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Abstract. In this paper, we introduce a new iteration process for approximation of common
fixed point of countably infinite family of nonself asymptotically nonexpansive mappings in
uniformly convex Banach spaces, and prove weak and strong convergence of our iteration
process to a common fixed point of these operators. Our theorems extend, generalize and
unify many recently announced results. Our iteration process, corollaries and methods of
proof are of independent interest.
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1. Introduction

Let K be a nonempty subset of a real normed linear space E. A self-mapping T : K→ K is
called asymptotically nonexpansive if there exists a sequence {µn}n≥1 ⊂ [1,∞), limn→∞ µn
= 1 such that for all x,y ∈ K

(1.1) ‖T nx−T ny‖ ≤ µn‖x− y‖, for all n ∈ N.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[10] as an important generalization of the class of nonexpansive mappings, where a self
mapping T : K→ K is said to be nonexpansive if

(1.2) ‖T x−Ty‖ ≤ ‖x− y‖, for all x,y ∈ K.

Goebel and Kirk [10] proved that if K is a nonempty bounded closed convex subset of a real
uniformly convex Banach space and T is self asymptotically nonexpansive mapping of K,
then T has a fixed point.

Iterative methods for approximating fixed points of self asymptotically nonexpansive
mappings have been studied by various authors using the Mann iteration scheme (see e.g.,
[15]) or the Ishikawa iteration scheme (see e.g., [11]).
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Bose [3], proved that if K is a bounded closed convex nonempty subset of a uniformly
convex Banach space E satisfying Opial’s condition (that is, for all sequences {xn}n≥1 in
E such that {xn}n≥1 converges weakly to some x ∈ E, the inequality liminfn→∞ ‖xn− y‖>
liminfn→∞ ‖xn− x‖ holds for all y 6= x; (see e.g., [18]) and T : K→ K is an asymptotically
nonexpansive mapping, then the sequence {T nx}n≥1 converges weakly to a fixed point of
T provided that T is asymptotically regular at x ∈ K, that is, limn→∞ ‖T nx−T n+1x‖ = 0.
Pasty [21] and also Xu [37] proved that the requirement that E satisfies Opial’s condition
can be replaced by the condition that E has a Fréchet differentiable norm (that is, for all x ∈
U := {x∈E : ‖x‖= 1}, limt→0 (‖x+ ty‖−‖x‖)/t exists and is attained uniformly in y∈U).
Furthermore, Tan and Xu [33,34] later proved that the asymptotic regularity of T at x can be
weakened to the weak asymptotic regularity of T at x, that is, w− limn→∞(T nx−T n+1x) = 0.

In [23, 24], Schu introduced a modified Mann iteration process to approximate fixed
points of self asymptotically nonexpansive mappings. More precisely, he proved the fol-
lowing theorems:

Theorem 1.1. [23, Theorem 1.5, p. 409] Let H be a Hilbert space, K a bounded closed
convex and nonempty subset of H. Let T : K→K be a completely continuous asymptotically
nonexpansive mapping with sequence {µn}n≥1 ⊂ [1,+∞); limn→∞ µn = 1, and ∑

∞
n=1(µ2

n −
1) < ∞. Let {αn}n≥1 be a real sequence in [0,1] satisfying the condition ε ≤ αn ≤ 1−ε for
all n≥ 1 and for some ε > 0. Then, the sequence {xn} generated from arbitrary x1 ∈ K by
xn+1 = (1−αn)xn +αnT nxn, n≥ 1,converges strongly to some fixed point of T .

Theorem 1.2. [24, Theorem 2.1, p.156] Let E be a uniformly convex Banach space satisfy-
ing Opial’s condition and let K be a bounded closed convex and nonempty subset of E. Let
T : K→ K be an asymptotically nonexpansive mapping with sequence {µn}n≥1 ⊂ [1,+∞),
limn→∞ µn = 1, and ∑

∞
n=1(µ2

n −1) < ∞. Let {αn}n≥1 be a real sequence in [0,1] satisfying
the condition 0 < a≤ αn ≤ b < 1, for all n≥ 1, for some constants a, b. Then, the sequence
{xn} generated from arbitrary x1 ∈ K by xn+1 = (1−αn)xn + αnT nxn, n ≥ 1, converges
weakly to some fixed point of T .

In [22], Rhoades extended Theorem 1.1 to uniformly convex Banach space using a mod-
ified Ishikawa iteration method. Osilike and Aniagbosor [19], proved that the theorems of
Schu and Rhoades remain true without the boundedness condition imposed on K, provided
that F(T ) = {x ∈ K : T x = x} 6= /0.

Existence theorems for common fixed points of certain families of nonlinear mappings
have been established by various authors (see e.g., [2, 4, 5, 13, 14]).

Within the past 30 years or so, research on iterative approximation of common fixed
points of families of nonexpansive mappings and generalizations of nonlinear nonexpansive
mappings surged. Considerable research efforts have been devoted to developing iterative
methods for approximating common fixed points (when they exist) of finite families of these
class of mappings (see e.g., [1, 6, 9, 12, 17, 26, 28, 29] and references therein).

Using an Ishikawa-type scheme [11], Takahashi and Tamura [32] proved strong and weak
convergence of a sequence defined by

(1.3) xn+1 = αnS (βnT xn +(1−βn)xn)+(1−αn)xn

to a common fixed point of a pair of nonexpansive mappings T and S. In [25], Shahzad
and Udomene established necessary and sufficient conditions for convergence of Ishikawa-
type iteration sequences involving two asymptotically quasi-nonexpansive mappings to a
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common fixed point of the mappings in arbitrary real Banach spaces. They also established
a sufficient condition for the convergence of the Ishikawa-type iteration sequences involving
two uniformly continuous asymptotically quasi-nonexpansive mappings to a common fixed
point of the mappings in real uniformly convex Banach spaces.

Let K be a nonempty closed convex subset of a Hilbert space H and let {Tn}n≥1 be
countably infinite family of asymptotically nonexpansive mappings of K into itself and let
{βn, j : n, j ∈ N,1 ≤ j ≤ n} be a sequence of real numbers such that 0 ≤ βn, j ≤ 1 for n, j ∈
N with n ≥ j. Motivated by the W -mapping introduced in [27, 30, 31] for nonexpansive
mappings, Nakajo et al. [16] introduced (for each n ∈ N) the following mapping of K into
itself:

Un,n = βn,nT n
n +(1−βn,n)I,

Un,n−1 = βn,n−1T n
n−1Un,n +(1−βn,n−1)I,

...

Un, j = βn, jT n
j Un, j+1 +(1−βn, j)I,

...

Un,2 = βn,2T n
2 Un,3 +(1−βn,2)I,

Wn = Un,1 = βn,1T n
1 Un,2 +(1−βn,1)I.(1.4)

Such a mapping Wn is called the modified W -mapping generated by Tn,Tn−1, ...,T2,T1 and
βn,n,βn,n−1, ...,βn,2,βn,1.

Very recently, Nakajo et al. [16] obtained strong convergence theorem for approximation
of common fixed point of countably infinite family of asymptotically nonexpansive self-
mappings in the frame work of Hilbert spaces by the so called hybrid method using the
modified W -mapping.

In all the above results, the operator T remains a self-mapping of a nonempty closed
convex subset K of either Hilbert space or uniformly convex Banach space. If, however,
the domain, D(T ), of T is a proper subset of E and T maps D(T ) into E (which is the
case in several applications), then the iteration processes studied by these authors, and their
modifications may fail to be well defined.

In [8], Chidume, Ofoedu and Zegeye introduced the class of nonself asymptotically non-
expansive mappings.

A subset K of E is said to be a retract of E if there exists a continuous map P : E → K
such that Px = x for all x ∈ K. Every closed convex nonempty subset of a uniformly convex
Banach space is a retract. A map P : E → E is said to be a retraction if P2 = P. It follows
that if a map P is a retraction, then Py = y for all y in the range of P.

The following definition was given in [8].

Definition 1.1. Let E be a real normed linear space, K a nonempty subset of E. Let P :
E → K be the nonexpansive retraction of E onto K. A nonself map T : K → E is said to
be asymptotically nonexpansive if there exists a sequence {µn}n≥1 ⊂ [1,+∞), µn → 1 as
n→ ∞, such that the following inequality holds:

(1.5) ‖T (PT )n−1x−T (PT )n−1y‖ ≤ µn‖x− y‖, ∀ x, y ∈ K, n ∈ N.
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The operator T is called uniformly L-Lipschitzian if there exists L > 0 such that

(1.6) ‖T (PT )n−1x−T (PT )n−1y‖ ≤ L‖x− y‖, ∀ x, y ∈ K, n ∈ N.

Let K be a closed convex nonempty subset of a real uniformly convex Banach space E,
the following iteration scheme was introduced and studied in [8]:

(1.7) x1 ∈ K, xn+1 = P
(
(1−αn)xn +αnT (PT )n−1xn

)
, n≥ 1,

where {αn}n≥1 is a sequence in (0,1) satisfying appropriate conditions.
Observe that if T is a self-mapping, the operator P becomes identity mapping so that

(1.5) coincides with (1.1). Moreover, (1.7) reduces to a Mann-type iteration scheme.
Wang [36] used a scheme similar to (1.3) and the definition of Chidume et al. [8] to prove

strong and weak convergence theorems for a pair of nonself asymptotically nonexpansive
mappings. More precisely, he proved the following theorems.

Theorem 1.3. [36] Let K be a nonempty closed convex subset of uniformly convex Banach
space E. Suppose T1,T2 : K → E are two nonself asymptotically nonexpansive mappings
with sequences {µn}n≥1 and {ln}n≥1⊂ [1,+∞) such that ∑

∞
n=1(µn−1) < ∞, ∑

∞
n=1(ln−1) <

∞. Let {xn}n≥1 be generated by

(1.8)


x1 ∈ K,

xn+1 = P
(
(1−αn)xn +αnT1(PT1)n−1yn

)
yn = P

(
(1−αn)xn +αnT2(PT2)n−1xn

)
, n≥ 1,

where {αn} and {βn} are sequences in [ε,1− ε] for some ε ∈ (0,1). If one of T1 and T2 is
completely continuous, and F(T1)∩F(T2) 6= /0, then {xn} converges strongly to a common
fixed point of T1 and T2.

Theorem 1.4. [36] Let K, T1, T2, {µn}, {ln} and {xn} be as in Theorem 1.3. If one of T1
and T2 is semicompact, and F(T1)∩F(T2) 6= /0, then {xn} converges strongly to a common
fixed point of T1 and T2.

Theorem 1.5. [36] Let K, T1, T2, {µn}, {ln} and {xn} be as in Theorem 1.3. If E satisfies
Opial condition, and F(T1)∩F(T2) 6= /0, then {xn} converges weakly to a common fixed
point of T1 and T2.

It is our aim in this paper to introduce a new iteration process for approximation of a
common fixed point of countably infinite family of nonself asymptotically nonexpansive
mappings in uniformly convex Banach spaces; and prove weak and strong convergence of
our iteration process to a common fixed point of these mappings. Our theorems extend,
generalize and unify many recently announced results, especially those of the authors men-
tioned above. Our iteration process, corollaries and methods of proof are of independent
interest.

2. Preliminaries

Let E be a real normed linear space. The modulus of convexity of E is the function δE :
(0,2]→ [0,1] defined by

(2.1) δE(ε) = inf
{

1−
∥∥∥∥x+ y

2

∥∥∥∥ : ‖x‖= ‖y‖= 1, ε = ‖x− y‖
}

.
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The space E is called uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0,2].
A mapping T with domain D(T ) and range R(T ) in E is said to be demiclosed at p if

whenever {xn} is a sequence in D(T ) such that xn ⇀ x ∈ D(T ) and T xn→ p then T x = p.
A mapping T : D(T ) ⊆ E → E is said to be semicompact if, for any bounded sequence

{xn}n≥1 in D(T ) such that ‖xn−T xn‖ → 0 as n→ ∞, there exists a subsequence {xnk}k≥1
of {xn}n≥1 such that {xnk}k≥1 converges strongly to some x∗ ∈ D(T ).

An operator T is said to be completely continuous if for every bounded sequence {xn}n≥1
in the domain, D(T ), of T , there exists a subsequence {xn j} j≥1 of {xn}n≥1 such that the
sequence {T xn j} j≥1 converges to some element of the range, R(T ), of T.

In the sequel, we shall make use of the following lemmas.

Lemma 2.1. (see e.g., [35]) Let {λn}n≥1 and {σn}n≥1 be a sequence of nonnegative real
numbers such that λn+1 ≤ λn + σn for all n ∈ N and ∑

∞
n=1 σn < ∞; then limn→∞ λn exists.

Moreover, if there exists a subsequence {λn j} j≥1 of {λn}n≥1 such that λn j → 0 as j→ ∞,

then λn→ 0 as n→ ∞.

Lemma 2.2. (see e.g., [37]) Let E be a real uniformly convex Banach space. Let r > 0,
then there exists a continuous strictly increasing function g : [0,+∞)→ [0,+∞), g(0) = 0
such that for all x,y ∈ Br(0), the following inequalities hold:

(2.2) ‖αx+(1−α)y‖2 ≤ α‖x‖2 +(1−α)‖y‖2−α(1−α)g(‖x− y‖).

Lemma 2.3. ( [8, Theorem 3.4], Demiclosedness principle for nonself-maps). Let E be
a uniformly convex Banach space, K a nonempty closed convex nonexpansive retract of
E, and let T : K → E be a nonself asymptotically nonexpansive mapping with a sequence
{µn}n≥1 ⊂ [1,+∞) and µn→ 1 as n→ ∞. Then I−T is demiclosed at zero.

3. Main results

In this section, we give new definitions and prove our main theorems. We start as follows:
Let K be a nonempty closed convex nonexpansive retract of a real normed linear space

E with P as nonexpansive retraction. Let Tm : K → E, m = 1,2, ... be a countably infi-
nite family of nonself asymptotically nonexpansive mappings and {βn,m}n,m∈N ⊂ (0,1).
Then, for the family {Tm}m≥1, the modified W -mapping generated by Tn,Tn−1, ...,T2,T1 and
βn,n,βn,n−1, ...,βn,2,βn,1 for all n ∈ N is given by

Un,n = P
(
βn,nTn(PTn)n−1 +(1−βn,n)I

)
,

Un,n−1 = P
(
βn,n−1Tn−1(PTn−1)n−1Un,n +(1−βn,n−1)I

)
,

...

Un, j = P
(
βn, jTj(PTj)n−1Un, j+1 +(1−βn, j)I

)
,

...

Un,2 = P
(
βn,2T2(PT2)n−1Un,3 +(1−βn,2)I

)
,

Wn = Un,1 = P
(
βn,1T1(PT1)n−1Un,2 +(1−βn,1)I

)
.(3.1)

Observe that in the case of self mappings, P becomes the identity map so that in this case,
(1.4) and (3.1) coincide.
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Lemma 3.1. Let K be a nonempty closed convex nonexpansive retract of a uniformly con-
vex real Banach space E with P as a nonexpansive retraction. Let {Tm}m≥1 be a count-
ably infinite family of nonself asymptotically nonexpansive mappings of K into E with se-
quence {µm,n} ⊂ [1,+∞), limn→∞ µm,n = 1 such that F =

⋂
∞
m=1 F(Tm) 6= /0 and {βn, j : n, j ∈

N,1 ≤ j ≤ n} be a sequence of real numbers such that 0 < ε ≤ βn, j ≤ (1− ε) < 1, for
some ε ∈ (0,1). Let Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and
βn,n,βn,n−1, ...,βn,2,βn,1 as in (3.1). Let

γn, j = βn, j(µ
2
j,n−1)+βn, jβn, j+1µ

2
j,n(µ

2
j+1,n−1)

+ ...+βn, jβn, j+1...βn,n−1µ
2
j,nµ

2
j+1,n...µ

2
n−2,n(µ

2
n−1,n−1)

+βn, jβn, j+1...βn,nµ
2
j,nµ

2
j+1,n...µ

2
n−1,n(µ

2
n,n−1),

(3.2)

for all n ∈ N and j = 1,2, ...,n. Then, the following hold:
(1) ‖Wnx−Wny‖2 ≤ (1+ γn,1)‖x− y‖2 for all n ∈ N, x,y ∈ K;
(2) if limn→∞ γn,1 = 0, then for every bounded sequence {zn} in K such that

lim
n→∞
‖zn+1− zn‖= 0 = lim

n→∞
‖Wnzn− zn‖,

we have limn→∞ ‖zn − Tm(PTm)n−1zn‖ = 0 = limn→∞ ‖zn − Tmzn‖ for all m ∈ N;
moreover, we have ωω(xn)⊂ F ;

(3) if limn→∞ γn,1 = 0, then F =
⋂

∞
n=1 F(Wn).

Proof. (1) For x,y ∈ K, we obtain from (3.1) that

‖Un,nx−Un,ny‖2 ≤ βn,n‖Tn(PTn)n−1x−Tn(PTn)n−1y‖2 +(1−βn,n)‖x− y‖2

≤ βn,nµ
2
n,n‖x− y‖2 +(1−βn,n)‖x− y‖2

= ‖x− y‖2 +βn,n(µ
2
n,n−1)‖x− y‖2,(3.3)

which implies that

‖Un,n−1x−Un,n−1y‖2

≤ βn,n−1µ
2
n−1,n‖Un,nx−Un,ny‖2 +(1−βn,n−1)‖x− y‖2

≤ βn,n−1µ
2
n−1,n

(
‖x− y‖2 +βn,n(µ

2
n,n−1)‖x− y‖2)+(1−βn,n−1)‖x− y‖2

= ‖x− y‖2 +
(
βn,n−1(µ

2
n−1,n−1)+βn,n−1βn,nµ

2
n−1,n(µ

2
n,n−1)

)
‖x− y‖2.

Continuing in this fashion, we get

‖Un,kx−Un,ky‖2 ≤ ‖x− y‖2 +
(
βn,k(µ

2
k,n−1)+βn,kβn,k+1µ

2
k,n(µ

2
k+1,n−1)

+ ...+βn,kβn,k+1...βn,n−1µ
2
k,nµ

2
k+1,n...µ

2
n−2,n(µ

2
n−1,n−1)

+βn,kβn,k+1...βn,nµ
2
k,nµ

2
k+1,n...µ

2
n−2,nµ

2
n−1,n(µ

2
n,n−1)

)
‖x− y‖2

= (1+ γn,k)‖x− y‖2

for k = 1,2, ...,n. In particular, for k = 1, we have that

‖Wnx−Wny‖2 ≤ (1+ γn,1)‖x− y‖2.

(2) Let {zn}n≥1 be a bounded sequence in K such that

lim
n→∞
‖zn+1− zn‖= 0 = lim

n→∞
‖Wnzn− zn‖.
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Then, for x∗ ∈ F, we have (using Lemma 2.2) that

‖Wnzn− x∗‖2 =
∥∥P
(
βn,1T1(PT1)n−1Un,2zn +(1−βn,1)zn

)
−Px∗

∥∥2

≤
∥∥(βn,1T1(PT1)n−1Un,2zn +(1−βn,1)zn

)
− x∗

∥∥2

≤ βn,1‖T1(PT1)n−1Un,2zn− x∗‖2 +(1−βn,1)‖zn− x∗‖2

−βn,1(1−βn,1)g
(
‖T1(PT1)n−1Un,2zn− zn‖

)
≤ (1+ γn,1)‖zn− x∗‖2− ε

2g
(
‖T1(PT1)n−1Un,2zn− zn‖

)
.

Thus, from this inequality and the hypothesis, we get that

ε
2g
(
‖T1(PT1)n−1Un,2zn− zn‖

)
≤ ‖zn− x∗‖2−‖Wnzn− x∗‖2 + γn,1‖zn− x∗‖2

= (‖zn− x∗‖−‖Wnzn− x∗‖)(‖zn− x∗‖+‖Wnzn− x∗‖)+ γn,1‖zn− x∗‖2

≤ (‖zn−Wnzn‖+ γn,1)M0→ 0 as n→ ∞

for some M0 > 0. Thus, by the properties of g, we obtain that

(3.4) lim
n→∞
‖T1(PT1)n−1Un,2zn− zn‖= 0.

Moreover,

‖zn− x∗‖2 ≤
(
‖zn−T1(PT1)n−1Un,2zn‖+‖T1(PT1)n−1Un,2zn− x∗‖

)2

= ‖zn−T1(PT1)n−1Un,2zn‖
(
‖zn−T1(PT1)n−1Un,2zn‖

+2‖T1(PT1)n−1Un,2zn− x∗‖
)
+‖T1(PT1)n−1Un,2zn− x∗‖2

≤ ‖zn−T1(PT1)n−1Un,2zn‖M1 + µ
2
1,n‖Un,2zn− x∗‖2 (for some M1 > 0)

≤ ‖zn−T1(PT1)n−1Un,2zn‖M1 + µ
2
1,n
[
βn,2‖T2(PT2)n−1Un,3zn− x∗‖2

+(1−βn,2)‖zn− x∗‖2−βn,2(1−βn,2)g
(
‖T2(PT2)n−1Un,3zn− zn‖

)]
≤ ‖zn−T1(PT1)n−1Un,2zn‖M1 + µ

2
1,n
[
βn,2µ

2
2,n‖Un,3zn− x∗‖2

+(1−βn,2)‖zn− x∗‖2−βn,2(1−βn,2)g
(
‖T2(PT2)n−1Un,3zn− zn‖

)]
≤ ‖zn−T1(PT1)n−1Un,2zn‖M1 + µ

2
1,n
[
βn,2µ

2
2,n(1+ γn,3)‖zn− x∗‖2

+(1−βn,2)‖zn− x∗‖2− ε
2g
(
‖T2(PT2)n−1Un,3zn− zn‖

)]
.

Thus, we obtain from this inequality that

g
(
‖T2(PT2)n−1Un,3zn− zn‖

)
≤ 1

µ2
1,nε2

{
‖zn−T1(PT1)n−1Un,2zn‖M1 + µ

2
1,n
[
βn,2µ

2
2,n(1+ γn,3)

×‖zn− x∗‖2 +(1−βn,2)‖zn− x∗‖2]−‖zn− x∗‖2}
≤ 1

µ2
1,nε2

{
‖zn−T1(PT1)n−1Un,2zn‖M1 + µ

2
1,n
[
βn,2µ

2
2,n(1+ γn,3)

×‖zn− x∗‖2 +(1−βn,2)µ
2
2,n(1+ γn,3)‖zn− x∗‖2]−‖zn− x∗‖2}
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=
1

µ2
1,nε2

{
‖zn−T1(PT1)n−1Un,2zn‖M1

+ µ
2
1,nµ

2
2,n(1+ γn,3)‖zn− x∗‖2−‖zn− x∗‖2}

≤ 1
µ2

1,nε2

[
‖zn−T1(PT1)n−1Un,2zn‖+

(
µ

2
1,nµ

2
2,n(1+ γn,3)−1

)]
M,(3.5)

for some constant M > 0. Thus, from (3.4), the fact that limn→∞ γn,3 = 0; limn→∞ µ1,n = 1 =
limn→∞ µ2,n and the properties of g, we obtain from (3.5) that

(3.6) lim
n→∞
‖T2(PT2)n−1Un,3zn− zn‖= 0.

Hence, we obtain by induction that

(3.7) lim
n→∞
‖Tm(PTm)n−1Un,m+1zn− zn‖= 0 for all m ∈ N.

Now, since

‖zn−Tm(PTm)n−1zn‖

≤ ‖zn−Tm(PTm)n−1Un,m+1zn‖+‖Tm(PTm)n−1Un,m+1zn−Tm(PTm)n−1zn‖

≤ ‖zn−Tm(PTm)n−1Un,m+1zn‖+ µm,n‖Un,m+1zn− zn‖

≤ ‖zn−Tm(PTm)n−1Un,m+1zn‖+ µm,nβn,m+1‖Tm+1(PTm+1)n−1Un,m+2zn− zn‖

≤ ‖zn−Tm(PTm)n−1Un,m+1zn‖+(1− ε)µm,n‖Tm+1(PTm+1)n−1Un,m+2zn− zn‖,(3.8)

we have from (3.7) that

(3.9) ‖zn−Tm(PTm)n−1zn‖→ 0 as n→ ∞.

Thus, for all m,n ∈ N, we get

‖Tmzn− zn‖ ≤ ‖Tmzn−Tm(PTm)nzn‖+‖Tm(PTm)nzn−Tm(PTm)nzn+1‖
+‖Tm(PTm)nzn+1− zn+1‖+‖zn+1− zn‖

≤ µm,1‖zn−Tm(PTm)n−1zn‖+(1+ µm,n+1)‖zn+1− zn‖
+‖Tm(PTm)nzn+1− zn+1‖.(3.10)

So, using (3.9), we obtain from (3.10) and the hypothesis that

(3.11) lim
n→∞
‖zn−Tmzn‖= 0 for all m ∈ N.

Moreover, by Lemma 2.3, we have that ωω(xn)⊂ F.
(3) It suffices to show that

⋂
∞
n=1 F(Wn) ⊂ F , since F ⊂

⋂
∞
n=1 F(Wn) is obvious. So,

let z∗ ∈
⋂

∞
n=1 F(Wn), and zn = z∗ for all n ∈ N, then by (2), we have that ‖z∗− Tmz∗‖ =

0 for all m ∈ N, that is z∗ = Tmz∗ for all m ∈ N. This completes that proof.

Remark 3.1. In the sequel, {βn, j : n, j ∈N,1≤ j ≤ n}, {µm,n} ⊂ [1,+∞), and {γn, j : n, j ∈
N,1≤ j ≤ n} are as indicated in Lemma 3.1.

Lemma 3.2. Let K be a closed convex nonempty nonexpansive retract of a real Banach
space E with P as nonexpansive retraction. Let Tm : K→E, m = 1,2, ... be countably infinite
family of nonself asymptotically nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let

Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1
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for all n ∈ N as in (3.1). Let {αn}n≥1 ⊂ (0,1). From arbitrary x1 ∈ K, let the sequence
{xn}n≥1 be iteratively generated by

(3.12) xn+1 = (1−αn)xn +αnWnxn for all n ∈ N.

Suppose that ∑
∞
n=1 γn,1 < ∞, then {xn}n≥1 is bounded and limn→∞ ‖xn− x∗‖ exists for all

x∗ ∈ F.

Proof. Let x∗ ∈ F , then from (3.12) we have that

‖xn+1− x∗‖= ‖(1−αn)xn +αnWnxn− x∗‖ ≤ (1−αn)‖xn− x∗‖+αn‖Wnxn− x∗‖
≤ (1−αn)‖xn− x∗‖+αn(1+ γn,1)‖xn− x∗‖ ≤ (1+ γn,1)‖xn− x∗‖

≤ exp

(
n

∑
i=1

γi,1

)
‖x1− x∗‖ ≤ exp

(
∞

∑
i=1

γi,1

)
‖x1− x∗‖.(3.13)

So, from (3.13), we get that {xn}n≥1 is bounded and by Lemma 2.1 we conclude that
limn→∞ ‖xn− x∗‖ exists. This completes the proof.

Lemma 3.3. Let E be a real uniformly convex Banach space, K a closed convex nonempty
retract of E with P as nonexpansive retraction. Let Tm : K→ E, m = 1,2, ... be countably in-
finite family of nonself asymptotically nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6=

/0. Let Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,
βn,2,βn,1 for all n ∈ N as in (3.1). Let {αn}n≥1 ⊂ (0,1) such that δ ≤ (1−αn) ≤ (1− δ ),
for some δ ∈ (0,1). From arbitrary x1 ∈ K, let the sequence {xn}n≥1 be iteratively gener-
ated by (3.12). Suppose that ∑

∞
n=1 γn,1 < ∞, then for all u, v∈ F, limn→∞ ‖txn +(1−t)u−v‖

exists for all t ∈ [0,1].

Proof. Let an(t) = ‖txn +(1−t)u−v‖. Then, limn→∞ an(0) = ‖u−v‖ and from Lemma 3.2,
limn→∞ an(1) = ‖xn− v‖ exists. It remains to show that limn→∞ an(t) exists for t ∈ (0,1).
To do this, define

Gnx = (1−αn)x+αnWnx for all x ∈ K.

Then, the proof follows as in the proof of [20, Lemma 3].

Lemma 3.4. Let E be a real uniformly convex Banach space which has a Fréchet differen-
tiable norm, K a closed convex nonempty retract of E with P as nonexpansive retraction.
Let Tm : K → E, m = 1,2, ... be countably infinite family of nonself asymptotically non-
expansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let Wn be the modified W-mapping

generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1 for all n ∈ N as in (3.1). Let
{αn}n≥1 ⊂ (0,1) such that δ ≤ (1−αn) ≤ (1− δ ), for some δ ∈ (0,1). From arbitrary
x1 ∈ K, let the sequence {xn}n≥1 be iteratively generated by (3.12). Then, for all u, v ∈ F,
the limit limn→∞

〈
xn, j(u−v)

〉
exists. Furthermore, if ωw(xn) denotes the set of weak subse-

quential limits of {xn}n≥1, then
〈
x∗−y∗, j(u−v)

〉
= 0, ∀ u, v∈F(T ) and ∀ x∗, y∗ ∈ωw(xn).

Proof. This follows basically as in the proof of [20, Lemma 4] using Lemma 3.3 instead
of [20, Lemma 3]. This completes the proof.

Theorem 3.1. Let E be a uniformly convex real Banach space E which has a Fréchet
differentiable norm. Let K be a closed convex nonempty retract of E with P as nonexpansive
retraction. Let Tm : K→E, m = 1,2, ... be countably infinite family of nonself asymptotically
nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let Wn be the modified W-mapping
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generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1 for all n ∈ N as in (3.1). Let
{αn}n≥1 ⊂ (0,1) be such that δ ≤ 1−αn ≤ 1−δ , for some δ ∈ (0,1). From arbitrary x1 ∈
K, let the sequence {xn}n≥1 be iteratively generated by (3.12). Suppose that ∑

∞
n=1 γn,1 < ∞,

then {xn}n≥1 converges weakly to some element of F.

Proof. Let x∗ ∈ F. Since by Lemma 2.1, {xn}n≥1 is bounded, we obtain from (3.12) and
Lemma 2.2 that

‖xn+1− x∗‖2 = ‖(1−αn)xn +αnWnxn− x∗‖2

≤ (1−αn)‖xn− x∗‖2 +αn‖Wnxn− x∗‖2−αn(1−αn)g(‖xn−Wnxn‖)

≤ (1−αn)‖xn− x∗‖2 +αn(1+ γn,1)‖xn− x∗‖2−δ
2g(‖xn−Wnxn‖)

≤ ‖xn− x∗‖2 + γn,1M1−δ
2g(‖xn−Wnxn‖),(3.14)

for some constant M1 > 0. Thus,

δ
2g(‖xn−Wnxn‖)≤ ‖xn− x∗‖2−‖xn+1− x∗‖2 + γn,1M1.

So, properties of g and existence of the limit of the sequence {||xn− x∗||}n≥1 give that

(3.15) lim
n→∞
‖xn−Wnxn‖= 0.

Furthermore, we obtain from the recursion formula (3.12) that

(3.16) ‖xn+1− xn‖= αn‖xn−Wnxn‖ ≤ ‖xn−Wnxn‖→ 0 as n→ ∞.

So, using (3.15) and (3.16), we obtain from Lemma 3.1 that ωω(xn) ⊂ F. Moreover, re-
flexivity of E implies the existence of a subsequence {xn j} j≥1 of {xn}n≥1 which converges
weakly to some u∗ ∈ K. We also obtain from Lemma 3.1 that lim j→∞ ‖xn j − Tmxn j‖ = 0
and hence u∗ = Tmu∗ for all m ∈ N (since by Lemma 2.3, (I−Tm) is demiclosed at 0 for
all m ∈ N). We now show that {xn}n≥1 converges weakly to u∗. Suppose that {xnp}p≥1 is
another subsequence of {xn}n≥1 which converges weakly to some v∗. Since v∗ must be in
F(Tm) for all m ∈ N, then by Lemma 3.4, we have that u∗ = v∗. Hence, ωω(xn) is a single-
ton, so that {xn}n≥1 converges weakly to some element of F =

⋂
∞
m=1 F(Tm). This completes

the proof.
If in Theorem 3.1, we have that Tm is nonexpansive for all m = 1,2, ..., then we get the

following corollary.

Corollary 3.1. Let E be a uniformly convex real Banach space E which has a Fréchet
differentiable norm. Let K be a closed convex nonempty retract of E with P as nonexpansive
retraction. Let Tm : K→ E, m = 1,2, ... be countably infinite family of nonself nonexpansive
mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let Wn be the modified W-mapping generated by

Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1 for all n ∈N as in (3.1) Let {αn}n≥1 ⊂ (0,1)
be such that δ ≤ 1−αn≤ 1−δ , for some δ ∈ (0,1). From arbitrary x1 ∈K, let the sequence
{xn}n≥1 be iteratively generated by (3.12). Then, {xn}n≥1 converges weakly to some element
of F.

Proof. Since µ j,n ≡ 1 for all n, j ∈ N, we get that γn,1 = 0 for each n ∈ N and hence
∑n≥1 γn,1 = 0. Therefore, the conclusion follows from Theorem 3.1.

Remark 3.2. If in the definition of the modified W -mapping, the family Tm : K→ K, m =
1,2, ... are self mappings, then the nonexpansive retraction P becomes identity operator on
K. Thus, we have the following corollary.
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Corollary 3.2. Let K be a closed convex nonempty subset of a uniformly convex real Banach
space E which has a Fréchet differentiable norm. Let Tm : K→ K, m = 1,2, ... be countably
infinite family of asymptotically nonexpansive self-map such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let

Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1
for all n ∈ N as in (1.4). Let {αn}n≥1 ⊂ (0,1) be such that δ ≤ 1−αn ≤ 1− δ , for some
δ ∈ (0,1). From arbitrary x1 ∈K, let the sequence {xn}n≥1 be iteratively generated by (3.12)
with P = I, identity mapping on K. Suppose that ∑

∞
n=1 γn,1 < ∞, then {xn}n≥1 converges

weakly to some element of F.

Proof. Follows from Theorem 3.1.
If in Theorem 3.1, we have that {Tm,m = 1,2, ...,r} is finite family of asymptotically

nonexpansive mappings, we define Wn as follows: Let Tm : K→ E, m = 1,2, ...,r be a finite
family of nonself asymptotically nonexpansive mappings and {βn,m}n∈N,m=1,2,...,r ⊂ (0,1).
Then, for the family {Tm}m=1,2,...,r, the modified W -mapping generated by Tr,Tr−1, ...,T2,T1
and βn,r,βn,r−1, ...,βn,2,βn,1 is given by:

(1) for n≤ r, we take Wn as in (3.1);
(2) for n≥ r +1, we have the following:

Un,r+1 = I, identity mapping on K,

Un,r = P
(
βn,rTr(PTr)n−1Un,r+1 +(1−βn,r)I

)
,

Un,r−1 = P
(
βn,r−1Tr−1(PTr−1)n−1Un,r +(1−βn,r−1)I

)
,

...

Un, j = P
(
βn, jTj(PTj)n−1Un, j+1 +(1−βn, j)I

)
,

...

Un,2 = P
(
βn,2T2(PT2)n−1Un,3 +(1−βn,2)I

)
,

Wn = Un,1 = P
(
βn,1T1(PT1)n−1Un,2 +(1−βn,1)I

)
.(3.17)

Now, we state a corollary for finite family of nonself asymptotically nonexpansive map-
pings.

Corollary 3.3. Let E be a uniformly convex real Banach space E which has a Fréchet dif-
ferentiable norm. Let K be a closed convex nonempty retract of E with P as nonexpansive
retraction. Let Tm : K→ E, m = 1,2, ...,r be finite family of nonself asymptotically nonex-
pansive mappings such that F =

⋂r
m=1 F(Tm) 6= /0. Let Wn be the modified W-mapping gen-

erated by Tr,Tr−1, ...,T2,T1 and βn,r,βn,r−1, ...,βn,2,βn,1 for all n ∈ N as in (3.17) such that
∑n≥1(µ2

m,n−1) < ∞, for m = 1,2, ...,r. Let {αn}n≥1⊂ (0,1) be such that δ ≤ 1−αn≤ 1−δ ,
for some δ ∈ (0,1). From arbitrary x1 ∈K, let the sequence {xn}n≥1 be iteratively generated
by (3.12). Then {xn}n≥1 converges weakly to some element of F.

Proof. Take Ti = I, identity operator on K, with µi,n = 1 and βn,i = α ∈ (ε,1−ε) for i≥ r+1
in Theorem 3.1. Then, since ∑n≥1(µ2

m,n−1) < ∞ for m = 1,2, ...,r, we have that ∑γn,1 < ∞.
Thus, the conclusion follows from Theorem 3.1.

Now, we give strong convergence theorems.
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Theorem 3.2. Let K be a closed convex nonempty retract of a uniformly convex real Banach
space E with P as nonexpansive retraction. Let Tm : K→E, m = 1,2, ... be countably infinite
family of nonself asymptotically nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let

Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,βn,1
for all n ∈ N as in (3.1). Let {αn}n≥1 ⊂ (0,1) be such that δ ≤ 1−αn ≤ 1− δ , for some
δ ∈ (0,1). From arbitrary x1 ∈ K, let the sequence {xn}n≥1 be iteratively generated by
(3.12). Suppose that ∑

∞
n=1 γn,1 < ∞ and that one member of the family {Tm}m≥1 is either

semicompact or completely continuous, then {xn}n≥1 converges strongly to some element of
F.

Proof. For fixed r ∈ N, let Tr be semicompact. Since limn→∞ ||xn−Trxn|| = 0, there exists
a subsequence say {xnk}k≥1 of {xn}n≥1 that converges strongly to some point z∗ ∈ K. Thus,
by continuity of Tr, we have that Trz∗ = z∗. Furthermore, since Tm is continuous for all
m ∈ N and limk→∞ ‖znk −Tmznk‖ = 0, m = 1,2, ..., we have that z∗ ∈ F . Hence, we obtain
from Lemma 3.2 that {xn}n≥1 converges strongly to z∗ ∈ F .

If, on the other hand, one member of the family {Tm}m≥1, say Tq (for some q ∈ N) is
completely continuous, then since {xn}n≥1 is bounded, we have that {Tqxn} is bounded.
Thus, there exists a subsequence {Tqxn j} j≥1 of {Tqxn}n≥1 which converges to some x∗.
Since by Lemma 3.1, lim j→∞ ‖xn j−Tqxn j‖= 0, we have that lim j→∞ xn j = x∗. Furthermore,
we have that x∗ ∈ F since lim j→∞ ‖xn j − Tmxn j‖ = 0 and Tm is continuous for all m ∈ N.

Finally, since lim j→∞ ‖xn − x∗‖ exists by Lemma 3.2, we obtain that {xn}n≥1 converges
strongly to x∗ ∈ F. This completes the proof.

If in Theorem 3.2, we have that Tm is nonexpansive for m = 1,2, ..., then we get the
following corollary.

Corollary 3.4. Let K be a closed convex nonempty nonexpansive retract of uniformly convex
real Banach space E with P as a nonexpansive retraction. Let Tm : K→ E, m = 1,2, ... be
countably infinite family of nonself nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0.

Let Wn be the modified W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2,
βn,1 for all n ∈ N as in (3.1). Let {αn}n≥1 ⊂ (0,1) be such that δ ≤ 1−αn ≤ 1− δ , for
some δ ∈ (0,1). From arbitrary x1 ∈K, let the sequence {xn}n≥1 be iteratively generated by
(3.12). Suppose that one member of the family {Tm}m≥1 is either semicompact or completely
continuous, then {xn}n≥1 converges strongly to some element of F.

For finite family of nonself asymptotically nonexpansive mappings, we have the follow-
ing corollary.

Corollary 3.5. Let K be a closed convex nonempty nonexpansive retract of uniformly convex
real Banach space E with P as a nonexpansive retraction. Let Tm : K→ E, m = 1,2, ...,r be
finite family of nonself asymptotically nonexpansive mappings such that F =

⋂r
m=1 F(Tm) 6=

/0. Let Wn be the modified W-mapping generated by T1,T2, ...,Tr and βn,r,βn,r−1, ...,βn,2,βn,1
for all n ∈ N as in (3.17) such that ∑n≥1(µ2

m,n− 1) < ∞ for m = 1,2, ...,r. Let {αn}n≥1 ⊂
(0,1) be such that δ ≤ 1−αn ≤ 1−δ , for some δ ∈ (0,1). From arbitrary x1 ∈ K, let the
sequence {xn}n≥1 be iteratively generated by (3.12). Suppose that one member of the family
{Tm}m≥1 is either semicompact or completely continuous, then {xn}n≥1 converges strongly
to some element of F.

If in the definition of the modified W -mapping, the family Tm : K→ K, m = 1,2, ... are
self mappings, then we have the following corollary.
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Corollary 3.6. Let K be a nonempty closed convex subset of a uniformly convex real Ba-
nach space. Let Tm : K → K, m = 1,2, ... be countably infinite family of self asymptot-
ically nonexpansive mappings such that F =

⋂
∞
m=1 F(Tm) 6= /0. Let Wn be the modified

W-mapping generated by Tn,Tn−1, ...,T2,T1 and βn,n,βn,n−1, ...,βn,2, βn,1 for all n ∈ N as
in (1.4). Let {αn}n≥1 ⊂ (0,1) be such that δ ≤ 1−αn ≤ 1− δ , for some δ ∈ (0,1). From
arbitrary x1 ∈ K, let the sequence {xn}n≥1 be iteratively generated by (3.12). Suppose that
∑

∞
n=1 γn,1 < ∞; and that one member of the family {Tm}m≥1 is either semicompact or com-

pletely continuous, then {xn}n≥1 converges strongly to some element of F.

Proof. The proof follows as in the proof of Theorem 3.2.

Remark 3.3. All the theorems and corollaries obtained in this paper are also valid for the
so-called Ishikawa-type iteration method with parameters {αn}n≥1 and {βn}n≥1. Under
the conditions on {αn}n≥1 and {βn}n≥1 in which they are independent, there is no further
generality obtained in using the cumbersome Ishikawa-type scheme rather than the scheme
considered in this paper given by the recurrence relation (3.12). In fact, in this case, setting
βn≡ 0 for all n∈N, the so-called Ishikawa-type algorithm reduces to the Mann-type scheme
considered in this paper.

Remark 3.4. Theorem 3.1 extends and generalizes Theorem 1 of Osilike and Aniagbosor
[19] and Theorem 1.5 to the more general case of countably infinite family of nonself
asymptotically nonexpansive mappings with Opial’s condition dispensed. Moreover, Theo-
rem 3.2 extends Theorems 1.3, 1.4, the corresponding results of Rhoades [22], Osilike and
Aniagbosor [19] and those of many other authors to the more general case of countably infi-
nite family of nonself asymptotically nonexpansive mappings. No boundedness assumption
is imposed on K. Furthermore, the results of [7–9] are generalized and improved upon.
We remark that Theorem 3.1 is applicable in Lp spaces 1 < p < +∞, while 1.5 and the
corresponding results of [19] are not.
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