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1. Introduction

Throughout this paper, we denote by E and E* a real Banach space and the dual space of E,
respectively. Let C be a subset of E and T be a self-mapping of C. We use F(T') to denote
the fixed points of T'.

The duality mapping J : E — 2" is defined by

* * * 2 *
J) = {x" € B+ (rx) = |l Il = IIrl }, Vx€E.

If E is a Hilbert space, then J = I, where [ is the identity mapping. It is well-known that if
E is smooth, then J is single-valued, which is denoted by j.
Recall that T : C — C is said to be nonexpansive if

(1.1) |Tx—=Ty| <|lx—y[l, VxyeC.
T : C — C is said to be Lipschitzian if there exists a constant L > 0 such that
(12) HTx—TyH SL”x_va VX,yec

T : C — C is said to be a A-strict pseudo-contractive, if there exists a constant A > 0 and
j(x—y) € J(x—y) such that

(13)  (Tx—Ty,j(x—y) < |x=y|> =AU =T)x— (I-T)y||*, Vx,yeC.
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Remark 1.1. From (1.3) we can prove that if T is A-strict pseudo-contractive, then T is
Lipschitz continuous with the Lipschitz constant L = (1 +1)/A.

A mapping A : C — E is said to be accretive if there exists j(x —y) € J(x —y) such that
(1.4) (Ax—Ay, j(x—y)) >0, Vx,yeC.

A mapping A : C — E is said to be a-inverse strongly accretive if there exist j(x —y) €
J(x—y) and o > 0 such that

(1.5) (Ax—Ay, j(x—y)) > al|Ax—Ay|]*, Vx,yeC.

A mapping f : C — C is said to be a contraction if there exists a constant ¢ € (0, 1) such
that

(1.6) Ifx)=fOWI <eallx—yl, VYxyeC.

We use the notation Il to denote the collection of all contractions on C.

Variational inequality theory has emerged as an important tool in studying a wide class
of obstacle, unilateral, free, moving, equilibrium problems arising in several branches of
pure and applied sciences in a unified and general framework. Several numerical methods
have been developed for solving variational inequalities and related optimization problems,
see [4,6-9,12-17,20,23,25,26] and the references therein.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let A,B:C — H
be two mappings. In 2008, Ceng et al. [4] considered the following problem of finding
(x*,¥*) € C x C such that

AV +x* —yf x—x*) >
1.7) {@yﬂ Y x—x) >0, VxeC,

<oqu*+y*_X*7-x_y*>Zoa VXEC,

which is called a general system of variational inequalities, where A > 0 and p > 0 are two
constants. In particular, if A = B, then problem (1.7) reduces to finding (x*,y*) € C x C such
that

(1.8) {@Ay*H*—y*,x—x*) >0, Vxec,

(HAX* +y* —x*,x—y*) >0, VxeC.

Ceng et al. [4] introduced a relaxed extragradient method for finding a common element of
the set of solutions of problem (1.7) for two inverse-strongly monotone mappings and the
set of fixed points of a nonexpansive mapping in a real Hilbert space. Let x; =v € C and let
{x,} and {y,} be given by

{yn = PC(xn - .Ll'Ble)7

(1.9)
Xpt1 = anv+byxy + (1 —ay, — by)SPe(yn — AAy,), n>1,

where A € (0,20), 1 € (0,2f) and {a,},{b,} C [0,1]. Then they proved the sequence
{x,} converges strongly to a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of problem (1.7) under some control conditions.

Recently, Wangkeeree [20] suggested and analyzed a new iterative scheme for finding
a common element of the fixed point set of common fixed points of a countable family of
nonexpansive mappings and the set of solutions of the variational inequality problem for an
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inverse-strongly monotone mapping in a real Hilbert space. More precisely, they studied
the following iterative algorithm

x1=x€eC(,
(1.10) Yu = Po(x, — AuBxy,),
X1 = Q¥ f (Xn) + Buxn + (1 = Bu)l — 0wA)SuFPc(yn — 2nByn), n>1,
and proved a strong convergence under some suitable conditions.
Very recently, Qin and Kang [14] proposed an explicit viscosity approximation method
for finding a common element of the set of fixed points of strict pseudo-contractions and the

set of solutions of variational inequalities with inverse-strongly monotone mappings. They
introduced the following iterative algorithm

x1 €C,
In = PC(xn - I»Lann)>

Yn = Po(xXn — AnAxy),
X1 = O f (Xn) + BuXn + W [5(1,n)an + 6(2,n)yrt + 6(3,n)zn] ;o n=1,

(1.11)

and obtained a strong convergence theorem.

On the other hand, Yao et al. [24] introduced the following system of general variational
inequlities in Banach spaces. Let C be a nonempty closed convex subset of a real Banach
space E. For given two operators A,B : C — E, they considered the problem of finding
(x*,y*) € C x C such that

* * gk — >
(1.12) {<Ay +x* —y*, j(x—x")) >0, VxeC,

(Bx"+y" —x", j(x—y")) 20, VxeC,

which is called the system of general variational inequalities in a real Banach space. Under
some suitable conditions they proved a strong convergence theorem by using the following
iterative algorithm:

xg €C,
(1.13) Yu = Qc(xn — Bxy),
Xnt1 = Apu+bpx, + CnQC(yn _Ayn)a n>0,

where {a,},{b,} and {c,} are three sequences in (0,1) and u € C.

In this paper, motivated and inspired by the above facts, we introduce the following
system of variational inequalities in a Banach space: Let C be a nonempty closed convex
subset of a real Banach space E. Let {Ai}?il : C — E be a family of mappings. First we
consider the following problem of finding (x},x3,...,x},) € C x C... x C such that

(UmApmxyy + X7 — x5, j(x —x7)) >0, VxeC,

<.UM—1AM—1XX4_1 +x}{,,—x;t4_17j(x—xj,,)> >0, VxecC,
(1.14)

<,u2A2x§—|-x§—x§,j(x—x§)> >0, VxeC,

(A 1x] + x5 —x7, j(x—x3)) >0, VxeC,
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which is called a more general system of variational inequalities in Banach spaces, where
W >0 forallie{1,2,..., M}. The set of solutions to (1.14) is denoted by Q. In partic-
ular, if M = 2,A1 = B,Ay = A, 1 = l = 1,x] = x*,x5 = y*, then problem (1.14) reduces
to problem (1.12). Subsequently, we introduce a new iterative algorithm for finding a com-
mon element of the set of solutions of a general variational inequality problem (1.14) for
finite inverse-strongly accretive mappings and the set of common fixed points of a count-
able family of strict pseudocontractive mappings in a Banach space. The results presented in
this paper improve and extend the corresponding results announced by Qin and Kang [14],
Wangkeeree [20], Yao et al. [24], Ceng et al. [4] and many others in the literature.

2. Preliminaries

A Banach space FE is said to be strictly convex, if whenever x and y are not collinear, then:
[lx+y|| < ||lx|l + [|ly|l- The modulus of convexity of E is defined by

. 1
52 (¢) —mf{12||<x+y>||: Il Iyl < 1, Jle ] zs},

for all € € [0,2]. E is said to be uniformly convex if 6g(0) = 0, and Sg(g) > O for all
0 < & < 2. Hilbert space H is 2-uniformly convex, while L” is max {p,2 }-uniformly convex
for every p > 1.

Let S(E) ={x € E : ||x|| = 1}. Then the norm of E is said to be Gdteaux differentiable if

t —
s

2.1
2D t—0 t

exists for each x,y € S(E). In this case, E is said to be smooth. The norm of E is said to be
uniformly Gdteaux differentiable, if for each y € S(E), the limit (2.1) is attained uniformly
for x € S(E). The norm of the E is said to be Fréchet differentiable, if for each x € S(E),
the limit (2.1) is attained uniformly for y € S(E). The norm of E is called uniformly Fréchet
differentiable, if the limit (2.1) is attained uniformly for x,y € S(E). It is well-known that
(uniform) Fréchet differentiability of the norm E implies (uniform) Gateaux differentiability
of norm E.
Let pg : [0,00) — [0,0) be the modulus of smoothness of E defined by

pe(t) = sup{ 5 (-3 lr—1) = 15 v S Iyl <1}

A Banach space E is said to be uniformly smooth if (pg(¢))/t — 0 as t — 0. A Banach
space E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that
pe(t) < ct4. Tt is well-known that E is uniformly smooth if and only if the norm of E is
uniformly Fréchet differentiable. If E is g-uniformly smooth, then ¢ <2 and E is uniformly
smooth, and hence the norm of E is uniformly Fréchet differentiable, in particular, the norm
of E is Fréchet differentiable. Typical example of uniformly smooth Banach spaces is L?,
where p > 1. More precisely, L? is min { p,2 }-uniformly smooth for every p > 1.

Recall that, if C and D are nonempty subsets of a Banach space E such that C is nonempty
closed convex and D C C, then a mapping P : C — D is sunny [18] provided

P(x+1t(x—P(x))) =P(x) forallxe€ Cand >0,
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whenever x +¢(x — P(x)) € C. A mapping P : C — D is called a retraction if Px = x for all
x € D. Furthermore, P is a sunny nonexpansive retraction from C onto D if P is retraction
from C onto D which is also sunny and nonexpansive.

A subset D of C is called a sunny nonexpansive retraction of C if there exists a sunny
nonexpansive retraction from C onto D. The following propositions concern the sunny
nonexpansive retraction.

Proposition 2.1. [18] Let C be a closed convex subset of a smooth Banach space E. Let D
be a nonempty subset of C. Let P : C — D be a retraction and let J be the normalized duality
mapping on E. Then the following are equivalent:

(a) P is sunny and nonexpansive.

(b) [[Px—Py||* < (x—y,J(Px—Py)), Vx,y € C.

(©) (x—Px,J(y—Px))<0,VxeC,yeD.

Proposition 2.2. [11] If E is strictly convex and uniformly smooth and if T : C — C is a
nonexpansive mapping having a nonempty fixed point set F (T), then the set F(T) is a sunny
nonexpansive retraction of C.

In order to prove our main results, we need the following lemmas.

Lemma 2.1. [10] Let E be a real smooth and uniformly convex Banach space and let r > 0.

Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such
2 . 2

that g(0) = 0 and g(|[x—y|[) < [[x[|" =2 (x, jy) + [yll", for all x,y € B,.

Lemma 2.2. [19] Let {x,} and {z,} be bounded sequences in a Banach space E and let
{B:} be a sequence in [0, 1] which satisfies the following condition: 0 < liminf, . 5, <
limsup,,_,., Bn < 1. Suppose xn1 = Bnxn+ (1 —By)zn, n > 0 and limsup,,_, . (||za+1 — 2]l —
|%n1 — xn|]) < 0. Then lim,, e ||z, — x,|| = 0.

Lemma 2.3. [22] Assume {ay} is a sequence of nonnegative real numbers such that a, <
(1 —ay)an+ 6y, n >0, where {a,} is a sequence in (0,1) and {5, } is a sequence in R such
that

(1) Lo O =oo;

(ii) limsup, ., 6,/0 <0 o0r Y, |0,] < eco.
Then lim,, . a, =0.
Lemma 2.4. [21] Let E be a real g-uniformly smooth Banach space, then there exists a
constant C4 > 0 such that

x4+ Y17 < 1%+ (v, jgx) +Cq Y1,

forallx,y € E. In particular, if E is real 2-uniformly smooth Banach space, then there exists
a best smooth constant K > 0 such that

2 2 . 2
lx+ylI" < llxll” 42 (y, jx) + 2|y
forallx,y € E.

Lemma 2.5. [1] Let C be a nonempty closed convex subset of a Banach space E. Let
S1,82,- - be a sequence of mappings of C into itself. Suppose that Y, sup ||Sp1x — Spx|| :
x € C < oo. Then for each y € C, {S,y} converges strongly to some point of C. More-
over, let S be a mapping of C into itself defined by Sy = lim,_.. S,y for all y € C. Then
limy, o sup {||Sx — Sux|| : x € C} = 0.
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Lemma 2.6. [3] Let C be a closed convex subset of a strictly convex Banach space E.
Let {T, : n € N} be a sequence of nonexpansive mappings on C. Suppose N F(T,) is
nonempty. Let {A,} be a sequence of positive numbers with Y 5 A, = 1. Then a mapping
S on C defined by Sx = Y7 A,Ty,x for x € C is well defined, non-expansive and F(S) =
N>_F(T,) holds.

n=1

Lemma 2.7. [2] Let C be a nonempty closed convex subset of a uniformly convex Banach
space E and let T be nonexpansive mapping of C into itself. If {x,} is a sequence of C such
that x, — x weakly and x,, — Tx, — 0 strongly, then x is a fixed point of T.

Lemma 2.8. [22] Let E be a uniformly smooth Banach space, C be a closed convex subset
of E, T : C — C be a nonexpansive mapping with F(T) # 0 and let f € ll¢c. Then the
sequence {x; } define by

Xt = tf(x,) + (1 — t)Tx,
converges strongly to a point in F(T). If we define a mapping Q : Tlc — F(T) by

O(f) =limx;, V¥ fellc.
Then Q(f) solves the following variational inequality:
(=10, j(f)—p)) <0, V[felc, peF(T).
Lemma 2.9. [5] In a Banach space E, the following inequality holds:
eyl < xlP +20 i +y), Vxy€E,
where j(x+y) € J(x+Y).

Lemma 2.10. [27] Let C be a nonempty convex subset of a real 2-uniformly smooth Banach
space E and T : C — C be a A-strict pseudo-contraction. For a € (0,1), we define Tyx =
(1 —a)x+ aTx. Then, as a € (0,A/K?], Ty : C — C is nonexpansive such that F(T,) =
F(T).

Lemma 2.11. Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space E. Let the mapping A : C — E be a-inverse-strongly accretive. Then, we
have

1= Ay (1 = pADI < lx = yI + 20 (K> = ) Ax — Ay
where 1 > 0. In particular, if u < a/ K2, thenI— UA is nonexpansive.
Proof. Indeed, for all x,y € C, it follows from Lemma 2.4 that
17— pA)x = (I = pA)y|* = |x—y — p(Ax—Ay)|?

< e —ylI* = 20 {Ax = Ay, j(x —y)) + 207 K? | Ax — Ay
< x =yl = 2p0 [ Ax — Ay||* + 207K || Ax — Ay
= = yI*+20(uK* — ) | Ax —Ay| .

It is clear that if 0 < p < o/K?, then I — pA is nonexpansive. This completes the proof. 1

Lemma 2.12. Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space E. Let Q¢ be the sunny nonexpansive retraction from E onto C. LetA;:C — E
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be an -inverse-strongly accretive mapping, where i € {1,2,... M}. Let G:C — C be a
mapping defined by
G(x) = Qc(I — umAm)Qc(I — Um—1Am-1) .. Qc(I — P2A2)Oc(I — Ay )x, Vx € C.
IfO<w <o/K? i=1,2,....M, then G : C — C is nonexpansive.

Proof. Put® = Qc(I—wA:)OQc(I—i-1Ai-1) ... Qc(I - taA2)Oc(I — A ), i=1,2,... .M
and ®° = I, where I is identity mapping. Then G = ®". For all x,y € C, it follows from
Lemma 2.11 that

|Gr— Gy = @ - @My
= HQC(I*HMAM)GM_IX* QC(I*IJMAM)@M_IYH
<||( = treAp)OM = (I — g A )OM 1y ||
< [|@¥1x— @M1y

< [|0%x—0%],

= [lx—=yl
which implies G is nonexpansive. This completes the proof. 1

Lemma 2.13. Let C be a nonempty closed convex subset of a real smooth Banach space
E. Let Qc be the sunny nonexpansive retraction from E onto C. Let A; : C — E be nonlin-
ear mapping, where i =1,2,... .M. For given x; € C, i=1,2,.... M, (x{,x5,...,x3;) is a
solution of problem (1.14) if and only if

x;‘ =Qc(I— [,Li_lA,'_l)x:f_l,xT = QC(I_IJMAM)XX/], i=2,....M.
That is
x1 = Qc(I — upAm)Qc(I — upr—1Ap—1) - .. Qc (I — t2A2) Qc (I — Ay )xy.

Proof. We can rewrite (1.14) as

(] — (xpy — umAmxyy), j(x—x7)) >0, VxeC,

(% = (g — Mm—1AM—1X}_), j(x—x}3;)) =0, VxeC,
(2.2 :

(% — (x5 — taAnx), j(x —x5)) >0, VxeC.

(x5 — (] —A1x]), j(x —x3)) >0, VxecC.

From Proposition 2.1, we deduce that (2.2) is equivalent to
x; = Qc(l — tim1Ai—1)xi_,x1 = Qc(I — tmAm) Xy,  i=2,....M.
Therefore we have

x| = Oc( — upAm)Qc(I — Up—1Am—1) - .. Qc(I — 12A2)Qc (I — W1 A1)x].
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3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of uniformly convex and 2-
uniformly smooth Banach space E. Let Q¢ be the sunny nonexpansive retraction from E
to C. Let the mapping A; : C — E be nj-inverse-strongly accretive, where i € {1,2,... ,M}.
Let f be a contraction of C into itself with coefficient o € (0,1). Let {T,,},,_, be a sequence
of Ai-strict pseudocontractive mappings of C into itself such that F = N2 F(T;) N Q # 0.
Let A =inf{A;: i € N} >0, L = sup;~ (1 +A;)/A. Let {x,} be a sequence generated by
the following manner: x| € C, -

2= Qc(I — UmAm) - .- Oc(I — oA2) Qc (I — A1) Xn,
(3.1 Vn = (1=8,)zn+ 8uTzn,
Xn4+1 = anf(xn) + ﬁnxn + (1 - ﬁn - an))’m
where 0 < ; < n;/K?,i € {1,2,...,M}. Suppose that {a,},{B,} and {8,} be sequences
in [0,1] satisfying the following conditions:
(1) lim, e 0, =0, Z;;m:l O = oo
(ii) 0 <liminf,_e B, <limsup, . B, < 1;
(i) 0 <a < §, <A/K?, lim, .c|8s1 — 8, = 0.

Assume that Y sup,cp || T 1x — Thx|| < oo for any bounded subset D of C and let T be a
mapping of C into itself defined by Tx = lim,,_, T,.x for all x € C and suppose that F(T) =
N2 F(T;). Then {x,} converges strongly to q € F, which solves the following variational
inequality:

(q—f(q),j(g—p)) <0 VpeF
Proof. We divide the proof into five steps.

Step 1: We show that {x,} is bounded. Put ® = Qc(I — WwA;)...Qc(I — tA2)Qc(I —
w1A) and ®° = I, where I is identity mapping and i € {1,2,...,M}. Then z,, = ®x,. Take
x* € F,by Lemma 2.13, we have x* = OMy*, it follows from Lemma 2.12 that

(3.2) llzn — x| = [|©Mxy — OMx*|| < [l — x|
Put S, = (1 — 8,)I + 6,T,,, it follows from Lemma 2.10 and (3.2) that
(3.3) [[yn = X[ = 11Snzn — Spx™ || < llzn — 2" < [lxw — 7]
By (3.3), we have
o1 =[] = [0 f (xn) + Brxn + (1 = B — G )yn — x7|
= [Jaa(f (xn) = x7) + B (ota —x") + (1 = Bu — &) (yn — X7 |

< (1 —Bu— an) ”xn _X*H + B “xn _X*H + 0 ||f(xn) _X*H
< (1= 0) [0 — x| + @0t [l — 7| + 0 [ £(x") —x"|

:(1fan(lfa))Hxnfx*HJran(lfa)w.
By induction, we have
*) Lk
o1 < max s = LELZELY v 2o,
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which implies that the sequence{x, } is bounded. By (3.2) and (3.3), we have that {y, } and
{zu} are also bounded.

Step 2: We show that limy, . || X441 — X, || = 0. By Lemma 2.12, we have

(34 [zn+1 =zl = H®Mxn+1 _®Man < X1 = xall 5

and

H)’n+1 _YnH = HSn+IZn+1 _SnZn”

<ISnt 12001 — Spr12nll + [[Sn+120 — Snzal|
<znr1r = zall F (1= 8ng1)zn + Gnp1 T 12a] — [(1 = 6n)zn + S Toza] |
= Hxn-H _an + H(6n+1 - Sn)(TrH-lZn —Zn) + 6, (Thg120 — TnZn)H
< x4t =Xl + 161 = O 1 T 120 — 2nl + G [| T 120 — Tzl

(3.5) < Han =X ||+ 01 — 5n|M1 + ”TnHZn - TnZnH )

where My = sup,~1 | T+ 120 — 2Zal-
Put [, = (xy41 — Buxn) /(1 — By), for all n > 1, that is,

(3.6) Xp+1 = (1 7ﬁn)ln+ﬁnxn, Vn>1.
We observe that
an+1(f(xn+l) 7yn+l) + (1 *ﬁnJrl)ynJrl i an(f(xn) 7yn) + (1 - ﬁn)yn

Liv1— 1, =
! 1 _ﬁn-&-l 1 _ﬁn
_ an+1(f<xn+l) _yn+1) _ an(f(xn) _y;z) T
1_ﬁnJrl 1_ﬁn
It follows that
Opi1
s =Ll < =21 F Gas )l + [Ynt 1)
1*BnJrl
(3.7 o
+ 1-B (L Cea I Mlyall) + [[yn+1 = yall -
n

Substituting (3.5) into (3.7), we have

Oyl O
—a UG )T+ [y ll) + —5-
e ) el + 5

+ |5n+1 - 6n|M1 + HTVH-lZn - TnZnH .

n1 = Inll = g1 — 20l < (1 Gea) [+ [1yall)
By conditions (i)—(iii) and the assumption on {7}, }, we obtain
timsup([1 ~ 1] = 11 —5,]) <0
From Lemma 2.2, we have lim,, . ||l, — x,|| = 0. It follows from (3.6) that
(3.8) Tim [0 — % = lim (1= B,) 1 — x| =0.
We note that

l[6n = yull < M3 = X1 || + [0 =yl
= {20 — X1 || + [ @ (f (xn) — ¥n) + B (0 — ) |
< b = X1 || 4 0 1 () = yall + Ba 1% — Yl
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which implies
i =3nll < T U =11+ 0 1G5 =3
By (3.8) and conditions (i), (ii), we have
(3.9) Tim [, — ]| =0.
Step 3: We show that lim,, ... ||x, — 2| = 0.
From Lemma 2.9 and (3.3), we have
et =212 = 1o (f () = yn) + Ba (= x*) 4+ (1= Ba) 0 =) |
< 1Bl = x7) 4 (1= Ba) (n =) |> + 200 (f (%) = Yy j (a1 = %7))
< B lln =117 4 (1= Ba) 1y = 211> + 206, || £ (5) =yl [ %1 = 7]
< Bl = x|+ (1= Ba) [lzn — x*|> + 0
(3.10) = OMa+ By 5 =" |P+ (1= o) |0, —°|

where My = sup,,~1 {2 | £ (xn) = yull [|Xn+1 — x|}
On the other hand, it follows from Lemma 2.11 that

& —|[

~ [, — x|

= [|Qc(I — tpAm)OM ' x — Qc (I — ppAny) O~
< [T = s An) @M, — (1 — s An ) @M |

< (@M1 x, — 0w ||” — 24000 (Mas — K2 ptar) || AM®Y s, — Ay @M

By induction, we have

2

2
I

2
I

10", —x*||* < [|©%x, — ©%*||* — 21 (11 — K2p1) || A1 0%, — A, 0% |

_ ERTY)
7...72[JM(T]M7K2[JM)||AM®M lxanM@M lx || .
M
(3.11) =[x — x| = ¥ 20 (i — K2 i) || A0 L, — A0 x|
i=1
Substituting (3.11) into (3.10), we have
Pons =% < oMo + B [ln — [ 4 (1= Bo) [l — x|
2

M

=Y 2ui(1= B (ni — KPy) |40 'x, — A0 ||
i=1

which implies

M
Y 201~ B) (i — K2u1) A0 3, — 4,07 7 ||
i=1

< 0M + [0 = x| = g — 7|

< My + (3 = Xng || (e — || + [l 1 — 7))
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Since 0 < y; < n;/K?, liminf, ..(1 —B,) > 0, lim, ... &, = 0 and (3.8), we have
(3.12) }}iggoHAi@i*lxn —A® x| =0,i€{1,2,...,M}.
From Proposition 2.1 and Lemma 2.1, we have
", —x [
— @, — &
— (| Qc (T — tpAm)OM x5, — Qc (1 — pasAnr)OM x|
< <®M71xn M-l ,uM(AM@M*Ixn _AM®M71X*)7J-(®MX’1 _@Mx*)>
= (@M 1, — @M 1x*, j(OMx, — OMx*)) — g (A @Y, — A OM1x*, j(Ox, — OMx*))
< S ([0, — @M | [, — 0| — gua (0L, — @, + @Y @M1
+ Uy ’|AM®M71)C,1 —AMG)M*lx*H H@Mxn — G)Mx*H ,
which implies
10", —x°||* < || @M x, — O 1x* || — gua (|| €, — OMox, + OMxt — @M1 x* )
+ 2y ||AM®M_1xn — Ay @M1y || H@Mxn — My H )
By induction, we have
1", —x*||” < ||©°x, — ©°%x°||* - fgi(u@f—lxn —Ox, + 0 — O 'x*)
i=1

M
+Y 20 |40 ', — A0 x| ||©x, — O |
i=1
= ”xn _x*||2_ Zgi(”®lilxn —@’xn—i—@’x* _®171X*H)
i=1

M
(3.13) +Y 20 |40, — A0 x| ||©x, — O |
i=1

Substituting (3.13) into (3.10), we have

et =17 < M+ B 6 =" 17 + (1= Bo) [len — x|

M . . . .
- Z(l - ﬁn)gi(H(B’qxn —Oix, + O — O 1y H)
i=1

M

+ Y201 = o) ||Ai® x, — AO x| | ©'x, — O |,
i=1

which implies

(1 _ﬁn)gi(H@lflxn _®1xn+®1x* _®171X*H)

< OMa + [ = x| = a1 — 27
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M
+ Y 2(1— o) ||Ai® x, — A0 x| || ©'x, — O ||
i=1
< Mo+ [P = X || ([ = X7 + [0 = x7)
+ 22(1 — Bn) Wi HA,@”lxn —Ai®’71x*" H@’xn — ®’x*H )
i=1

Since liminf, (1 — ;) > 0, lim,, . &, = 0, (3.8) and (3.12), we have
}ilgogi(||®i*1xn —@'x, +Ox -0 x*|[) =0, Vie{l,2,....M}.

It follows from the properties of g; that

(3.14) lim ||, — O, + O~ 0| =0, Vie{l.2,....M}.

From (3.14), we have

(3.15)

M
1 — znll = H@Ox,,—(aMan < Z H@iilxn—G)ixn—f—@ix*—@i*lx*‘| —0 as n— oo,
=1

From (3.9) and (3.15), we obtain
(3.16) Y0 = zall < [[yn =2l + 60 —znl| = 0 as 1 — oo,
We note y, — 2y, = 6n(Thzn — 2n). It follows from (3.16) and 6, > a > 0, we have
(3.17) lim (|72, — 2| = 0.
By (3.15) and (3.17), we get
0 — Tuxn|| < 1|%n — 2zl + |20 — Tnzal| + | Tnzn — Tuxa |

< (1+L) [ = zall + l|zn — Tnzall
(3.18) — 0 asn— oo,
From (3.9) and (3.15), we have
(1% = Swxall < 1260 = Snzall + [1Snzn — S|
< w = Suzall + 120 —
= lloen = yull + |20 — 2

3.19) — 0 asn— oco.

Define a mapping Sx = (1 — &)x+ 8Tx, where § € (0,1 /K?) is a constant. Then by Lemma
2.10, we have F(S) = F(T) = N, F(T;). We note that
([0 — Soxn | < {lxn — St || + [[Snxn — S|
= [l = Spxall + | (1 = &) 4 85 Toxn — (1 — 8)x, — 6T x|
= [P = Suxnll + /(80 — 8) (Tnxn — xn) + & (Tt — Tk ) |
< o = Suxull 4|85 — 8[| T — x| + 8[| Tnxn — x|
By (3.18), (3.19) and Lemma 2.5, we have
(3.20) Tim ||, —Sx,[| = 0.
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Define a mapping Wx = (1 — 0)Sx+ 6Gx, where G is defined by Lemma 2.12, 6 € (0,1) is
a constant. Then by Lemma 2.6, we have that F(W) = F(S)NF(G) =F(S)NQ =F. We
observe that

ot = Wt = 11 = 0) (¥ — Sx,) + 0(x, — G, )|
< (1= 6) [lxn — Sxal| + 8 [lxn — Gy
= (1= 6) [lxn — Sxul| + 6 [|lx —za]| -
By (3.15) and (3.20), we obtain
(3.21) ,}52, lx, — Wx,|| = 0.

Step 4: We claim that
(3.22) limsup (f(q) — g, j(xn —q)) <0,

n—oo

where g = lim,_,¢ x; with x; being the fixed point of the contraction

x—tf(x)+(1—1)Wx
Then x; solves the fixed point equation x; = 7 f(x;) + (1 —#)Wx,. Thus we have

e = ] = 0= 1) (Wx=50) 4 £ ) = )]
It follows from Lemma 2.9 that
b =l = 111 = 1) (Weee = 300) +(f () = %) [

< (1= )2 W — P 428 (£ () — %, —%2)

S (=12 (IWaxr = W | + W — xl[) + 28 (F (1) — %, j (30 = %))

< (1= 12t = 5l 4 Wt — )2 20 (F ) — 003t — )

= (=092 [l = 5l 4+ 2 = | Wt = 5al] + [ Wt = 5]

+20 (f (xe) = X, (e = xn)) + 28 (xr — X, j (X0 — Xn))

(323) = (12040 o =P+ ful0) 20 (F () =20 (e —200)) 21 [l — s
where
B2 fult) = (1= 0221 = xall + o0 — Woa ) [l — W] 0, a5 11— o
It follows from (3.23) that

. t 1
(3.25) (v = f0a) et = xa)) < 5 |12 —xl*+ 5 fn(0)-
Let n — oo in (3.25) and note that (3.24) yields
. . 1
(3.26) limsup (x; — f(x), j(x —x,)) < §M37
n—oo

where M3 > 0 is a constant such that M3 > ||x, — x,||* for all # € (0,1) and n > 1. Taking
t — 0 from (3.26), we have

(3.27) limsuplimsup (x; — f(x;), j(x; —x,)) <O.

t—0 n—oo
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On the other hand, we have

(f@)—a,i(n—q)) = (f(@) = ¢, (xn —q)) = (f (@) = G, j(xn — 1))

+ (f(q) = F(xe)5 7 Con =22 )) + (f () = %2, 7 (0 — x2)) -

It follows that

limsup (f(q) — q,j(xn — q)) <limsup (f(q) —q,j(xn —q) — j(xXn —Xt))

n—o0 n—oo

12y — g timsup v, — x| + el — x| imsup [, x|

n—oo n—oo

+limsup (f (%) — X1, j (X0 — %)) -

n—oo

Noticing that j is norm-to-norm uniformly continuous on bounded subsets of C, it follows
from (3.27), we have

limsup (f(q) — g, j(x, —q)) = limsuplimsup (f(q) — g, j(x, —q)) < 0.

n—oo t—0 n—oo

Hence, (3.22) holds.

Step 5: Finally we prove that x,, — g as n — oo,
From (3.3), we have

[xas1 — gl
= 04 (f(xn) — ¢, j (X1 — @) + B (xn — 4, J(Xn+1— q))
+ <(1 —Bn— O‘n)()’n *Q)aj(anrl *‘1»
< (1 =B — ) 1% — qll |Xn1 — gl + Ba 1Xn — gl 1Xn1 — 4l
+ 0 (f(xn) = (@) J (Xn+1 =) + 0 (f(q) — G, j (Xn1—q))
< (1 =) [0 = qll a1 = gll + ama [0 — gl X1 — gl + 0 (f(q) — 4, J(Xns1 = q))
— (1= (1= )] 0 — gl 1 — 1l + 0 (F (@) — . 51 — @)

l—o(l—a .
< L ) gl s —alP) + 0t () 4.1 — )
l—o(l—a 1 .
= % Hxn—4||2+ 5 (%41 _QH2+(X,, (f(q)—q,j(xn1—9q)),

which implies

628) fvwn gl <[ - (1 - @)y gl + (1 - o) 2 D=1 Z D)

Apply Lemma 2.3 to (3.28), we obtain that x,, — g as n — oo. This completes the proof. 1
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