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1. Introduction

The general equivalence problem is to recognize when two geometrical objects are mapped
on each other by a certain class of diffeomorphisms. Cartan developed the general equiv-
alence problem and provided a systematic procedure for determining the necessary and
sufficient condition [4-6]. Now we assume y = y(x) be a real function and give two third
order ordinary differential equation y”’ = F(x,y,y’,y") and 3"/ = F(%,7,7,7"). The equiva-
lence problem is to establish whether or not there exists a local transformation of variables
of a suitable type that transforms first into second equation. This problem involves a number
of related problems such as defining a class of transformations, finding invariants of these
transformations, obtaining the equivalence criteria and constructing the transformations.
The main contribution to the issue of point and contact geometry of third order ordinary
differential equations (ODEs) was made by respectively Cartan and Chern in their classical
papers [4-6] and [7]. One may consider equivalence with respect to several types of trans-
formations, for example Michal Godlinski was extensively studied on contact, point and
fibre-preserving transformations cases for third order ODEs, in his PhD thesis in [10].

But in this attempt we shall apply the equivariant moving frame method to solve the
local equivalence problem of third order differential equations under the pseudo-group of
fiber preserving transformations

(1.1) X=£&Ex), U=o(xu).
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The theory of moving frames was primarily developed and formulated by Elie Cartan, [1,3],
who modeled it into an algorithmic tool for determining a generating set of the differential
invariant algebra of Lie pseudo-groups. The moving frame provides an effective means
for determining complete systems of differential invariants and invariant differential forms,
classifying their syzygies and recurrence relations, and solving equivalence and symmetry
problems arising in a broad range of applications [15].

In [9], Fels and Olver suggested a new theoretical foundation to the method of moving
frames. Suppose a Lie group G acting on the n-th order jet space J” of m-dimensional
submanifolds of M is given. A moving frame is a G-equivariant section of the trivial bundle
J" x G — J". This new concept of moving frames is now referred as the equivariant
moving frame method. In the finite-dimensional theory [9], a moving frame is defined as
an equivariant map J* — G from an open subset of the submanifold jet bundle to the Lie
group. For Lie pseudo-groups, we define a moving frame to be an equivariant section of
a suitable bundle 2 — J" constructed from the jets of pseudo-group transformations.
For finite-dimensional Lie group actions, the existence of a moving frame requires that the
action be free, i.e., Gg = {g € G : g-S =S} which denote the isotropy subgroup of a subset
S C M be trivial. Clearly, an infinite-dimensional pseudo-group action never has trivial
isotropy, and so we must modify the definition of freeness to require that all elements of
the isotropy sub-pseudo-group of a point in J* have the same nth order jet as the identity
diffeomorphism. Indeed, Freeness of a prolonged pseudo-group action does not reduce to
the usual freeness condition when the pseudo-group is a finite-dimensional Lie group.

Assuming freeness, one can construct the moving frame using Cartan normalization pro-
cedure associated with a choice of local cross-section to the group orbits in J*?, [9, 12]. The
moving frame induces an invariantization process that canonically maps general differential
functions and differential forms on J* to their invariant counterparts.

New and significant applications of the equivariant moving frame method for infinite-
dimensional Lie pseudogroups actions appears in [13, 14, 16] by Olver and Pohjanpelto.
There are some applications of this theory for infinite-dimensional Lie pseudo-groups in
[17,18].

After reviewing this theory, the method is illustrated for third order differential equations.
The theory of infinite-dimensional Lie pseudo-groups relies on the Cartan-Kéhler Theorem,
[2,11], which requires analyticity. Thus, all our constructions and results hold in the analytic
category.

2. Structure equations of Lie pseudo-groups

Throughout this paper, M will be an m-dimensional manifold and 2 = 2(M) the pseudo-
group of all local analytic diffeomorphisms of M. A pseudo-group ¥ C & is called regular
of order n* > 1 if, for all finite n > n*, the n-jet of the transformations form an embedded
subbundle ¥ c 2" and the projection il g (n+1) —, @) is a surjective submersion.
An analytic pseudo-group ¢ C ¥ is called a Lie pseudo-group if ¢ is regular of order n* > 1
and, moreover, every local diffeomorphism ¢ of & satisfying j,~¢ C & (") belongs to the
pseudo-group, i.e. ¢ € 9.

In local coordinates, for n > n*, the pseudo-group jet subbundle ¥ ¢ 2 is charac-
terized by an involutive system of nth order partial differential equations

2.1) F(z,zMy =0,
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called the determining system of ¢, and a local diffeomorphism ¢ is in ¢ if and only if its
n-jet is a solution of (2.1).

In local coordinates a vector field in 2" (M), the space of locally defined vector fields on
M, is denote by
2.2) v=1Y {2) aa(ﬂ
a=1 2

For 0 < n < oo, let J'"TM denote the bundle of nth order jets of sections of TM. Local
coordinates on J"T'M are given by

(z,C(”)) = (z“,Cg), a=1,....m, 0 <#B<n,

where {§ represents the partial derivative 9*8(¢/dz8. Let

m

2.3) L") =Y Y @& =0,
b=1#A<n

be the linear system of partial differential equations obtained by linearizing the determining
system (2.1) at the identity n-jet 1M € @) A vector field (2.2) is in the Lie algebra g of
infinitesimal generators of the Lie pseudo-group ¢ if and only if its n-jet is a solution of
(2.3).

The structure equations of an infinite-dimensional Lie pseudo-group ¢ are obtained
by computing the structure equations of a ¢-invariant coframe. For the diffeomorphism
pseudo-group Z an invariant coframe is given by the horizontal forms

m
(2.4) o'=dyz'=Y Z4d", a=1,....m,
b=1
while
m
(2.5) u'=dgz' =dz* -y #d", b=1,...m,
b=1

are the zeroth order invariant contact forms and the Maurer-Cartan forms
(2.6) uh, b=1,...,m, #A >0,
on *. Writing the horizontal component of the exterior differential of a differential func-

tion F : 2*) — R in terms of the invariant horizontal coframe 2.4)

(27) dMF = i (DzaF)O'a,

a=1

serves to define the dual invariant total differential equations

m
(2.8) Dze=Y wiD,, a=1,...,m,
b=1

where (w2(z,Z1))) = (020 /9z%) ! denotes the inverse Jacobian matrix.

Theorem 2.1. The structure equations of the diffeomorphism pseudo-group (M) are

m

m C
2.9) do:b;ub“wb, dué:b);] " A+ Y (A)uf{,bwé ,
- - C=(A,B)

#B>1
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where the last sum ranges over all multi-indices A, B such that #B > 1, and their concate-
nation equals the multi-index C where

C C!
(A):A'B" when C = (A,B).

Proposition 2.1. Let 4 C 2 be a Lie pseudo-group. Once restricted to 9> the Maurer-
Cartan forms (2.6) satisfy the linear relations

(2.10) L& (z,u™)) =0,

obtained by making the formal replacements z°* — Z°, {§ — lj in the infinitesimal deter-
mining equations (2.3).

Theorem 2.2. The structure equations of a Lie pseudo-group 4 C 9 are obtained by re-
stricting the structure equations (2.9) of the diffeomorphism pseudo-group to the kernel of
(2.10).

We compute the structure equations of the Lie pseudo-group action
X=8(x), U=oku), P=(pou+¢)/éx
Q= [6:0up” — (G —26:0u) P + 9ubed — & + & /67,
@11) R=—[—E2@uup® +3&(ExcOui — EPuu) P + (68 @uu + EcerEru — 3EZ 0,
=38 Pon) P+ 38 @ubx — P )d — 387 Quupq — PuEI T +38ucExPre
+ e — & P — 38504 /6

which is obtained from (1.1) by considering its third order prolongation. The determining
equations for the Lie pseudo-group action (2.11) are

X, =X,=X,=X,=0, Uy=U,=U,=0, P=(pU,+U)/X.

To obtain the infinitesimal determining equations of the pseudo-group we linearize (2.11)
at the identity transformation. If an infinitesimal generator of the pseudo-group action is
denoted by

V= (o) 4 B D) e (8P F) e+ Tt .7)
= X, u,p,q,r)5- X, u,p,q,r)5— X, u,p,q,r)5— X, u,p,q,r)5—
p.q ox P-4 ou Y p.q ap p-4q 9q
el )2
X, U r)—
g b 7p7q7 ar7
then the infinitesimal determining system is given by
au:ap:aq:ar:()a Bp:ﬁq:ﬁr:()a y:(ﬁtt_ax)p+ﬁx7
T= ﬁuupz + (zﬁxu - axx)p + (ﬁu - ZOCX)CI +BXX7
= ,Buuup3 + 3ﬁxuup2 + (SBxxu - ax)cx)p + 3(ﬁxu - axx)q
+ (ﬁu - 3(xx)r + 3Buurq + Brox-

Using the Proposition 2.1 we find the linear relations among the Maurer-Cartan forms iy,
pi, b, pd, pi and their prolongations by the following substituting

2.12)

X u )4 q r
Oa— Wy, Bar g, Mar Wy, Tar Mg, Ga > Wy,
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in the infinitesimal determining equations (2.12) and then the lift of it gives the linear rela-
tions

Wy =Mp=HMHyp=HMHg=0 pp=po=ug=0, p”="Puy—uy)+uy,
1! = pfhy P* + (2uky — txx)P + (Uf — 2u%)Q + i,
1" = uiyu P 43050 PP+ Bliixy — xx )P+ 3y — txx) 0
+ (1 — 31 )R + 37y PO+ Ut xx -
It follows that
(2.13) Wi = Myi,  Mijj = Hpixi> 67 >0,

is a basis of Maurer-Cartan forms for the pseudo-group action (2.11). To simplify the cal-
culation, we introduce the functions

O(x,u,p) = pOu+ @,  €(x) =Exx/Es,
V1, p.q) = EQup” — (Ee®u — 2E:0u) P+ Pubnd — Exc i + Ex P,
X1, G, r) = =87 Quuad’ +3& (ExxPuu — §:Pu) P + (6&xEx P+ ExrxEx P
—3E2.0u = 3E7 Pen) P+ 3Ex(Qubix — Pruir)q — 3EX Quurq

- (Pugxzr + 3€xx€xq’xx + gxxxéx(Px - 5}(2 Qrxx — 35}3)((/))5-
The horizontal forms of the pseudo-group action (2.11) are given by
1
&

1
od — & (e — 3ye)dx+ yudu+ wydp + E@,dq),

o =&dx, o"=e@dx+@du, o©F [(6; — 8€)dx+ S,du+ @,dp],

o = —%[(xx —5x€)dx+ gudu+ xpdp + xqdq — QuEdr]
Applying Theorem 2.2, the structure equations of the invariant horizontal coframe are
do* = —du*=ux No*, do"=—du" =pugNo*+ujAo",
do? = —du? =y Ao+ ul Ao +ub Ao,
do? = —dpu? = py No* +uj Ao+ up Aot + pg Aot
do" = —du" = ux A" +ug ANe" +up Ao” + up Aol + ug Ao”

(2.14)

where

py = P(ugx — Hxx) + Hxx,  H{ =Plgy +Hxu,  Mp = 1y — Hx,

1 = Hiux P? + ety — Mixx)P+ (Ux — 265x) @+ Hixx

Wy = uuuP? + 20y P+ 1y Q+ Wixy,

p =20y P+ 20y — Uiy, MG = Ky — 20Ky,

e = Uyux P’ + 3ixuu P + Glxxu — Wexxx )P+ 3(Wxu — Wxx)Q
+ (Mox — 3Mxx )R+ 3Ugyx PO + Uxxxx

i = uiuuu P + 31 uuu P + 3t xuu P+ 31 uy + My R
+3ugyu PO+ Mxxxu
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1p = 3y P? + 61 yy P+ 3Mxy — Mixx + 310y 0,
o =3y P+ txy — Mxx), Mg = Hy — 3y

Also, the structure equations for the basis of Maurer-Cartan forms (2.13) are

i
dii =6 A1+ Y, (a>.ua+1/\.ui—m

0<a<i

d‘lii,j:Gx/\,lii7j+]—|—G”/\,Ll,'+17j—|- Z (]>,lli7a+1/\,llja.

0<a<j

3. Equivariant moving frames

For infinite-dimensional Lie pseudo-group actions, the equivariant moving frame construc-
tion was first laid out in [14].

Let ¢ be a Lie pseudo-group action on an m-dimensional manifold M and 1 < p <
m. For each integer 0 < n < oo, let J" = J"(M, p) denote the the extended jet bundle of
equivalence classes of p-dimensional submanifolds of M under nth order contact at a single
point, [11]. For k > n, we use 717”" : J& = J" to denote the canonical projection. Locally, the
coordinates on M can be written as z = (x,u) where x = (x',...,x?) are considered to be the
independent variables parameterizing a submanifold S C M and u = (u',... u?), g=m— p,
the dependent variables. The induced coordinates on J” are denoted by z") = (x,u(),
where z(") denotes the derivatives u¢ = 9*/u®/dx’ of the u’s with respect to the x’s of order
0<#J<n.

Let & — J" be the lifted bundle obtained by taking the pull-back bundle of &) — M
via the projection 7 : J* — M. Local coordinates on & () are given by (z(",g)), where
the base coordinates z") = (x,u(™)) € J" are the submanifold jet coordinates and the fiber
coordinates g(") parameterize the pseudo-group jets. The bundle & (") carries the structure
of a groupoid, with source map o(z"),g) = z(") and target map 7(z",g") = z(" =
g(”) .z given by the prolonged action. The local coordinate expressions for the prolonged
action Z(") are obtained by implementing the chain rule. Suppose that the

p
duX'=Y (DyX")dx!, i=1,...,p,
j=1

be the lifted horizontal coframe on &) , where

0 d o« O .
ijZEJFZ_, Z”J,]’Wa i=1....p,

are the rotal derivative operators on the submanifold jet bundle J=. The lifted total differ-
ential equations are defined by the formula

dHF(z(n)) = i(Dxi)dxi =

i=1 i

(DyiF)dpX'

M-~

Il
_

where

p . . .
Dyi = ZW/iJDXi7 ("V/) = (Dx"X])ila
i=1
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Let ¢ be a regular Lie pseudo-group acting on M. An nth order moving frame is a -
equivariant local section p(”) :J" — &M A moving frame exists in a neighborhood of a jet
Z" if the action is free and regular. Let ¥ be the set of regular nth order submanifold jets.
A moving frame is obtained by choosing a cross-section .2 to the pseudo-group orbits and
normalizing the pseudo-group parameters Maurer-Cartan forms.

To obtain the prolonged action we apply the lifted total differential equations

é)? 1 [ 2 Xq ]
Dr=22D,, Dg= D,+ 33D
o 0= 4, |5 Pat g3l
1 1 Oy u
G-D D":%{@Df‘?”@*gﬁ’ﬂ DUZM[D”‘@D éxDQ+XDR]

1 6, —6¢ W, —3ye Xx—S)€
DXZ@[D*“”xD”‘( E )D”‘( g )D“( & )DR}’

to the lifted invariant (2.11). For instance, by applying the lifted total differential equations
(3.1) to the lifted invariant R yields the first order lifted differential invariants as follows

Rp = é |: g ((pufgxx - (quéx - 5,\*2(Puup) (Puézrq gq:|
1
R =1 [_ &2 (30uul” + 39w+ 30uid + Purp) + 65 (EcxPus — &:Pua) P
3.2) _Séxx(Pu+6éxxéx(qu+€xxxéx(P“ §3RQ+ 55]
1 8 Vi x}
Ryp— — 2Ry — —R +
v q’uéxs {X S : ¢ é"

1 O, — O¢€ v, —3ye Xx—SXE
e =g =k ;)R”‘( e Jra B,

Differentiating (3.2) with respect to (3.1) yields the higher order lifted differential invariants.
Once a moving frame is obtained it is possible to systematically invariantize differential
functions, differential forms and differential equations. The space of differential forms on

&) splits into
- @at =@
i,7,1
where [ indicates the number of Maurer—Cartan forms, and k = i+ j the number of jet forms,
with i indicating the number of horizontal forms dx',1 <i < p, and j the number of basic
contact forms

p .
07 =duf — ) ufdx', a=1,..,q # >0,

on the extended submanifold jet bundle J~. Let
Q= @Qk,o _ @Qi.m’
k ij
denote the subspace of jet forms consisting of those differential forms containing no Maurer-

Cartan forms. Let 7y : Q* — Q7 be the natural projection that takes a differential form £ on
& to its jet component 7; () obtained by annihilating all Maurer-Cartan forms in Q.
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The lift of a differential form @ on J* is the jet form
AMo) = m[t (o).
The lift of a vector jet coordinate { f’" is defined to be the Maurer-Cartan form /vtf’l7
AEH=u8 b=1,....m, #A>0.
Theorem 3.1. Let w be a differential form on J”. Then

3.3) dA(@)] = A [dw+v(°°>((u)},

where v\*) is the vector field

©) O i Jd ¢ : 0 .
v ):l;é (x,u)ﬁJrZ )y ¢a’1(xvu<k))w€9( ),

a=1k=#J>0

with 0%’ defined recursively by the prolongation formula, [11],

. . 4 :
(3.4) 9% =D 9" =Y (D&")uf.
i=1
In particular, the identity (3.3) applies to the lifted differential invariants X', U 7 leading
to

(35 dX'=o'+u, 1<i<p, dUf=)Y U} 0'+¢*, 1<a<gq #/>0,
j=1

where @' = A(dx') for i = 1,..., p are the lifts of the jet forms, and ¢%/ = A(¢%”) are
correction terms obtained by lifting the prolonged vector field coefficients (3.4).
In our problem, we have the equalities

a)x:l(dx):crx, a)“:l(du):O'“, wl’:l(dp):cp’
ol =A(dg) =04, " =A(dr)=0",

where the coordinate expressions for the horizontal forms are given in (2.10). To obtain the
correction terms in the recurrence relations (3.5) one needs to compute the prolongation of
the infinitesimal generator

V= OC(X)% +ﬁ(x’ M)% + [(ﬁu - O‘x)P + ﬁx} &ap + [ﬁuupz =+ (Zﬁxu - axx)p

d
+ (ﬁu - 206x)61 + ﬁxx] (976] + [ﬁuuup3 + 313xuup2 + (3Bxxu - axxx)p

+3(Bu — 0o )g + (B — 306)r +3Buupg + Bxxx} %7

using the formula (3.4). Now we can use the recurrence relations (3.5) to investigate the
local equivalence problem for third order differential equations under the group of trans-
formations (2.2). For this aim, firstly we construct a moving frame. This is done by deter-
mining a cross-section to the equivalence pseudo-group action. Since there is a correspon-
dence between the normalization of the pseudo-group parameters and the normalization of
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the Maurer-Cartan forms (2.8), the recurrence relations (3.5) can be used to find a cross-
section. First, We restrict our attention to the zero-order lifted differential invariants and
obtain, using (3.5), the recurrence relations

dyX =¥, dyU=p", dyP=P(uj—py)+uy,

dyQ = Uy P* + (2uy — Wt )P+ (1 — 204%) O + iy

dyR = iy P + 31y P + (3lxu — tixx )P+ 3 (M — 1) Q
+ (g = 33 )R+ 31y PO+ Mixx

where dy equals to 7y od. Since the group differential of X,U, P,Q,R depend on the lin-
early independent Maurer-Cartan forms u*, u*, Uy, gy, Uyyx Tespectively, it is possible to
translate X, U, P, Q and R to zero. Setting

leads to the normalizations
o'=-—p', o'=-p' of =-py, of=—uyy.
The group differential of the first order lifted invariants reduce to
dyRo =3(Wy — Mxx ) + HxRo +3pgy P,
dyRp = 3ufyy P? + 61tyy P+ 3Wxy — Mkxx + 30y Q — 2640 P + 21y
— Hxx|Ro — 21 Rp,
dyRy = Uyyu P’ + 3 yyu P + 3Mixuu P + 3y @+ uiyR — 3uxRy
(3.6) +3ufyu PO — (Pufy + 1y ) Re — [Uuu P + 2u5yu P + 1y Q) Ro,
dyRx = Wyyu P + 3xuuP* + (3xxu — Mxxxx )P+ 3 (Mxy — Mxxx) Q
+ (¥ — 3txx ) R+ 35y PO + Mitxxx + (Mg — 4tix ) Rx — U Ry
— [P(ugy — mxx) + x| Rp — [Ivl)LéUUP2 + (21 xy — Mxxx )P
+ (ﬂ)’?U - Zlvl))éx) o+ .‘i))?XX] Ry,
An admissible cross-section for (3.6) structure equations is given by
(37) RP:RU:RX:O and RQ:L
Substituting (3.7) into (3.6) leads to the following normalizations
Pxxx = Mxxxx = Mxxxy =0, (mod 0%, 0", 0", 0%).

Using the prolongation formula (3.4) for the coefficients of a vector field, we can choose
the normalization equations

RXiP :RXin :O, l,] Z 07

which cause to normalize the Maurer-Cartan forms u;l- 125 u;,- t2yi
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The group differential of remaining unnormalized second order differential invariants are
dyRoo = —(3ux + 1)) Roo,  dyRpo =31py + tixy — MiRpo — Xy Roo.
dyRug = Hpy —3uxRuo — xyReo,  dyRxo = (kg —4ix) Rxo,

C8) dyRyp =3ty — 2y + (1l — 205 Rup — iy Rep — iy Ruo,

At this stage, we can put
3.9 Rygo=Ryp=Rpp=Rxp=0 and Rpp=Rxp=1,
in (3.6) and normalize the Maurer-Cartan forms
Hxxyu = Mxyy =0,  Mxx = Hxy = Hpy, (mod o, 0", 0", o).
Considering the structure equations (3.8) and third order differential invariant
dgRxxo = Uxy + UxyRxo — 3UxRxxo — 2Rxpo?,

and using the cross-section (3.9), we obtain

1 1
(3.10) Uiy = g[u[u]—l—Z[J)LéURQQ], Uxy = —5[3u§RXXQ+2RXan)‘1]

To obtain the structure equations of the prolonged coframe {@*, 0", @”, w7, uy, ug;, Wy +s
we substitute the expressions (3.10) into the structure equations (2.14) and the we have the
following results:

do* =z No*, do" =o' Ao’ +uh Aot
do? = 0" N7+ ugy Ao + (uh — uy) A o?,

3
31D do? = uxy NP+ ug A of, dujgzi xxolx A @ — Rxpo@* A o7,

u 3 1 u u 2 u
dug; = ERXXQ;13§ A @* —Rxpo®* N 0 — FHU Apt — §RQQuXU A",

1 2
dpixy = —5Hy A 0" = Rookxy N +Rxpolix N 0.

Further normalization of the Maurer-Cartan forms iy, Uy, g, depends on the values of
invariants Rpgp, Rxpo, the Wunschmann invariant Ryx¢. If the three invariants are equal
to zero then all higher order invariants are automatically zero. According to [8, 10], the
necessary and sufficient conditions for a third-order ODE to be linearizable by a fiber-
preserving transformation is that Rggp = Rxpg = Rxxg = 0. If certain of the invariants
Rog, Rxpg, Rxx¢ are non-zero then some of the Maurer-Cartan forms iy, U, ty, can be
normalized, leading to the different branches of the equivalence problem. In generic case
RxpoRxxg # 0, for example, we can normalize all three Maurer-Cartan forms by setting
RXPQ = RXXQ =1 and RQQ = 0. This yields

1
Uy = 3 [Rxxx0®" + Rxxup®" + Rxxpo®” + Rxx 000,
3
Uy =— I [Rxxxo®" + Rxxuo®" + Rxxpo®” + (Rxxoo +2) 0?],
1
'LL}L;U = ~1 [RXXXQCDX +RXXUQO)M JrRxpr(,Op + (RXXQQ + 2) a)q] .
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Substituting the latter expressions into the structure equations of @*, w*, w?, ®? in (3.11)
we obtain

do'= ¢ [Rxxup®" A @* + Ryxpo@” N @* + Rxx0p®? N @],

do' = 0* NP — % [Rxxxo®" A ©" + Rxxpo®” A 0"+ (Rxxpo +2)07 A "],

do? = 0" No? + 7RXXUQ1_23RXXPQ o’ A" — Ryxxo o* A"
—R7XXQ4Q+2 a)‘f/\w“—m;% a)x/\w”—77RXX(f§+18 ONN L

dof = 3Rxxpo —Rxxpo —2
= 4

1
! A\ P — I [RXXXQ(DX AP —|—RXXUQCOM A (Op]

3
1 [RXXXQ(J)X A o? +RXXUQG)M A w‘f} .
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