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1. Introduction and preliminaries

Let X be a nonempty finite set called alphabet in which the elements are called letters. Let
X* be the free monoid generated by an alphabet X. Then, the elements and subsets of X*
are called the words and languages over X. The identity of the free monoid X* is called an
empty word and is denoted by 1. Let X* = X*\ {1} be the free semigroup generated by
X. The length of a word w over X is the number of letters occurring in w and is denoted by
Ig(w). We denote the cardinality of a language L over X by |L|. For any two languages A,
B over X, the concatenation AB of A and B is the language {xy|x € A,y € B} over X. For a
given language L over X, the relation P, on X* defined by

x=y(P) & "(VuyveX N uxweLsuywel

is a congruence on free monoid X* and is known as the principal congruence determined
by L. The quotient monoid X* /P is called the syntactic monoid of L and is denoted by
Syn(L). For any word u over X, we often use [u],, to denote the P;-class of X* containing u.
As usual, the set of all positive (nonnegative) integers is denoted by N(N°).

We call a language L over X disjunctive [9] if Py, is the equality relation on X*. Let & be
the class of all disjunctive languages over X. A language L over X is called regular [5, 10]
if the index of P (i.e., the number of Pr-classes of X™) is finite. Let Z be the class of all
regular languages over X. Then we call a language L over X a midst-language [12] if L is
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neither regular nor disjunctive. Let .# be the class of all midst-languages over X. Then, we
have the following proposition.

Proposition 1.1. [11] Let X be an alphabet with |X| = 1. Then .# = 0, that is, over X, a
language is disjunctive if and only if it is not regular.

But when |X| > 2, the case is completely different from |X| =1 [6]. In this case, .# # 0,
thatis, {Z U 2} C 2%,

We call a language L over X dense if X*wX* (L # 0 for any w € X*; otherwise, the
language L is said to be thin. According to Reis and Shyr [10], a language L is dense if and
only if L contains a disjunctive language. Denote the class of all dense languages over X by
[7%8

The generalized disjunctive languages have been considered by a number of authors
in the literature, such as, Guo, Reis and Thierrin [1] in 1988 called a language L over X
relatively f-disjunctive (relatively disjunctive), that is, rf-disjunctive for short (r-disjunctive
for short), if there exists a dense language D over X such that for all u € X*, |[u], ND| < e
([[ulr " D| < 1). It has been shown in [1] that L is rf-disjunctive if and only if L is r-
disjunctive, if and only if either X* has no dense Pr-classes or has infinitely many dense
Pr-classes. Let 2, be the class of all r-disjunctive languages over X. Then, the concept of
relatively regular language was first introduced by Liu, Shum and Guo in 2008 (see [6]).
They called a language L over X relatively regular, that is, r-regular for short, if Syn(L) has
a finite ideal. Let £, be the class of all r-regular languages over X.

This paper is based on the following background.

(I) Obviously, when |X| =1, 9, = 2, %, = %. In [6], the authors proved the following
fact which forms a generalization of Proposition 1.1 to any alphabet X from |X| = 1.

Proposition 1.2. [6] Let X be an alphabet. Then a language over X is r-disjunctive if and
only if it is not r-regular.

Leading up to [1], [6], some special cases of r-disjunctive languages have been defined.
In particular, a language L over an alphabet X was first called by Guo, Shyr and Thierrin [2]
f-disjunctive if each Pp-class of X* is finite, and later, Mu [8] called a language L over X t-
disjunctive if each P-class of X* is thin. Denote the class of all f-disjunctive (t-disjunctive)
languages over X by Z¢(%;).

The following proposition is useful in this paper.

Proposition 1.3. [1,7]
(1) If|X| =1, then
D=Dr =D = D,
(2) If |X]| > 2, then
2CU<CDCDC P

Some more characterizations of r-disjunctive languages can be found in [1,2,6,8,9, 11].

(IT) The following result is a known result on some decompositions of disjunctive languages.

Proposition 1.4. [10] Let L be a disjunctive language over X, L = L1UL; (i.e., L=Li UL,
and Ly N Ly = 0). Then, the following statements hold.
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(D) {L1, L2} N2 #0, or
2) {Li,L} € 29\ 2.

In the case (2) of Proposition 1.4, each one of L; and L, is not r-regular language, for
if not, then another one of them must be disjunctive by [6]. This fact clearly contradicts to
Ly,L, ¢ 9. Hence, Proposition 1.4 can be modified to the following form.

Proposition 1.4'. Let L be a disjunctive language over X, L = L{UL,. Then, the following
statements hold.

(D) {L1,La}ND #0, or

(2)/ {Ll,Lg} - @r\@

(IIT) Proposition 1.4’ actually says that the disjoint union decompositions of disjunctive
languages have two cases. Any disjunctive language has the decomposition of the case (1)
in Proposition 1.4. As to the decomposition in the case (2) of Proposition 1.4, not every
disjunctive language has this decomposition, for instance, discrete disjunctive language,
that is, the disjunctive language L with [LNX"| < 1 for any n € N [10]. But Shyr and Yu
have shown in [12] that there exists such a disjunctive language L over X with |X| > 3 so
that L = L{UL,, {L1,Lr} € 29\ 2 , to be more precise, we have

(L.1) {Li,L} € 27\ 2.

In this paper, we will further discuss in Section 4 about the existence case mentioned by
Shyr and Yu in [12]; we will also discuss the decompositions of languages in %y, %; and
9, like Proposition 1.4’ in Section 2; and in Section 3, we will show that the languages in
D5, 9, have similar decompositions just as the case (2) in Proposition 1.4 with (1.1).

Making contact with the above background of this paper, we have started to apply some
results of this paper to our following work to describe the disjunctive degree in some sense
of languages, this shows one spot of the potential value of this paper.

For terminologies and notations not mentioned in this paper, the reader is referred to
[4,5,10].

In the remaining part of the paper, we always assume that |X| > 2.

2. Some decompositions of r-disjunctive languages(I)

In the following theorem, we consider the decompositions of languages in ¢, %; and 2,
which are similar to Proposition 1.4,

Theorem 2.1. Let L € D¢ (%, 9y), L = LiULy. Then the following statements hold:

(1) {L],Lz}ﬂ.@f (-@t, -@r) 75 0, or
@) {Li.L2} € 9\ D) (9 \ %, D\ 5).

Remark 2.1. If we divide a language L € &, into L; and L,, then Ly, L, must satisfy The-
orem 2.1(1). Otherwise, both of L;,L; are not in &,, by Proposition 1.2, they are in %,.
Hence, L is in %, because by [6], Z, is closed under the operation of union, this is clearly a
contradiction. Here, we write {L{,L,} C 2, \ 2, to seek a unity of expression with the 7
and %, languages.

In proving the above theorem, we need the following proposition.
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Proposition 2.1.
() IfLe 2 (Z¢,%,), RCLand R € %, then L\R € 9, (%y, %))
2 IfLe D (D¢,%r), RE X and LNR =0, then LUR € 9, (D, Dy).

Proof. By [6], Proposition 2.1 holds for L € Zy and L € &,. Here we just discuss about
Le 9.
(1) Suppose that L € &,. Then for any dense language {x{,x2,...,%pu,...}, there exist
Xi,x;j, [ # j such that
x;i # xj(PL).
Since R € Z%,, by Lemma 3.3 of [6], there exist a w € X*, and an n € N such that (wX*w) (m)
is contained in a Pg-class, and whence

(wxyw)" = (wow)' = -+ = (wxw)" = -+ (Pr).

Notice that {(wx;w)"|i = 1,2,...} is dense and (wx;w)" # (wx;w)", since x; # x; when
i # j. Then by the definition of t-disjunctive languages, there exist (wx;w)" and (wx;w)",
i # j such that

(wxiw)" Z (wxjw)" (Pr).
That is, for some u,v € X*, we have

u(wxw)"v e L, u(wx;jw)"v L,

or vice versa. We now suppose that the former case hold, so u(wx;w)"v & R. Then this
result leads to u(wx;w)"v & R since (wx;w)" = (wx;jw)"(Pg). Thus u(wx;w)"v € L\ R, but
u(wx;w)"v & L\ R. This shows that

(wxiw)" Z (wx;w)" (Pp\r),
and hence
xi Z Xj(Pp\g)-
Thus, L\R € ;.
(2) This part follows directly from (1) because for any language L over X, P; = P, where
L is the complement of L. 1

Corollary 2.1. IfL € 9,\ 9, and R C L and R € Z%,, then L\R € 9, \ .

We now return to prove Theorem 2.1.

Proof of Theorem 2.1. We only prove that L € Z¢(%;). Assume that neither L; nor L, is
f-disjunctive( t-disjunctive) language and suppose that L, is not an r-disjunctive language.
Then L, is an r-regular language. Now, we see that L is f-disjunctive( t-disjunctive)language
by Proposition 2.1. This result contradicts to our assumption. Hence, L, is an r-disjunctive
language. Similarly, L is also an r-disjunctive language. 1

Any f-disjunctive (t-disjunctive, r-disjunctive) language has the decomposition of the
case (1) in Theorem 2.1 by Proposition 2.1. For the languages in Z; and %, we naturally
ask the question: Does the decomposition of the languages that satisfying Theorem 2.1(2)
exist? More precisely, we ask whether the decomposition which is similar to (1.1) exists
or not? We will give an affirmative answer to the above questions in section 3. In order to
simplify our description, we let 21 = 2, %, = D¢\ 2,93 = 9, \ Yy, Y4 = 9, \ ;. Hence,
2, is a disjoint union of %, %, 73 and Y.
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3. Some decompositions of r-disjunctive languages(II)—Decomposition from Z; to &, ,
i=273

First of all, we give the following preparations.

Let L be a nonempty language over an alphabet X. We call L contained in X ™ a code if for
any x;,y; €L, i=1,2,....m, j=1,2,...,n,x1x2--- X = y1y2 - -y, implies that m = n and
xi=y,i=1,2,...,n. We call L a prefix language (suffix language) if for any x € L,xy ¢ L
forally € Xt (yx € L, forall y € XT). It is immediate to see that each prefix(suffix) language
contained in X is a code. Hence, we also call a prefix (suffix) language contained in X' a
prefix (suffix) code. Obviously, a singleton-set of X is a prefix code and is a suffix code as
well.

For prefix codes and suffix codes, we have the following lemma.

Lemma 3.1. [2] Let L be a language over X and P(S) a prefix(suffix) code over X. Then for
any u,v € X*, u # v(P,) implies u # v(Pp(PLs)), i. e. Ppp(Prs) C Py.

Corollary 3.1. If L is a t-disjunctive language over X and P(S) is a prefix(suffix) code over
X, then PL(LS) is t-disjunctive.

Similar consequence for disjunctive languages and f-disjunctive languages can be found
in [10] and [2] respectively.

Proposition 3.1. Let L be a language over X. If L is not f-disjunctive, then for any finite
language F of X*, the language FL and LF are not f-disjunctive.

Proof. We just consider the language FL, the conclusion for LF can be dually obtained.
Suppose that F # @ and F # {1} (the conclusion is trivial when F =@ and F = {1}).

Let m = max{lg(x)|x € F} € N. Suppose that L is not an f-disjunctive language. Then
there exist an infinite language {x;,x2,...,%,, ...} such that

XN=xn=--=x,=(P).
Since Py, is a congruence,
wWixi=w'n = =w, = (P)
for any w € X*. We now show that
wxi=w'n=--=wx, = (Prp).
Suppose that there exist w"”x;, w"x; € {w"x1,w"x2,...,w"xy, ...} such that w”x; Z w"x;(Prr).

Then, there exist u,v € X* such that uw™x;v € FL and uw™x;v ¢ FL or vice verse. Without
loss of generality, we may let uw"x;v € FL and uw™x;v ¢ FL.
Consider the following two cases:

(1) u = ujuy, for some u; € X, up € X* such that u; € F, upw™x;v € L. Clearly,
upw"x;v & L. Hence, x; % x (P ), which is a contradiction.
2) uwkiw, € F, wzwkzxiv € L, where w; € X, wy € X*, w=wiwa, ki, ko € NO and
ki +ky+ 1 = m. Again wzwkzxjv ¢ L and x; # xj(P.), and so a contradiction.
This shows that the conclusion
Wy =whn = =w'x, = (Prr)
holds and hence F'L is not an f-disjunctive language. 1
The following proposition is a similar proposition for t-disjunctive languages.
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Proposition 3.2. Let L be a language over X. If L is not a t-disjunctive language, then for
any finite language F of X*, the language F L and LF are not t-disjunctive.

Proof. The proof of this proposition is similar to the proof of Proposition 3.1. 1

Similar consequence of non-disjunctive languages can be found in [12].

In the following lemma, we will show that there are languages in %, which are unions
of two disjoint languages in Zs, see the following Proposition 3.3 and Proposition 3.4.

We now use w, to denote the number of letters x occurring in the word w over X. Then,
we establish the following lemma.

Lemma 3.2. Let X = {xy,x2,...,%}, r >2,
Ly, = {w € X" Wy, Wayy oo, Way_ Wiy 500, W, €11,
where [ = {2021 22 ... 2" ..} ThenL,, € 25, i=1,2,...,r
Proof. Forany i€ {1,2,...,r}, we assert that the P, -classes are
Civjojirjivr - ={weX” |WX1 J1Wxy = Jo,-o s Wy = Jinl,
Writ = Jit 1o s Wy, = Jr},
JlseeesJiols Jitls---,Jr =0,1,2,.... In fact, suppose u,v € X*, and
Uxg = D5 Vxy =4,

for some letter x; with x; € X \ {x;}, where p,q € N°, p # ¢. Since p # g, we may let
p—q =k, k € N. Then for a sufficient large m, m € N, we can find x| € X*, n € N such that

(u)y, =n+p=2" 2" 2" >

Hence, we have (xXv),, =n+q=n+p—k=2"—k,and 2" 1 < 2™ —k < 2™
Consider
T=X X X2

tr—2
and
e
where t1,t2,...,t,_» is an arrangement of {1,2,...,7}\ {s,i}, and ny,na,...,n, o € N°.
Choose ny,na,...,n,_, such that Ly reeray,_, € I, and by the above discussion, we have

=2"and z,, € I, but zx =2"—k, Z, gé I By the construction of L,;, we have z € L,
and 7 ¢ Ly, and hence we conclude that uZ v(PLX ). This result shows that each Py, -class
is contained in SOME Cj jy..ji_yjipg-jy» 15+ s Jio1s Jit 1y Jr € NO. On the other hand, for
any w,w' € Ciijoiimvjier—irs Civinjimvjini—ir € {lejZ"'ji—lji+1'“jr|j1? s Jim b Jit s Jr €
NO}, if u,v € X* and uwv € L,,, then by the construction of L,,, we have (uwv),, = uy, +
Wi+ €L,s=1,2,...;i—1,i4+1,...,r. Sincewy, =w), fors=1,2,....i—1,i+1,...,r
we have (uw'v)y, = iy, + W + Ve, = Uy + Wy, +ve, €L, s=1,2,...;i—1,i+1,...,r. This
implies that uw'v € L. Dually, for all u,v € X*, we can deduce that uwv € L,, from the fact
uw'v € Ly,. Hence, w =w/(P,,.). Thus the assertion holds.

Foreach Cj j,..j, 1 jicijr €A4C)1jajirjivnjelJts ooy Jimts Jit sy Jr € NO}, we observe
that for every word w in Cj, j,...j;_ji,,-j.» the wy, is not restricted, and so wy, can be any
number in N°. Since NO is infinite, C i i i is infinite. Moreover, by the definition
of Cjy jyoji_yjieyjr» fOr Al W € Cjyjyjijiryjis Way = J1, Where ji is a given number in
N, we have for any word u € X* with uy, greater than ji, u is not a subword of any word
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in Cj, jyji_yjipyjr- This shows that Cj, j,...j,_ji, -, 18 not dense. Thus Cj, j,...j; is

an infinite but not dense language. This shows that L, € Z;.

Vi1 r

Consider the following languages.

Ly, = {w € X*| Wy, Wxy, ..., wy_, €1}, where I = {20,212 . 2" .},

Ly, ={wEX*| Wyy,. o, Wy, Wy, €I}, where I = {20,21,22 . 2" .}
By Lemma 3.2, L, ,L,, € Z5. Let

L] = Lxr{xr}, L2 = Lx| {xl }

Since {x,}, {x1} are suffix codes, by Corollary 3.1, Li,L, € %, and L,,L> ¢ 9 by Propo-
sition 3.1. Thus, we arrive at the following proposition.
Proposition 3.3. L,L, € Z3 and LiNL, =0.

We also have the following proposition.
Proposition 3.4. Let L=L;UL,. Then L € 2.
Proof. To proceed with the proof, we assert that if u = v(P,) for u,v € X*, u # v, then
ug, =vy forally; € X,i=1,2,...,r. In fact, if u,v € X*, u, # vy, x; € X \ {x,}, then by
the proof of Lemma 3.2, there exist wi,wy € X* such that wiuw, € L, ,wivwy & L, , and
SO wiuwox, € L1, wivwox, € Ly, also by the construction of Ly, wivwyx, & Ly, we have u #
v(P). If u,v € X*, uy, # vy,, then by the proof of Lemma 3.2 again, there exist wj,ws € X*

such that wiuwy € Ly, ,wivwa € Ly,, and so we have wiuwoxy € Ly, wivwaxy & L. Now, by
the construction of Lj, wivwox| & Ly, we see that u Z v(P). This shows that each P, -class

is contained in some Cj, j,...;, with ji,j2,...,jr € N, where Cirjyjy = W EXH Wy, =
Jlseeos Wy = Jiyo oy Wy, = Jjr}-

Moreover, for Ciijrjr € {lejZ"'jr|j1""7jr S NO} with |Cj1j2"'jr| = 1, by the above
discussions, we have Cj, j,..., is a Pr-class. For Cj, j,...;, € {Cj, jyrj,|j15-- -1 Jr € N1 with

|Ci|,i2"',ir| > 2. Suppose that u,v € Cj, ,...;,, u ends at letter x;, and v does not end at letter
x1. Then we have the following two cases:

(1) vends at letter x,,
(2) v does not end at letter x,.

For case (1), in view of the proof in Lemma 3.2, we are able to find some word w; € X*
such that

(W), €1, i= 2, ..., 1, (Win)y, €1.
This shows that wiu € Ly, , by the above assumption and the construction of Ly, wiu € L.
On the other hand, by u,v € Cj, j,...j,, we have

W)y €1,i= 2, ..., 1, (wv)y, €L

This shows that wiv € Ly, and wiv & L,,. Since v does not end at x1, we have wiv & L, and
by the construction of Ly, wiv & L;. Hence, we have u Z v(P,).

For case (2), by using similar arguments as those in case (1), we can obtain u Z v(PL).
Similarly, if u,v € Cj, j,...j,, u ends at x,, and v does not end at x,, then we also have u %
V(PL). Thus, for Cj1j2"'jr S {Cj1j2"'jr|j17 e jr € NO} with |Cj1j2"'/r| > 2, lejz"'jr can be
divided into three parts:

ct

/1j2'“jr :{WGX |Wx1 :.]la"'awx,' :]i7"'7wx;' :.]r7

and wends at x;,i=2,...,r— 1},
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Il * . . .
C]lJZJ) :{WEX |WX| :]]a~--7Wx,- :Jia"'ywx;- :Jr7

and w ends at x1 },

11 * - . -
Ciiipejy =W EX Wy = Jiy ooy Way = Jis oo s Wy, = Jirs

and w ends at x,},

and if P;-class is contained in Cj, j,...;, With |Cj, j,.;,| > 2, j1,ja,---,jr € N°, then it must
be in some C;l iprjpeJ € {LILIIT}. On the other hand, if u, v are any two words in C.§|jz~-jr’
ICijyeeir| =2, Jiseo s jr € NO, that is, u,v € Cj, j,-j, and both of u and v end neither at x;
nor at x,, then for any wi,wa € X*, (wiuwa)y, = (Wivwa)y, i = 1,2,...,7. So wiuws € Ly,
if and only if wivws € L, , and wiuw; € Ly, if and only if wivwy € Ly,. If wp = 1, then by
previous assumption, both of wjuw, and w;vw, belong neither to Ly, nor to L. If wp £ 1,
then wiuw, € Ly if and only if wivw, € Ly, and wiuw, € L if and only if wivw, € L.
This implies that wiuw, € L if and only if wivw; € L. Both of the two cases show that

u=v(P). So C§|_i2"'jr’ ICjyjyinl =2, j1s. -, Jjr €N, isaP-class. Similarly, we can show
1 1i o ; ; 0
thatCj ;,..; and G, ; are Pi-classes, |Cj,j,...j,| > 2, ji,...,jr €N
In view of the above facts, we deduce that for Cj, j,...;, € {Cj, jp-j, | j1,-- -, jr € N} with
|Cj, jp-j,| > 2, the Pr-classes are
I . . .
lejz“‘jr = {W EX*| le :]la"'awx,' :]i7"'7wa =Jrs
and wends at x;,i=2,...,r— 1},
o ={weX | wy =j Wy, = Ji =j
Jijagr — xl_.]]a"'7 x; = Jis-sWx, = Jr,
and w ends at x; },
11 . . .
C]l]2]t = {WEX*| Wxi = Jly-sWx; = Jiyeo s Wx, = Jrs
and w ends at x,}.
Clearly,
I 11 11 —\Ci . .
|lej2"‘jr|+ |Cj1j2"‘jr‘+ |Cj1j2"'jr| = [Cjijrirl

and
(Cjy iy S PIFRTE

This shows that L € 92,. |

We will construct a language of the form L = Ly UL, where Lis in 23 and Ly, L, are two
disjoint languages in %,. To this aim, we need some preparations. Recall that a nonempty
language L over X is an infix language if for all x,y,u € X*, u € L and xuy € L together
imply x = y = 1. Clearly, each infix language contained in XV is a code, we usually call this
code an infix code.

For any x € X with |X| > 2, we let

Pu(x) ={we X" | x=wu for someuc X"},

Spt(x) ={we Xt |x=uw for someuec X"},
and
I(x)={we X" |x=uwv for some u,v € X*}.
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Remark 3.1. We denote the set of all non-trivial prefixes(suffixes) of word x by P (x)
(Sn (x)) and the set of all infixes of word x by /(x).

Definition 3.1. [7,13] Let L C X, L # 0. Then, we call L a solid code if L is an infix code
and Py (u) NSy (v) = 0 for every u,v € L.

Corollary 3.2. [13] Any nonempty subset of a solid code is also a solid code.
Definition 3.2. [13] Let L C X+, L # 0 and w € X*. Then, we call the factorization

(3.1 W = X1Y1X2Y2 **  XnYnXn+1
an L-representation of w if y; € L, I(x;) N\L=0, fori=1,2,...,n, j=1,2,....n+1,n €
NO. And we call the case n =0 in (3.1), that is, w = x, the trivial L-representation of w.
Obviously, w has the trivial L-representation if and only if (w) "L = 0, and at this time, w
has only the trivial L-representation.

We call n in (3.1) an L-length of w, denote the set of L-lengths of w by Ly (w) and call
(x1,%2, -+, Xn, Xnt1) in (3.1) an L-coefficient of w, and the set of L-coefficients of w is de-
noted by Cr(w).

Proposition 3.5. [12,13] Let L be a nonempty language in X. Then the following state-
ments hold.

(1) Any word w over X has L-representation.
(2) Any word w over X has unique L-representation if and only if L is a solid code.

Obviously, if L is a solid code, then for any w € X*, the L-length of w and L-coefficient
of w are unique, at this time, we denote them by /1 (w) and cz(w) respectively.

In the following, we let | X| > 2, and {a,b} C X. Consider {ba}, by the definition of solid
code, {ba} is a solid code. Now, by Proposition 3.5, for any word w € X*, w has unique
{ba}-representation

W =X1Y1 """ XnYnXn+1,
where y; = ba,i =1,2,...,n, and ba ¢ I(x;),j = 1,2,...,n+ 1. Let W = Xx1x2- - XpXp41,
where (x1,x2,...,%,+1) is the {ba}-coefficient of w. Notice that ba may be in I(w), for
example, if w = bbaa, then w = ba. We use w, and W, to denote the numbers of the letter
a and b occurring in word w respectively. Clearly, for any word w € X*, W is unique, and
hence w, and wj, are unique.

Proposition 3.6. Let Ly = {w € X* | W, =Wy }. Then L| € Y4.
Proof. We assert that the Py -classes are
C={weX*|\w,=wp+i}, i=0, £1, £2,....

In fact, if u, v are any two words over X with u, —u, =i, v, — V), = j, i # j, without loss
of generality, we may let i > 0, then, obviously, for x = 1,y = b', we have

xuy = ub', xvy = vb',
by the definition of Xuy,xvy, we have
Xy = ub', vy = vb'.
And so
XUy, = Ug, XUy, = Up+1i, and Xuy, = Xuy, by assumption,
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XVy, = Vg, XVy, = Vp+i, and Xvy, # Xvy, by assumption.
By the construction of Ly, we have xuy € Ly,xvy & L;. Hence, u # v(Pr,).
On the other hand, for every two words u,v € C;,i =0, =1, £2,..., by the definition of
C;, we have
Ug— Up= Vg— Vp = I.
Consider wu and wv, w € X*. Then we divide our discussion into the following cases:
(1) Both of u,v begin with letter a. In this case, let u = au’,v = av/, where ',V € X*. If
w=wb,w € X*, then wii = w'bau’ and wv = w'baV’, hence
Wilg = Wa+ o= Wat Ta— 1,
wip = Wb-i- %: Wb-f— Up,
and
Wy = Wt V= Wi+ v,— 1,
Wy = Wb-i- Wb = Wb-f— Vb,
)
Wiy — Wiy = Wa—Wp+ i—1,
Wg— Wop = Wy—wp—+ i—1.
If w=w'a,w € X*, and W, = w, + 1, then Wi = w'aau’ and wv = w'aav’, hence
Wiy = Wa+ Tg+ 1,
wip = Wb + Up,
and
Wiy = Wa+ Va+ 1,
wyp = W}, + Vp,
SO
Wiy — Wilp = Wa—wWp+ i+1,
Wg— Wop = Wo—wp~+ i+1.
If w = w'x, where w' € X* and x € (X U {ba})\ {a,b}, then Wit = w'xau’ and wv = w'xav/,
hence
Wilg = Wa + Ug,
Wit = W'+ 1,
and
Wy, = W1/1 + Va,
W, = W+ Vp,
SO
Wiy — Wiip = Waq—Wp~+ i,
Wog— Wop = Wa—wp+ i
Therefore, in every case, we have wu, —wu;, = wv, —wv,, and hence wu, = wuj, if and only
if wv, = wvy, for any w € X*.

(2) u begins with letter a and v does not begin with letter a or vice verse. Without loss of
generality, suppose that u = au’, where «/ € X*. In this case, if w = w'b,w’ € X*, then for
wu = w'bau’, we have Wi, — Wi, = W'y —w'p +i— 1 ; for wv = w'bv, we have wv, — wvp, =
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wWoe—wpy+i—1.If w=wa,w € X* and W, = w/, + 1, then for wu = waau’, we have
Wiy, — Wi = W o —wp+ i+ 1 ; for wv = w'av, we have wv, — wvp, =w, —wp +i+ 1.
If w=w'x, where w € X* and x € (X U{ba})\ {a,b}, then for wu = w'xau’, we have
Wiy — Wil = w'q — W'+ i ; for wv = w'xv, we have wv, — wvj, = w'y —w'j, +i. Therefore,
in every case, we also have wiu, — wu, = wv, —wvp, and hence wu, = wu,, if and only if
Wv, = Wy, for any w € X*.

(3) u,v do not begin with letter a. Similar to case (1), we obtain that wii, — Wi, = wv, —wvy,
and hence wu, = wuj, if and only if wv, = wv, for any w € X*.

From the above three cases, we deduce that if u,v € C;, i = 0,41,+£2,..., then for any
we X*,

(3.2) Wiy — Wil = Wvg — W,
and
(3.3) Wi, = Wi < W, = Wh.

Similarly, if u,v € C;, i = 0,£1,4£2, ..., then for any w’ € X*,

(3.4) uw’a — Wb = Wa - Wb,

and

3.5) MW/a = W}, 54 Wa = Wb.

Then, for every u,v € C;, i = 0,£1,4£2,..., for any w,w’ € X*, consider wuw’' and wvw'.

Since u,v € Cj, by (3.2) and by the definition of C;, we see immediately that both wu and

wv are in some Cy, i’ € {0,+1,£2,...}. Hence, by (3.5), we have wuw/, = wuw’; if and

only if www/, = www/p, thatis, wuw’ € Ly if and only if www’ € L. This result implies that

u=v(P,). In view of the above facts, we have Py -classes are
Ci={weX*|\w,=wp+i}, i=0, £1, £2,....

It can be easily verified that each C; is dense, i =0, +1, +2,.... Hence L| € Zj. 1

Proposition 3.7. Let L, = {w € X* | w, = 2wy, }. Then L, € Ps.

Proof. We first show that @, — 21, # vV, — 27}, implies u # v(Py, ), for any two words u,v €
X*. In fact, if u, — 2u, = i, v, — 2v;, = j, i # j, then without loss of generality, we may let
i > 0. Then we consider a*ub’ and a*vb’, where s,t € NO, by the definition of a’ub’, we have

aubly = s+ Uy, a*ubly = t+ Tp.
Choose s,t such that s 4 i = 2¢, then by assumption, we have

s+ U, = s+ 2up+ i= 2(t+ up),
so a’ub’, = 2a’ub'y, by the construction of Ly, a’ub’ € L,, while

asvbly = s+ V,= s+ 20+ J,
2a5vb' ), = 2t + 29,
clearly asvb',, # 2a’vb'), since s+ j # 2¢. This shows that a*vb’ & L,. Hence, u % v(Py, ).
So let
Ci={weX" |w,=2wp+j}, j=0, £1, £2,...,

we have u = v(P,) implies u,v € C; for some j € {0, =1, £2,...}.
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Next we will show that the Pp,-classes are not analogous to the Py -classes. In fact, if
u,v € C;forsome j € {0, £1, £2,...}, u begins with letter a and v does not begin with a or
vice verse, then without loss of generality, we may let u = au’, v’ € X*. Consider bu and bv,
since bu, = u'y =1, — 1, bu, = u'y, = @y, bv, = v, and bv,, =V, + 1, we have bu, — 2bu;, #
bv, —2bv,. By discussion in the previous paragraph, bu % bv(Py, ), so u % v(PL,). Moreover,
if u,v € Cj for some j € {0, £1, +2,...}, both of u and v begin with letter a and u ends at
letter b, v does not end at letter b or vice verse, then without loss of generality, we may let
u=u'b,u’ € X*. Consider ua and va, then we have ua, = u,, ua, = up — 1, va, = v, -+ 1 and
vay = vp, SO ud, — 2uay # va, — 2vay, by the discussion in the previous paragraph again, we
have ua # va(Py,), and so u # v(Py,). Similarly, if u,v € C; for some j € {0, +1, £2,...},
u and v do not begin with letter @ and u ends at the letter b, v does not end at the letter b
or vice verse, then we also have u # v(P,). Hence, each Cj,j =0, 1, +2,..., can be
divided into four parts, say

C§ ={we X" | W, =2Wy+ j, w begins with
letter a and ends at letter b },

C§I ={weX*|w, =2w,+ j, w begins with

letter a and does not end at letter b},

C;” ={we X" | W, =2W,+ j, w does not begin
with letter a and ends at letter b},

C;V ={we X" | W, =2W,+ j, w neither begins
with letter a nor ends at letter b},
and we have u = v(P,) implies u,v € Cj]. for some j € {0, +1, £2,...},J € {ILIL,111,IV}.

Itis routine to check that the converse implication holds for each j and J. Hence, Py ,-classes
are

Cj ={we X" | W, =2W,+ j, w begins with

letter a and ends at letter b },

C§1 ={we X" |w, =2w,+j, wbegins with

letter a and does not end at letter b},

C;H ={we X" | W, =2W,+ j, w does not begin
with letter a and ends at letter b},

Cg.v ={we X" |w, =2wy+ j, wneither begins

with letter a nor ends at letter b},

where j =0, £1, 2, .... Itis easy to check that each P, -class is dense. Hence, L, € Z,. 1
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We now construct a language in 3 which is a disjoint union of the above two languages
Ly and L, in %4.

Consider Ly N L. If w € L1 N Ly, then by the constructions of L; and L,, we have that
Wq = Wp, Wq = 2Wp, 80 Wy = Wy, = 0. This result implies that w € (X U{ba})\ {a,b})*,
where (X U{ba})\ {a,b} is a finite language over X since X is finite, and

(XU {ba})\{a,b})" = {1} U (XU{ba})\{a,b})
U (XU{ba})\{a,b})? U ---.

Let C= ((XU{ba})\{a,b})*. By the above discussion, we have L; "Ly CC,and L; NL; D
C is obviously. Hence, we have L; N L, = C. By the definition of rational language [4], C is
a rational language over X. Then by Theorem 4.2.9 of [4], C is regular. Hence L; \C € %,
by Corollary 2.1. Let L) = L; \ C. Then, it is clear that LI1 N L, = 0. We have

LiULy =L, ULy ={weX" | W, =w,} U{w € X* | W, =2w}.
We have the following proposition.
Proposition 3.8. L =L\ UL, is in 5.

Proof. We first assert that if u,v € X* and u = v(P.), then u,v € C;; for some i,j € NO,
where
Cij={weX"|Wy=i,wp=j}, i, j €N

In fact, for any two words u,v over X, suppose that u,v are not in the same C;;, that is,
u, # v, or u, # vy, we only discuss the case %, # V,, the case for 7%, # v}, can be similarly
obtained. Now we divide our discussion into the following two cases:

(1) ug—up =vq —p,

(2) uq —1up 7é Vg — Vp.
For case (1), we consider a*(ba)u(ba)b' and a*(ba)v(ba)l', s,t € N°. Choose s,¢ such that
s,t >0 and s+, = 2(¢ + ), then by the construction of L, we have a*(ba)u(ba)b' € L,
and hence a*(ba)u(ba)b' ¢ L. Since s,t > 0, a*(ba)u(ba)b' ¢ C. We have a°(ba)u(ba)b' ¢
L1. In view of the proof of Proposition 3.6, we have u = v(PL1 ) because of the fact u, — ), =
V4 — Vp, thus @*(ba)v(ba)b' & Li. And we have

a*(ba)v(ba)b' , — 2a*(ba)v(ba)b',

S+Va _2 (t+ Vb)
=V, — 2Vp— (Ug— 2up)

=Va— Vp— (la— Tp)+ Up— Vp

=Up— Vp
=U,— v,
#0.

So a(ba)v(ba)b' & L,. Hence a*(ba)v(ba)b' & L. This shows u Z v(P.).

For case (2), if u, — 2u, = v, — 2}, then similar to the discussion in the case (1),
we choose s,¢ such that s,# > 0 and s +1u, =t +1u,. Then by the construction of L,
a*(ba)u(ba)b' € L} and hence we deduce that a*(ba)u(ba)b’ ¢ L,. This implies that s +
T, — 2t — 21y, # 0. This shows that a*(ba)v(ba)b' , — 2a* (ba)v(ba)b' ), = s+, — 2t — 2V}, =
s —2t 41y — 21y # 0, a’ (ba)v(ba)b' & Ly. Also a*(ba)v(ba)b' ,—a*(ba)v(ba)b' ), = s+ 7V, —
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t—Vp =V, —Vp— (Ug—1up) # 0, so a*(ba)v(ba)b' & L. Hence, a*(ba)v(ba)b' & L. We have
uzv(P).

If u, — 2uy, # v, — 2vy, then choose s,t such that s,z > 0 and s+ u, =t +u,. Then
by the discussion in the previous paragraph, we conclude that a*(ba)u(ba)b' € L and
a’(ba)v(ba)b' & L. Consider

as(ba)v(ba)b' ,— 2a’(ba)v(ba)b', = s+7V4— 2t — 2,

if s+7,— 2t — 2v, # 0, then a’*(ba)v(ba)b' &€ L. So we have a’(ba)v(ba)b' & L. This
shows that u Z v(P.). If s+7v,— 2t — 2V, = 0, then, we choose another ' € N such
that s+, =t + V. Then ' = 2t + ¥, and ¢/ > 0 by 7 > 0, and so a*(ba)v(ba)b' € L.
On the other hand, we have a*(ba)u(ba)b” , — a*(ba)u(ba)b', = s+, —t' —u,. Since
s+u, =t+uy wehave s+u, —t' —u, =t—t,s0s+u, —t' —u, Z0 by t' =2t +v,
and 1 > 0. Hence, a*(ba)u(ba)b’ ¢ L;. And a*(ba)u(ba)b'' , — 2a*(ba)u(ba)b'’, = s+
w, — 2t — 2, = —3t — 2, — 1, # 0. Clearly, we see that a*(ba)u(ba)b' & L,. Hence,
a*(ba)u(ba)b" & L. We also have u # v(P;). Thus, we have shown that our assertion holds.

By the above assertion, we see immediately that each P-class is contained in some
Cij, i,j € N°. Since C;; is thin (if otherwise, we let w = (ba)a’"'b/"! (ba). Then for any
u,v € X*, we have uwv, > i+ 1,uwv, > j+ 1. This shows that uwv ¢ C;;, a contradiction)
fori,j=0,1,2,---, we easily see that each P-class is thin.

Next we continue to show that there are infinite P -classes. Consider

Coo = {W S X*|Wa =0,w, = O}.
Clearly, 1 € Cyy. For any word w € Cyp \ {1}, we shall show that 1 # w(P.). Take x =
b*,y=a’. Then
xly= b’1d® = b*a’, xwy = b*wa’,
by the definition of x1y, we have x1y = ba?, hence x1y, = 2, xIy, = 1 and x1y € L,. While
Wy = b*Wa® because w # 1 and w neither begins with a nor ends at b. This leads to
xwy, =3, xwy, = 2. Hence, we have xwy & L, xwy & Ly, and so xwy & L. Hence, we have

1 £ w(PL). On the other hand, for any two words u,v € Coo \ {1}, by the definition of Cy,
we have i, = u, = 0,9, =v, =0, and so for any x,y € X*,

XUyg = Xa+ Vg, XUYp = Xp+ YVp,

XVYq = Xat Yar XV¥p = Xp+ Yp-
This shows that

xuy € Lll if and only if xvy € Lll,
and

xuy € Ly if and onlyif xvy € L.
Thus, we have

xuy € Lif and onlyif xvy € L.

Hence, we have proved that u = v(P.).

Now, Cyp can be divided into two parts, namely, Cop \ {1} and {1}. In view of the above
facts, we see that Coo \ {1} and {1} are both P, -classes. Notice that (ba)™ C Cpo\ {1}, where
(ba)*t = (ba)*\ {1} = {ba, (ba)?,(ba)3,...}, 50 Coo \ {1} is infinite. Therefore, L € Z5. 1
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4. The decomposition from 2, to 2,

In [12], Shyr and Yu have shown the existence of a disjunctive language which can be parti-
tioned into two parts such that both of them are midst-languages. The disjunctive language
can be constructed on X with |X| > 3. In this section, we will improve their construction on
X with |X| > 2 and simplify the construction of the disjunctive language as well. We will
show that the disjunctive language is not only a disjoint union of midst-languages but is also
a disjoint union of languages in %,.

In our study, the free monoid X* sometimes needs to be equipped with a total order. In
this paper, we only adopt the standard total order < which is defined on X* as follows [10]:
Forany u,v € X*,iflg(u) < Ig(v), then u < v; if Ig(u) = Ig(v), then < is the lexicographical
order on X" for all n > 1. For a word x € X*, we write fix = m if x stands at the mth position
in this order.

Recall that Cp(w) is the set of L-coefficients of w, for any word w over X and any
nonempty language L in X,

We begin with the following definition.

Definition 4.1. Let L C X', L # 0. Then, we define a binary relation oy, on X* as follows:
(w1, wo) € o < Cr(wi)NCL(wy) # 0.

If (Wi, w2) € oy, then wy and w; are said to be L-related .

Corollary 4.1. oy is left compatible and right compatible with the operation on free monoid

X*.

Proof. We only consider the left compatibility. For the case of right compatibility, it can be
proved analogously. Suppose that wiopw; holds. Then, by the definition of oy, there exist
(x1,x2,...,X,+1) such that w; has an L-representation

W1 = X1Y1X2Y2 " * XnYnXn+1,

and wy has L-representation

! ! i
W2 = X1Y1X2Y2 " XnYpXn+1-

Now, for any x € X*, we have
XW1 = XX1Y1X2Y2 " * " XnYnXn+1,

i ! !
XW2 = XX1Y1X2Y "+ XnYyXn 1

If I(xx;) N L = 0, then, we let xx; = xll. Now, we see that
!
XW1 = X1Y1X2Y2 * -~ XnYnXn+1,

o / !
W2 = X1Y1X2Y2 " " XnYpXn+1

are the L-representations of xw; and xw; respectively, so xw| o xwy. If I(xx1) NL # 0, then
xx1 has an L-representation

XX1 =U1vy1 - UnVmUm+-1,
where v; € L, I(u;)N\L=0,i=1,2,...,m,j=1,2,...,m+1. Clearly,

AWL = ULVL U VimUm+1Y1X2Y2 * * XnYnXn4-1,

i ! !
XW2 = ULV] U VmUm+1Y1X2Y2 ** * XnYpXn+1
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are L-representations of xw; and xw; respectively. Hence, we have proved that xw; o
xws. |

Lemma 4.1. If L is a solid code, then oy, is a congruence on X*.

Proof. By the definition of oy, o, is clearly reflexive and symmetric. If L is a solid code,
then oy is transitive by Proposition 3.5 since, at this point, (wj,w,) € o, if and only if
cp(w1) = cp(wy). Hence, oy, is an equivalence relation on X*. By Corollary 4.1, we have
proved that oy, is a congruence on X*. 1

For the solid codes, we have the following lemma.

Lemma 4.2. Let L be a solid code. Then the following statements are equivalent:
(1) L is finite.
(2) every op-class is finite.

Proof. (1) = (2). Suppose that |L| = m, m € N. For any w € X*, if I(w)NL # 0 and w
has the unique L-representation w = x1y1X2y2 « - - X, YuXn+1, then |wop| = m". Moreover, if
I(w)NL =0 and w has the trivial L-representation w = x1, then |wor| = 1.

(2) = (1). Observe that L is a or-class. Hence, every op-class is finite implies L is
finite. 1

Now, let |X| > 2 and X = {a,b,...}. Consider u; = a’b*,uy = a*bab?*,v = a*b*ab. We
have

Py(uy) = {a,a*,a’,a’b,a®b*}, Spi(uy) = {b,b*,b*,ab’,a*b*},
Py(un) = {a,az,azb,azba,azbab}, S (u2) = {b,bz,abz,babz,ababz}7
Py(v) = {a,az,azb,azbz,a2b2a}, Su(v) = {b,ab,bab,bzab,abzab}.

Clearly {u;,us,v} is a solid code. By Corollary 3.2, we obtain that {u;,v} is also a solid
code, for i = 1,2. Thus, the {u;,v}-representation of every w € X is unique, fori = 1,2.

We define the following sets, where s € N:
Ay o(s) ={w e X [ I, 1 (W) =s}.

Ay, v (s) ={abdwa® T ba®t92 - paSTa+1 | w € Ay, \(s) and fx; = gii = 1,2,..., 5+ 1,

when the {u;,v} — representation of w is w = x;y1X2y2 - - XsVsXst1 }-

Auyp = Us>1Au; 0(2%).

The following lemma is a crucial lemma. The proof can be found in [13]. However,
we notice that the proof given in [13] has a possible gap (that is, let {u} be a solid code
with u € {aX*b} and u & {a*b,ab™}, lg(u) = n,n > 3. If u € I(a*b"w) for any k € N°,
and any w € X*, then u ¢ I(a*b"). But we notice that there exist such solid codes {u} such
that u € I(a*b"), for example, let n = 6,k > 3. Then by the above discussion, {u = a*h’}
is a solid code, and clearly u € I (akbé)). Therefore, in the following revised proof of this
lemma, it contains the consideration for u € I(ab").

Lemma 4.3. [13, Lemma 3.11] Let {u,v} be a solid code, {u,v} C (aXTbNX") for some
n >3, and {u,v} N{a*b,ab™} =0, wi,wa € X*. If (w1,w2) & Oy}, then for any i, j,k €
NO

(v d" b wi,u' v d b wy) & Ofuv)-
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Proof. (revised) Let z = u'v/akb"w; and 7 = uvia"b"w,. We first suppose that (z,zl) €
Ofuy}- Then, the {u,v}-representations of z and 7 are

Z=X1Y1X2Y2 " XmYmXm+1,

and
! ! ! !
T =X1y12y2 XmYmXm+1 -
Thus, x| =X = --- =x;4; = 1, and the {u, v}-representations of @ b"w and afb"w, are
k
a'b"Wi = Xip j1Yitjr1 " XmYmXmo1s
and

d'b'wy = xi+j+1y;+j+1 & 'melmxmﬂ-

On the one hand, if I(a*b") N {u,v} # 0, then by our hypothesis and the {u, v}-representations
of a*b"wy and a*b"w», we have a*b" = Xit j41Yiyj+1b” with 1 < p <n—1, and b” is a pre-
fix of x4 j4o (thatis, x;4 j12 = bPx,x € X*). Hence, the {u,v}-representations of w; and w
have the forms

wi = x;'+j+2)’i+j+2 C XmYmXmA-1
and

/ , /

W2 = Xig jr2Yijr2 7 XmYm¥m+1,
with bPx, ;5 = Xitj42,%;, ., € X*. On the other hand, if /(a*b") N {u,v} = 0, then from
the {u,v}-representations of a*b"w; and a*b"w, again, akb" is a prefix of Xitj+1 OF Xiyjy1
is a proper prefix of a*b" (that is, Xitjr1X = d*b",x € X*). We now claim that Xitj+1
is not the proper prefix of a*b", for otherwise, if x; j+1ak/b" =dp", K’ > 1, then by the
hypothesis Ig(u) = Ig(v) = n, we have y;; j11x = df'b",x € XT. This result contradicts to
1@y N {u,v} = 0; if x; j 10" = a*b", 1 <0’ < n, then y;; ;| begins with letter b, this
contradicts to {u,v} C aX*b. This result hence shows that a“b" is the prefix of x;, ol
Hence, the {u, v}-representations of w; and w, are

! ! ’ !
W1 = Xiq jr1 Vit j+1 " XmYmXm+1 and wy = Xigjr 1Yijr1 " XmYmXm+15

k ! !
where a*b"x;, ;) = Xigji1,X, 4 € X7
Both of the above two cases imply that (w1, w;) € O{y,}- Thus, we arrive at a contradic-
tion and our proof is completed. 1

We state the following proposition.
Proposition 4.1. Py, , = 0y, 1}

Proof. Let wy and w, be two words over X, (wi,wy) & Ofuy v} Then, we will show that
wi # wa(Py, ). Consider z; = uiviab%wy and zp = ul v/ab®w;. By Lemma 4.3, we have
(21,22) & Ofu, v}- Now, we choose i and j such that Iy, ,}(z1) = 2' for some # € N. Let the
{u1,v}-representation of z; be

21 = X1Y1X2Y2 " " XnYnXn+-1,

n = 2" and let the {u;,v}-representation of z; be

! ! ! I i ! !
2 =X 1Y XY mXm+15
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for some m € N°. Since (z1,22) & Oy, »}. We have n # m, or n = m but x; # x;l for some h,
1<h<n+1. Letx, =¢qp, p=1,2,--- ,n+ 1. Then by the construction of A,, ,, we have

77 = ab%71a® T 1 bal T 2p ... g0ttt Ay (2,

and
7 = ab®2a8 1 b 2p .. gOTn1 ¢ Ay, »(2°),for each s € N.

Hence 77 # E(PAHW). It follows that z; # zg(PAuN,), and hence w; Zwy(Py, ,)- So

uy v

Phuys S Ofuy v}

We now proceed to prove the converse statement of the above proposition. We first
suppose that wy and w, are two different words over X, (w,w») € Ofu, v} Since Oy, 1 is
a congruence, (xw1y,xw2y) € 0y, ) for any x,y € X*. From the definition of oy, ), we
have

XW1Y = X1Y1X2Y2 * * * XnYnXn+1,

XW2Y = X1Y1 X2V XY 1
If xwyyisin some Ay, ,(27), 1 € N, then xwiy = X1y1%2)2 - - - Xy YnXn+1 has the form ab®w/a*41
ba®*t2p. .. a5 91 where w' € X*, q; €N, i=1,2,...,2" 4 1. Since I(ab®) N {u,v} = 0 by
the definitions of #; and v, similar to the proof of Lemma 4.3, we have ab6x’1 =X, x’1 € X*.
Similarly, we have x;+1a6+‘“ ba®t®2p. .. a0 = x, |, X, € X*. Thus, xwiy and xwyy
can be written as

/ /
4.1) ab®xy1xpys - -xnynxn+1a6+q1 ba® 92b ... gST

6.1/ / /] 6 6 6
4.2) ab®x|y xayy - Xp VX 1a° TN ba® T2 p - g2 1

respectively. By our assumption that xwiy € Ay, ,(2'), we have n = 2" in (4.1), and x| =
qi,ixi = qi,i = 2,...,2" x| = gx4y. This means that xwpy € A, ,(2'). Dually, it can
be proved that xw;y € Ay, ,(2) from the fact that xw,y € Ay, »(2), t € N. This shows that
xwiy € Ay, (2') if and only if xway € Ay, ,(2'). Hence, wi = w; (PAul,v) and so

G{ul,v} g PAulAv' I

Proposition 4.2. The following statements always hold.
(1 u’ivj = vjui1 (PAMM), foralli,jeN°.
(2) Ay, is an f-disjunctive language.

Proof. (1) Clearly, (u}v/,v/ui) € Ofu, v}, for all i, j € N, by Proposition 4.1, the result
holds.
(2) By Proposition 4.1, PAul.v = Oyy,,} and by Lemma 4.2, every oy, ,}-class contains
only finite elements. This shows that A, , is f-disjunctive. 1
By Proposition 4.2, we have A, , € 9, it is clear that A, , is a midst-language. Simi-

larly, by replacing u; with u, the languages Ay, ,(s), Ay, v (s), Ay, v are defined respectively.
Clearly, Proposition 4.2 is also valid for A, ,. Thus, A,, , € 2.

Let By = Ay, v{b},B> = {b}A,, ,. Then, by Lemma 3.1 and Lemma 4.3 of [12], B and
B are both in 2. Clearly, By and B, are disjoint. We now show that B; U Bj is a disjunctive

language.

Proposition 4.3. The language By U B, is disjunctive.
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Proof. Let wi,wy be two words over X such that (wy,w2) € 0y, ,y and (w1, w2) & Oy, )
Then by Proposition 4.1, we have w Z wy (PAMN), wy # WZ(PAuz,V)- This means that there
exist x,y € X* such that xwiy € A, ,, xw2y € A, , or vice versa. Hence, by the construction
of By, xw1yb € By, xwoyb & By or vice versa. Moreover, by the construction of By, xwyb ¢
B; and xw,yb & By. We have xwyb € By UBy, xwpyb & B UB; or vice versa. This implies
that wi % w(Pg,us, ). Similarly, when wy # W2(PA”21V)» we also have wi # wa(Pg,uB,)-

Let wy,w; be two words over X such that (wy,w;) € Ofu, v} OF (wi,wp) € Ofuyv}- Then
by the definition of uy,uz, v, there exist no wi,wy € X*, w # wy such that (w,wy) € Ofuy v}
and (w1,w2) € Oyy,,). Assume that (wi,w2) € Oy, ,y but (wi,w2) & 0Oy, - Now, by
applying Proposition 4.1, we see that wi # wa(Py,, ). Hence, there exist x,y € X* such
that xw1y € Ay, v, XW2y € Ay, v or vice versa. Thus, we have bxwiy € By, bxway &€ By or
vice versa. By the construction of B; again, we also have bxw;y &€ By and bxw;y & Bj.
Hence, we deduce that bxw,y € By UBy, bxw,y & By UB, or vice versa. This shows that
w1 Z wa(Pg,us,). Similarly, if (wi,w») € Oy, and (wi,wp) & Ofu, v}» one also has wy #
w2(Pg, B, )-

Therefore, B1 U B, is indeed a disjunctive language. 1

5. Some questions related to the decompositions of r-disjunctive languages

We first observe that Proposition 1.4’ can be modified into the following form.

Proposition 1.4". Let L be a disjunctive language over X, L = L1UL,. Then the following
statements hold.

() {L1,L}N2| =1, or
2) {L1,L}N2| =2, or
3 {Li, L} C 2\ 2.

By the main result in [6], we see immediately that any disjunctive language L has a de-
composition of L = L;UL; such that L; € %,,L, € 9. At this time, we have |{L,L,}N 9P| =
1; and any disjunctive language has the decomposition of case (2), in fact, the disjunctive
language L is dense and so by [3] (a dense language can be divided into two disjoint dis-
junctive languages), L has the decomposition L = LUL, such that |{L;,L,} N 2| = 2; for
the case (3), not every disjunctive language has this decomposition, but it has been shown
that there exist such languages, see Section 4. Meanwhile, for those r-disjunctive languages,
we see that any f-disjunctive (t-disjunctive, r-disjunctive) language L has the decomposition
of L=L{UL, and |{L1,L2}ﬂ@f| =1 (|{L1,L2}ﬂ@,‘ =1, |{L1,L2}ﬁ @r| = 1) by Proposi-
tion 2.1. Now, we can also see that there exist f-disjunctive( t-disjunctive) languages L such
that L = LiUL, and {L1,L»} C 2, \ Z¢(Z,\ %), see Section 3. But we still do not know
whether every f-disjunctive( t-disjunctive, r-disjunctive) language L has the decomposition
L=L,UL, with [{L;,Lr} N @f| =2({L1,L2}NZ| =2, |{L1, L2} N D| =2)?

In closing this paper, we point out that the above question also leads to a more special
question.

Does every f-disjunctive (t-disjunctive, r-disjunctive) language L can be decomposed into
L = L{UL, such that P, = PL] = PLz?

We remark that for disjunctive languages, the above two questions are actually the same
question, but for f-disjunctive (t-disjunctive, r-disjunctive) languages, they are different




746

D. Zhang, Y. Q. Guo and K. P. Shum

questions.
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