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1. Introduction

In this paper, we consider the existence of solutions for the weighted p(¢)-Laplacian integro-
differential system

1

(D) = Byt (an (o) TS0 T0)) =0, 1.1 121

1,---,k, with the following impulsive boundary value conditions

(12)  limu(r)— limu() =A; | limu(e), lim (w(e)0T0/(r) ), i=1, k,

t—»t[ thi t—rti t~>li

lim w(t) |u’|p(t)_2 u'(t) — limw(t) !u"p(t)_z u'(t)

t~>l‘iJr t—t;

(1.3)

i
=B; linlu(t),lirrl(w(t))p(t)flu’(t) . =1, Lk,
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1
(1.4) w(0)=0, u(l)= /O e(u(t)dr,

i
where p € C([0,1],R) and p(t) > 1, = A, yu = — (w(t) /[P =2 u’) is called the weighted

p(r)-Laplacian; 0 <1, <1 < --- <t < 1; g € L'[0,1] is nonnegative, [, g(t)dt = o and
o €10,1]; A;,B; € C(RY x RN RM); T and S are linear operators defined by (Tu)(t) =
Jo k(2,5 u(s)ds , (Su)(t) = [y hu(t,s)u(s)ds , t € [0,1], where k. , b, € C([0,1] x [0,1],R).

Throughout the paper, o(1) means function which uniformly convergent to 0 (as n —
+o0); for any v € RV, v/ will denote the j-th component of v; the inner product in RV
will be denoted by (-,-), |-| will denote the absolute value and the Euclidean norm on R".
Denote J =[0,1],J' = (0, 1)\{r1,- -, 2}, Jo = [to,11], Ji = (ti,tir1), i =1, -+ ,k, where tp =0,
tx+1 = 1. Denote J? the interior of J;, i =0,1,--- k. Let

x€C(J;,RN),i=0,1,--- ,k
and lirrlx(t) existsfori=1,---,k (>

1=t

PC(J,RN) = {x J—RY

w € PC(J,R) satisfies 0 < w(t), ¥Vt € J/, and (w(z))~"/P0)-D ¢ L1(0,1);

1
¥ € CJ?,RN), lim (w(t))P0-Tx ()

=t

I
and lim (w(z))PO-1x'(r) exists fori = 0,1, -,k

=iy

PC'(J,RY) ={ x e PC(J,RY)

For any x = (x',--,xV) € PC(J,RN), denote |x'|o = sup{|x(t)| | t € J'}. Obviously,
PC(J,RV) is a Banach space with the norm || x [o= (XX, |x/[2)"/2, PC'(J,R") is a Ba-
nach space with the norm || x ||1=]| x [|o + || (w(£))/®©O=Dx" ||o. Let L' = L'(J,RY) with
the norm | x [|1= (T [/[?)"/2, Vx € L', where |x/|,1 = [y [x/(t)|dt. In the following,
PC(J,RN) and PC'(J,R") will be simply denoted by PC and PC', respectively. We denote

u(t’) = 1im+u(t)7 u(t; ) = limu(t),

]
i f—>t1

w(0) |u"p(0)_2 u'(0) = lir0n+w(t) |u’|p(t>_2 u'(t),
11—

w() [of PO 72 (1) = Tim w(e) [P0 ),

t—1-

1
A (“‘“u(t), lim <w<r>>p<t>1u’<f>> =Lk,

1=t 1=t

B; =B, (lim u(t), lim (w(t))W;*1 u/(t)) , =1,k
1—t; 1—t;

The study of differential equations and variational problems with nonstandard p(z)-
growth conditions attracted more and more interesting in recent years. The applied back-
ground of this kind of problems we refer to [1,4,22,31]. Many results have been obtained
on this kinds of problems, for example [5,7-9, 11, 18,19,23,30]. If p(¢) = p (a constant),
(1.1)=(1.4) is the well known p-Laplacian problem. If p(¢) is a general function, one can see
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easily — A, cu # P (— Ay u) in general, but — A cu = cP (= Apu), s0 —Ap, repre-
sents a non-homogeneity and possesses more nonlinearity, thus —A ;) is more complicated
than —A,. For example

(a) If @ C RY is a bounded domain, the Rayleigh quotient

N Jo iy 1V dx
plx) = 1 : X
uew) ™ @)\ (0) o 5oy [P dx

is zero in general, and only under some special conditions lp(x) > 0 (see [9]), when Q C R
(N = 1) is an interval, the results show that A,,(,) > 0 if and only if p(x) is monotone. But
the property A, > 0 is very important in the study of p-Laplacian problems, for example,
in [13], the authors use this property to deal with the existence of solutions.

(b) If w(r) = 1 and p(t) = p (a constant) and — A, u > 0, then u is concave, this property
is used extensively in the study of one dimensional p-Laplacian problems (see [2]), but it is
invalid for —A ;). It is another difference between —A ), and —A ;).

In recent years, there are many papers studying the existence of solutions for the Lapla-
cian (p(t) = 2) impulsive differential equation boundary value problems, for examples
[6,10, 12,14, 16,20, 21,24, 26]. There are many methods to deal with this problems, for
example sub-super-solution method, fixed point theorem, monotone iterative method, coin-
cidence degree, etc. Because of the nonlinear property of —A,, results on the existence of
solutions for p-Laplacian impulsive differential equation boundary value problems are rare
(see [3]). In [27,28], through the coincidence degree method, the present author investigate
the existence of solutions for p(r)-Laplacian impulsive differential equation with periodic-
like and multi-point boundary value conditions, respectively. On the differential equations
with integral boundary value problems, we refer to [15, 17,25,29].

In this paper, when p(¢) is a general function, we investigate the existence of solutions
and nonnegative solutions for the weighted p(r)-Laplacian impulsive integro-differential
system with integral boundary value conditions. Our method is based upon Leray-Schauder’s
degree. The homotopy transformation used in [27,28] is unsuitable for this paper. Moreover,
this paper will consider the existence of (1.1) with (1.2), (1.4) and the following impulsive
condition

1 1
linl (w(t))PO=14/ () — Tlim (w(t)) PO-Tu (1)
1—t; t—)tf

(1.5)

— Dy(Tim u(t), lim (w(@)) T (1)), =1,
=1, =t
where D; € C(RY x RV, RV), the impulsive condition (1.5) is called linear impulsive con-
dition (LI for short), and (1.3) is called nonlinear impulsive condition (NLI for short). Gen-
erally speaking, p-Laplacian impulsive problems have two kinds of impulsive conditions,
including LI and NLI; but Laplacian impulsive problems only have LI. It is another differ-
ence of p-Laplacian impulsive problems and Laplacian impulsive problems.
Let N > 1, the function f:J x RY x R¥N x RN x RN — RV is assumed to be Caratheodory,

by this we mean:

(i) For almost every ¢ € J the function f(t,,-,-,) is continuous;

(ii) For each (x,y,s,z) € RN x RY x RN x RV the function f(-,x,y,s,z) is measurable
onJ;
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(iii) For each R > 0 there is a ag € L' (J,R) such that, for almost every 7 € J and every
(x,v,5,7) € RN x RN with |x| <R, [y| <R, |s| <R, |z| <R, one has

[ (t,%,y,5,2)| < 0R(7).

We say a function u : J — RY is a solution of (1.1) if u € PC' with w(t) |u’\’7(l>72u
absolutely continuous on J7,i=0,1,---,k, which satisfies (1.1) a.e. on J.

In this paper, we always use C; to denote positive constants, if it can not lead to confusion.
Denote

/

7z =minz(¢), z" =maxz(t), forany ze&PC(J,R).

teJ teJ
We say f satisfies sub-( p~ — 1) growth condition, if f satisfies
f(t7 u’ v7 ‘Y7 Z)

m =0, fort € J uniformly,
Ju+v]+sl+Hel—+eo ([u] + [v] 4 |s] + |2] )9O~ Y

where g(t) € PC(J,R),and 1 < g~ < g™ < p~. We say f satisfies general growth condition,
if f does not satisfy sub-( p~ — 1) growth condition.

This paper is organized as three sections. In Section 2, we present some preliminary. In
Section 3, we give the existence of solutions for system (1.1)—(1.4) or (1.1) with (1.2), (1.5)
and (1.4). Moreover, we give the existence of nonnegative solutions for system (1.1)—(1.4).

2. Preliminary

For any (¢,x) € J x RV, denote ¢(t,x) = |x|? 0=2y, Obviously, ¢ has the following proper-
ties.
Lemma 2.1. [28] ¢ is a continuous function and satisfies
(i) Foranyt €0,1],9(t,-) is strictly monotone, i.e.
(@(t,x1) — @(t,x2),x1 —x2) >0, forany x1,x€RY x;# x5
(i) There exists a function o : [0,+o) — [0,400), 0t(s) — +oo as s — +oo, such that
(@(t,x),x) > a(|x]) x|, forall xRV

It is well known that ¢(z,-) is a homeomorphism from RY to RY for any fixed ¢ € J.
Denote

2-p(t)
o (t,x) = |x| PO x, forx € RV\{0}, o 1(t,00=0, Vel

It is clear that ¢ ' (¢, ) is continuous and sends bounded sets to bounded sets. Now consider
the following simple impulsive problem with boundary value condition (1.4)

(w(t)e(r,u' (1)) = £ (1), t€(0,1),t £1;,

li —1li t)=a, =1, ,k,
@.1) Jimu(t) = fimu(t) = a :

lirriw(t) |u/|17(t)72 u/(t) _ limw(t) |M/|Il(t)72 u'(t) =b;, i=1,- .k,

t—>ti t—t.

i

where a;,b; e RV; f € L.
If u is a solution of (2.1), by integrating (2.1) from 0 to ¢, we find that

(2.2) w(t)o(t,u'(t)) = w(0)@(0,4'(0)) + Zb,’—k/otf(s)ds, vield.

ti<t
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Denote a = (ay,---,a;) € RN b= (by,--- ,b;) € RN p; = w(0)9(0,u'(0)). Tt is easy
to see that p; is dependent on a,b and f(-). Define operator F : L' — PC as

t):/otf(s)ds, Viel, ¥V fell.

Note that #(0) = 0. By solving for ' in (2.2) and integrating, we find

1) = Zai+F{<,01 [t,(w(t))1 <p1 + ZbﬂrF(f)(t))} } (1), Vteld.

1<t 1<t

From u(1) = [, g(t)u(t)dr , we obtain

k
_Z‘iai+/olfpl [E(W(t))l <P1+Zbi+F(f)(t)>] di

<t

= /Olg(t) (F{(pl [u(w(t)) <p1 + Zb +F(f ﬂ } +Za,> dr.

Denote W = R x L with the norm ||@|| = Y, |a;| + X5, [bi| + |4l ;1 , ¥V © = (a,b,h) €
W; then W is a Banach space. For any w € W, we denote

Aw(pl):./o.] ¢! [t,(w(l (pl—i—Zb +F(h ) dt—i—Za,

s (el e (- gaerow) - g

It is easy to see that

Aalp) = [ (1—a)p! [a(w(r»‘ <p1 +2b,-+F<h><r>>] di

1<t

+/01g(S) {/1 o' [t,(w(t))‘1 (Pl +t;tbi+F(h)(t)>1 dt}ds

+Za, /g Zadt VpleRN

i<t

Throughout the paper, we denote E = [} (w(t))~1/" at.

Lemma 2.2. The function Ay () has the following properties
(i) For any fixed w € W, the equation

(2.3) Ap(p1) =

has a unique solution py (@) € RV.
(ii) The function p : W — RY, defined in (i), is continuous and sends bounded sets to
bounded sets. Moreover, for any ® = (a,b,h) € W, we have

o
Loy

4
Ip1(@)| <3N | (2N)” <ZZlazl> + ) bl A |

i=1
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. 4
the notation MP" ! means

R U T
Mt oM<,

Proof. (i) From Lemma 2.1, it is immediate that
(Ap(x1) —Ap(x2),x1 —x2) >0, forx| #x3,Vx1,x € RV,
and hence, if (2.3) has a solution, then it is unique. Set
[ N
Ry =3N |(2N)? (22 a,|> +i_):1 |bil 4[| A [| .

Suppose [p1| > Ro. It is easy to see that there exists some jo € {1,---,N} such that the
absolute value of the jo-th component p;° of p; satisfing

#
k Pl
> PLo 5] vy (22@) P Il A
i=1

i=1

Jo
Pi

1ai = Jy 8()E, <paide] < (14 0)EL Jail <285 Jail.
Thus the ]()-th component of py + Y, ,b; + F (h)(t) keeps sign on J, and we have

‘ <ij0 + Y b +F(h)’°(t)>

<t

Obviously,

i=1

2p| \ o
.
R Ll (22|ai|> + Y bl + A
i=1

then it is easy to see that the jo-th component of A, (p;) keeps the same sign of p{“. Thus,
Aw(p1) #0.

Consider the equation
2.4) AAo(p1)+(1=2A)p1 =0, A €[0,1].

According to the preceding discussion, all the solutions of (2.4) belong to b(Ry+1) = {x €
R | |x| < Ry + 1}. Therefore

dB[Aw(pl),b(Ro-i- 1),0] = dB[I,b(Ro—l— 1),0] #£0,

which means the existence of solutions of Ay, (p1) =0.
In this way, we define a function p; (@)W — RN, which satisfies

Ao(pi(@)) =0.

(ii) By the proof of (i), we also obtain p; sends bounded sets to bounded sets, and

k

pr—1
|p1(@)| <3N [ (2N)? <2Z|a,> + ) 1bil 4 [

i=1

It only remains to prove the continuity of p;. Let {@,} be a convergent sequence in W
and @, — @, as n — +oo. Since {P;(®,)} is a bounded sequence, it contains a convergent
subsequence {p1(®,,)}. Suppose pi(@,;) — py as j — +eo. Since Ao, (P1(@n;)) =0,
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letting j — o0, we have Ay (pY) = 0, which together with (i) implies that p) = p; (w). It
means p; is continuous. This completes the proof. 1

Now we denote N¢(u) : PC ' — L' the Nemytskii operator associated to f defined by

(2.5) Ny(u)(1) :f(t,u(t),(w(t))ﬁu/(t),S(u),T(u)), a.e. onlJ.
We define p; : PC! — RN as
(2.6) p1(u) = pi(A, B,Ny)(u),

where A = (Ay,---,A;), B= (By,---,By). It is clear that p;(-) is continuous and sends
bounded sets of PC! to bounded sets of RV, and hence it is compact continuous.If u is a
solution of (2.1) with (1.4), we have

1<t 1<t

u(t) = Zai+F{<Pl [ﬁ(W(l))l (li(w)JerHrF(f)(t))] }(f)a vielo,1].

For fixed a,b € R*Y | we denote Kiap): L' — PC! as

i<t

K, (@) =F {<p1 [t, (w(r))™! (,5l (a,b,h)+Y bi +F(h)(t)>] } (t), Yrel.
Define K; : PC' — PC! as

Ki(u) (1) F{‘P_l ltv(W(l))_l (Pl(u)JrZBHrF(Nf(u))(f))] } (1), Viel.

<t
Similar to the proof of [30, Lemma 2.3], we have

Lemma 2.3.

(1) The operator K,y is continuous and sends equi-integrable sets in L' to relatively

compact sets in PC".
(ii) The operator K is continuous and sends bounded sets in PC' to relatively compact
sets in PC'.

It is not hard to check that

Lemma 2.4. u is a solution of (1.1)—(1.4) if and only if u is a solution of the following
abstract operator equation
u= ZA,-—i—Kl (u).

<t

3. Main results and proofs
In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
in the following three cases:

e Case (i) Existence of solutions for system (1.1)—(1.4);
e Case (ii) Existence of solutions for system (1.1) with (1.2), (1.5) and (1.4);
e Case (iii) Existence of nonnegative solutions.
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3.1. Case (i)

In this subsection, we will deal with the existence of solutions for system (1.1)—(1.4). When
f satisfies sub-(p~ — 1) growth condition, we have

Theorem 3.1. If f satisfies sub-( p~ — 1) growth condition, we also assume that

K a1

Y 1A (u,v)| < Cr(1+ [u] + v]) 71,

i=1

k +

Y [Bi(u,v)| < Co(1+[ul + )77V (u,v) RV xRY,

i=1
then problem (1.1)—(1.4) has at least a solution.

Proof. First we consider the following problem
—Dpayu+ AN (u)(1) =0, t€(0,1),r #1,

lim () — lim u(r) = AA; | Timu(e), lim (w(t))noi—lu'(t)> =1k,

t%ti‘*» 1=t 1—t; 1=t

Gy J limw(o)]ud P72 (1) — im (1) [uf PO (1)

=1,k
= AB; <1im u(t), lim (w(z))l’“;*1 u’(t)) )

1=t 1=t

u(0) =0, u(1) = f g(t)ult)dr.

Denote

P, () = i (A, AB.AN;) (1),

1, (w(n) ™! (PM (u)+AY Bi +F(7LNf(u))(t)>] } ;

ti<t

K5 (u) ZF{(PI
"Pf(l/h}.) = )“ZAZ +K1,7L (M),
i<t

where Ny(u) is defined in (2.5).
We know that (3.1) has the same solution of the following operator equation when A = 1

(3.2) u="Yr(u,A).

It is easy to see that operator p; 3 is compact continuous for any A € [0, 1]. It follows from
Lemma 2.2 and Lemma 2.3 that ¥4 (-, ) is compact continuous from PC! x [0, 1] to PC".
We claim that all the solutions of (3.2) are uniformly bounded for A € [0, 1]. In fact, if it
is false, we can find a sequence of solutions {(u,,A,)} for (3.2) such that ||u,||, — 4o asn
— oo, and ||uy||; > 1 forany n =1,2,---. From Lemma 2.2, we have
k +
Y Bl I Np) [l | < o0+l ).

Py, (u)

#
k Pl
<G | (2N <ZZ|A1‘|> +
=1

i=1
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Thus

P, )+ Y. AB; +F(ANy)

1<t

2B

1<t

<, )+ | L Bi|+ [Fvp)| < s (1l ).

From (3.1), we have

w(t) |, (0)" 724, (1) = p, () + Y AB; +/ AN/ (un)(s)ds, V1€l

1<t

It follows from (2.6) and Lemma 2.2 that

‘p(t) 1

k 1 g
W) O <[y )]+ X B+ [ Vi) (5)]ds < Cot Crllun | vred
i=1

Denote oo = (g™ —1)/(p~ — 1), then the above inequality tells us that

(3.3) H(w(z))poilu;(t) < Csllunll®, n=1,2,--
0
Forany j=1,---,N, we have
i (0)] = | YA+ / (ul) (s)ds| < Z [ w(s) P sup |(w(r) 7T () ()| ds
1<t 1<t 0 1€(0,1)
< CoE [lun||T + | Y Ai| < Crollua|lY, Viedn=12,--,
i<t

which implies

|M£|OSC1|HMH||(IX7 J:177N7n:1727
Thus
34 lunllg < NCii lunl|T, n=1,2,---.

It follows from (3.3) and (3.4) that {||u,||, } is uniformly bounded.

Thus, we can choose a large enough R; > 0 such that all the solutions of (3.2) belong
to B(R;) = {u e C"||ull; <R} . Therefore the Leray-Schauder degree drs[I —Wy(-,A),
B(R)),0] is well defined for A € [0, 1], and

drs[l —¥¢(-,1),B(R),0] = dps[ —¥¢(-,0),B(R1),0].

It is easy to see that u is a solution of u = W,(u,0) if and only if u is a solution of the
following usual differential equation
=0, te (07 1)7
u(l

pr,)u
G { 0, u(1) = f} g(tyulr)dr

Obviously, system (3.5) possesses a unique solution uy = 0. Since uy € B(R;), we have
dis[l =¥ (-,1),B(R:1),0] = dps[l —¥s(-,0),B(R),0] #0,

which implies that (1.1)—(1.4) has at least one solution. This completes the proof. 1
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When f satisfies general growth condition, we consider

(36) —Ap(r)u+f<l,bt,(W(t))

1

P(’)lu/7S(u),T(u),5) =0, te(0,1),t#1,

where 0 is a parameter, and

£ (1 )70 500,700,
—¢ (t,u, (w(t))milu’,S(u),T(uO +6h (t,u, (w(1)) PO T u’,S(u),T(u)) :

where ¢,h: J x RN x RV x R¥ x RN — R¥ are Caratheodory. We have

Theorem 3.2. If ¢ satisfies sub-(p~ — 1) growth condition, and we also assume

gt-1
ZMMvKGU+MHmﬁ'

=
Z|B u,v)| <G (1+4|ul+ v)? iy Y (u,v) e RN xRV,

then problem (3.6) with (1.2)—(1.4) has at least one solution when parameter & is small
enough.

Proof. Denote

s (t,m(w(t))P(f;‘u’,S(u),T(u)ﬁ)

- (t,u, (w(t))ﬂ(f;lu/,S(u)7T(u)>+),5h (l,u,(w(t))f’('l W, S(u), T (u )).

We consider the existence of solutions of the following equation with (1.2)—(1.4)

1

3.7 _Ap(t)u+fl <Z‘,M,(W(t))p(’)] I/,S(M),T(I/l),&) =0, r€ (07 1)7 t#ti-

Denote

pﬁl (M76) = [)vl(AanNf)L)(u),
Kf 5 (u,8) = F{o~'[r,(w(t)) " (p¥, (u,8) + Y Bi+ F(Ny, () (1))]},

<t
(I)(s(u,ﬁ,) = ZAi —I—K#’)L(M, 5),

<t
where Ny, (u) is defined in (2.5). We know that (3.7) with (1.2)—(1.4) has the same solution
of
u=os(u,).

Obviously, fo = ¢. So ®s(u,0) = ¥4 (u,1). As in the proof of Theorem 3.1, we know
that all the solutions of u = ®g(u, 0) are uniformly bounded, then there exists a large enough
R, > 0such that all the solutions of u = ®5(u,0) belong to B(R,) = {u € PC' | [Ju||; <R.}.
Since ®;(-,0) is compact continuous from PC' to PC', we have

f —P5(u,0)]|; > 0.
it = @s(u.0)],



Existence of Solutions for Weighted p(r)-Laplacian Impulsive Integro-Differential System 429

Since ¢ and & are Caratheodory, we have

|F(Ny, (u)) = F(Ngy(w))||, — Ofor (u,A) € B(R.) x [0, 1] uniformly, as § — 0,

Pl (u,8)—pf (u, 6)‘ — 0for (u,A) € B(R.) [0, 1] uniformly, as § — 0,

HKﬁl(u,a)—Kfo(u,a)Hl — 0for (u,A) € B(R.) x [0, 1] uniformly, as § — 0.
Thus

| @5(u,A) —Do(u,A) |1 — O for (u,A) € B(R,) x [0, 1] uniformly, as § — 0.
Obviously, ®g(u, A1) = Ps(u,0) = Dy (u,0). We obtain

| ®5(u,A) —®5(u,0) |1 — Ofor (u,A) € B(R.) x [0, 1] uniformly, as § — 0.

Thus, when § is small enough, we can conclude that

- (i
(u,l)eallgr(lR*)X[OJHW s(u, M),

> inf  |ju—®s(u,0)|, — sup |®5(u,0) — Ds(u, A)||, > 0.
u€dB(Ry)

(u,\)€BR) x[0,1]

Thus u = ®5(u,A) has no solution on dB(R,) for any A € [0, 1], when & is small enough.
It means that the Leray-Schauder degree dys[I — ®5(-,4),B(R,),0] is well defined for any
A €[0,1], and

dLS[[_ @5(”,&),3(1?*),0] = dLS[[_ ¢5<M70)7B(R*)’0]
Since ®s(u,0) = W4 (u, 1), from the proof of Theorem 3.1, we can see that the right

hand side is nonzero. Thus (3.6) with (1.2)—(1.4) has at least one solution when & is small
enough. This completes the proof. 1

3.2. Case (ii)

In this subsection, we consider the existence of solutions for system (1.1) with (1.2), (1.5)
and (1.4). When f satisfies sub-(p~ — 1) growth condition, we have

Theorem 3.3. If f satisfies sub-(p~ — 1) growth condition, we also assume that

gt-1

k
Y A (u,v)| < Cr(1+ [u] + v]) 71,
i=1

k
Y Di(u,v)] < Co(1+ ul + V)%, ¥ (u,v) € RV xRV,
i=1

where
+_

q 1
< L
T op() -1
then problem (1.1) with (1.2), (1.4) and (1.5) has at least a solution.

and p(ti)_1§q+_aiv i:lv"'vka

Proof. Similar to the proof of [30, Theorem 3.4], we can prove that
k
Y [Bi(u,v)| < Co(14[ul + )7,V (u,v) € RY xR, I
i=1

When f satisfies general growth condition, we have
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Theorem 3.4. If ¢ satisfies sub-(p~ — 1) growth condition, and we also assume

gt—1

Z|A 1) < (14 Ju] 4 v]) 77T

Z|D u,v) (1—|—\u|—|—|v|) V¥ (u,v) e RN xR,
where o; < (¢ —1)/(p(t;) = 1), and p(t;) — 1 < gt — a,i = 1,--- ,k, then problem (3.6)
with (1.2), (1.4) and (1.5) has at least one solution when parameter 8 is small enough.
Proof. Similar to the proof of Theorem 3.2 and Theorem 3.3, we omit it here. 1
3.3. Case (iii)
In this subsection, we will consider the existence of nonnegative solutions. For any x =
(x',---,x¥) € RV, the notation x > 0 means x/ > 0 forany j=1,--- ,N.

Theorem 3.5. We assume
(19) f(t,x,y,5,2) <0,V (t,x,y,5,27) €J x RN x RN x RN x RV,
(2°) Foranyi=1,--- k Bi(u,v) <0,¥(u,v) € RN x RV;
(3%) Foranyi=1,---,k, j=1,--- N, Alj(u,v)vj >0,V (u,v) € RN xRV,
(4°) c<loro=1andg(t)>0a.e. onl.
Then every solution of (1.1)—(1.4) is nonnegative.

Proof. Let u be a solution of (1.1)—(1.4). From Lemma 2.4, we have
u(t) =Y A;+F {(p‘l [t,(w([))_l <p1(u) + ZBi+F(Nf(u)))1 } (t), Vteld.
<t i<t

~We claim that p;(u) > 0. If it is false, then there exists some j € {1,---,N} such that
pi(u) < 0. It follows from (1°) and (2°) that

J
(3.8) lpl (w)+ Y B —l—F(Nf(u))(t)] <0, Vteld.
1<t
Thus (3.8) and condition (3°) hold
(3.9) Al<0, i=1,-- k.
Similar to the proof before Lemma 2.2, from the boundary value conditions, we have

0= [ 01-0)" la(wm)' <p1<u>+23i+F<Nf<u>><r>>] dr

1<t

1 1
(3.10) +/0 g(t){/t o ! [t,(w(t))l (pl(u)+ZBi+F(Nf(u))(t)>1d;}dt
+ZA ( /t dt)

From (3.8) and (3.9), we get a contradiction to (3.10). Thus p;(«) > 0.
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We claim that
k

(3.11) p1(u)+ Y Bi+F(Ny)(1) <O0.
i=1

If it is false, then there exists some j € {1,---,N} such that

J
lpl (u) + Zk:Bi +F(Nf)(1)] > 0.

i=1

It follows from (1°) and (2°) that

J

(3.12) lpl(u)JrZB,-JrF(Nf(u))(t)] >0, Vtel.
<t

Thus (3.12) and condition (3°) hold

(3.13) Al>0, i=1,-- k.

From (3.12) and (3.13), we get a contradiction to (3.10). Thus (3.11) is valid.
Denote
O(t) = pi(u) + Y. Bi+F(Np(u)(t), VrelJ.

i<t
Obviously, ®(0) = p;(u) > 0, ©(1) <0, and O(¢) is decreasing, i.e., O(r') < O(¢") for any
t',i" € Jwitht' >1¢". Forany j=1,---,N, there exists {; € J such that

@/(t)>0, Vte(0,{), and O/(t)<0, Vte(,T).

Together with condition (3°) this implies that u/(¢) is increasing on [0,¢;], and u/(t) is
decreasing on ({;, T]. Thus

in{u/ J = infu’ =1,
min {u/(0),u’(1)} }Ielﬁu (), j=1,---,N.
For any fixed j € {1,--- ,N}, if
u!(0) = infu’(z),

teJ
from (1.4), we have u/(0) = 0. Thus u/ > 0.
If
J(1) = infy/
(3.14) w (1) }gﬁu 1),

from (1.4) and (3.14), we have (1—o)u/(1) = [y g(¢) [u/ () —u/(1)] dr > 0.
If 6 < 1, then u/(1) > 0.1f 6 = 1, we have fol g(t)[u! (t) — u/(1)]dt = 0, which together
with condition (4°) implies that
w (1) = u/(1) = u/ (0) = 0.
Thus u(t) > 0,V ¢ € [0,T]. The proof is completed. |

Corollary 3.1. Under the conditions of Theorem 3.1, we also assume
(19) £(t,x,y,5,2) <0, ¥V (t,x,y,5,27) €J x RN x RN x RN x RN with x,5,7 > 0;
(2%) Foranyi=1,---,k Bi(u,v) <0,V (u,v) € RN x RN with u > 0;

(3% Foranyi=1,---,k j=1,---,N, Al (u,v)v/ >0, V (u,v) € RN x RN with u > 0;
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(4% c<loro=1andg(t) > 0a.e. onlJ;
(5%) Foranyt € [0,1]ands € [0,1], k.(t,s) >0, h.(t,s) > 0.
Then (1.1)—(1.4) has a nonnegative solution.
Proof. Define
M) = (Mo (), M (™)),
where
u, u>0

M. (u) = {0 <0,

Denote
f(t,u,v,S(u),T(u)) = f(t,M(u),v,SMu)),T(Mw))), V(t,u,v)eJx RN xRV,

then f(¢,u,v,S(u), T (u)) satisfies Caratheodory condition, and f(z,u,v,S(u), T (u)) < 0 for
any (t,u,v) €J x RNV x RV,
For any i=1,--- ,k, we denote

Ai(u,v) = Ai(M(u),v), Bi(u,v) =Bi(M(®u),v), ¥ (u,v)eRY xRN,
then Zi and E,- are continuous, and satisfy
Ei(u,v) <0, Y (u,v)eRYxRY, foranyi=1,---k,
g{(u,v)vj >0, V(u,v)eRY xRN, foranyi=1,---,k, j=1,---,N.
It is not hard to check that
20y 1im ) 4y oo (f(t u,v,S(u),T(u))/(Jul + \v|)‘1(’)_1) =0, for ¢ € J uniformly, where
()EC(J]R) and1 <q <g* <p ;

30 vk, |4 ‘ < Cr (14 Jul + )@ =D/ (4,v) € RN x RV,
% vk |B, ‘ ) <O+ 1u =),V (u,v) € RY xR,
Consider
~ 1
=Dyt f(tu, (w(t) PO T’ S(u), T (u)) =0, rel,
~ 1
lim u() — lim u(t;) = Ay(limu(r), lim (w(e))?0Tu/ (1)), i=1,--- .k,
t—»[[. 1=t t—t; 1=t
/ . /
(3.15) [111}1 w(t)o(t,u () —tlgi}W(t)fp(t,u (1)
~ 1 1= la . aka
= B;(limu(zt), lim (w(z)) P04/ (1)),
tﬂtf tﬂtif
u(0) =0, u(1) = [, g(t)u(t)dr

It follows from Theorem 3.1 and Theorem 3.5 that (3.15) have a nonnegative solution u.
Since u > 0, we have M(u) = u, and then

F (o o) 71005000, 70) ) = (000 15000, 70) )

1=t 1=t t—t; 1=t

A (lim u(t), lim (w(t))ﬂ(’;*l L/(t)) =A; <1im u(t), lim (w(t))W) u’(t)) ,
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By [ timu(e), tim (w()) 70T o/ (1) | = By | Tim u(r), Tim (w(r)) 70T (1)

1=t 1=t 1=t 1=t

Thus u is a nonnegative solution of (1.1)—(1.4). This completes the proof. 1

Note 3.1. Similarly, one can get the existence of nonnegative solutions of (3.6) with (1.2)—
(1.4).
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