∼ 2∼ 13;73} or {7∼ 5∼ 2∼ 3∼ 13;73},
we claim that G∼= G2(9), which is a contradiction.

Clearly, t(G) = 4 > 3 and t(2,G)≥ 3 in any case. By Lemma 2.10, there is a finite non-
abelian simple group S such that S . G = G/K . Aut(S) for the maximal normal solvable
subgroup K of G.
Step 1. K is a {2,3}-group.

Assume 7 ∈ π(K). We claim that p /∈ π(K), where p ∈ {13,73}. Otherwise, we may
suppose that T is a Hall {7, p}-subgroup of K. It is easy to see that T is a cyclic subgroup of
order 7p. Thus 7p∈ πe(K)⊆ πe(G), a contradiction. Therefore 7∈ π(K)⊆ {2,3,5,7}. Let
R ∈ Syl7(K). By Frattini argument G = KNG(R). Therefore, the normalizer NG(R) contains
an element of order p, say x. Thus 〈x〉 R is a cyclic subgroup of G of order 7p. Hence,
7p ∈ πe(G), a contradiction. Thus 7 /∈ π(K). Similarly, we can prove that p /∈ π(K), either.

If 7 /∈ π(K), 13 /∈ π(K), 73 /∈ π(K) and 5 ∈ π(K), then 5 ∈ π(K) ⊆ {2,3,5}. Let R ∈
Syl5(K). By Frattini argument G = KNG(R). Therefore, the normalizer NG(R) contains an
element of order 73, say x, respectively. Thus 〈x〉 R and 〈y〉 R is a nilpotent subgroups of G
of order 5i ·73 for i = 1,2. Hence, 5 ·73 ∈ πe(G), a contradiction.

In a word, K is a {2,3}-group.
Step 2. S is isomorphic to A5, A6, U4(2), L2(7), L2(8), U3(3), A7, L2(49), U3(5), L3(4),
A8, A9, J2, A10, U4(3), L3(3), L2(25), U3(4), L4(3), L2(13), L2(27), G2(3), Sz(8), L2(64),
L3(9), U3(9), L2(36) or G2(9).

Since |G| = |G2(9)| = 28 · 312 · 52 · 7 · 13 · 73, it follows that π(S) ⊆ {2,3,5,7,13,73}.
From Tables 2 and 3, S ∼= A5, A6, U4(2), L2(7), L2(8), U3(3), A7, L2(49), U3(5), L3(4),
A8, A9, J2, A10, U4(3), L3(3), L2(25), U3(4), L4(3), L2(13), L2(27), G2(3), Sz(8), L2(64),
L3(9), U3(9), L2(36) or G2(9).
Step 3. G∼= G2(9), which is a contradiction.

If S ∼=A5, A6, U4(2), L2(7), L2(8), U3(3), A7, L2(49), U3(5), L3(4), A8, A9, J2, A10,
U4(3), L3(3), L2(25), U3(4), L4(3), L2(13), L2(27), G2(3), Sz(8), L2(64) or L3(9), then
73 /∈ π(S). Since S . G . Aut(S) and π(Out(S))⊆ {2,3}, it follows that 73 ∈ π(K), which
is a contradiction since K is a {2,3}-group by Step 1.

If S∼=U3(9), then 13 /∈ π(S). Since U3(9) . G . Aut(U3(9)) and π(Out(U3(9))) = {2},
it follows that 13 ∈ π(K), which is a contradiction since K is a {2,3}-group by Step 1.

If S ∼=L2(36), then |L2(36)|5 = 5. Since L2(36) . G . Aut(L2(36)) and π(Out(L2(36)))
= {2,3}, it follows that 5∈ π(K), which is a contradiction since K is a {2,3}-group by Step
1.

Therefore S∼= G2(9). Thus G2(9) . G . Aut(G2(9)). Hence |K|= 1 and so G∼= G2(9),
a contradiction.
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By Proposition 1.5( f ), all finite simple C2,2-groups are OD-characterizable. Hence all
finite non-abelian simple groups whose first prime graph components are 0-regular are OD-
characterizable. Together with Theorems 3.5 and 3.7, we obtain the following theorem.

Theorem 3.7. Let G be a finite non-abelian simple group whose first prime graph compo-
nent is r-regular, where 0≤ r ≤ 2. Then the following statements hold.

(a) If G�U4(2), then G is OD-characterizable.
(b) If |G| = |U4(2)| and D(G) = D(U4(2)), then G ∼= U4(2) or (U ×V )F, where U ∼=

Z2×Z2×Z2×Z2, V ∼= Z3×Z3×Z3×Z3 and F ∼= Z5 : Z4. That is, U4(2) is
exactly 2-fold OD-characterizable.

Question 3.8. Let G be a finite group such that |G| = |M| and D(G) = D(M), where M is
an almost simple group. Is Γ(G) = Γ(M)?
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