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1. Introduction

Let [n] = {1,2,...,n} ordered in the standard way. We denote by .7, the semigroup of all
full transformations of [n], and by .ing, its subsemigroup of all singular transformations of
[n]. We say that a transformation @ in .%ing, is order-preserving if, for all x,y € [n], x <y
implies xa < ya. We denote by &, the subsemigroup of .#ing, of all order-preserving
singular transformations. Let

Of={a*fd": feo,), ken,

where a = (123---n) is the fixed generator of the cyclic group . Catarino and Higgins [2]
proved that ﬁ,’f and O, are isomorphic subsemigroups of .7},.

Let a € 9, we say that « is orientation-preserving if the sequence (1a,2a,...,no)
is cyclic, that is, there exists no more than one subscript i such that ioc > (i + 1)o. The
notion of an orientation-preserving transformation was introduced by McAlister in [16] and,
independently, by Catarino and Higgins in [2]. We denote by &, the subsemigroup of .7,
of all orientation-preserving full transformations of [n], and by .0 &2, the subsemigroup
of .ing, of all orientation-preserving singular transformations of [n].

A semigroup S is called idempotent-generated or semiband if it is generated by its idem-
potents. The latter term was introduced by F. Pastijn [17].

Let S be a semigroup. The set of all subsemigroups or subsemigroups with particular
properties of S is partially ordered with respect to inclusions, and the maximal elements of
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this set are called maximal subsemigroups or maximal subsemigroups with particular prop-
erties of S. The history of the problem to classify (or describe) all maximal subsemigroups
or maximal subsemigroups with particular properties of a given semigroup goes back at
least to [11]. Various special subsemigroups of .7, have been studied by many authors (see
for example [1-4,6-10, 13, 18-33]). In recently years the problem was studied for several
classes of transformation semigroups in [1,3-6,9,12,14,15,18-33]. In particular, Zhao, Bo
and Mei [28] classified completely locally maximal subsemibands of .0 %7,. Recently,
Zhao [29] characterized completely maximal subsemibands of . & &Z,,. Further, Zhao [30]
completely described maximal regular subsemibands of . %7,. In this paper, we aim to
give more insight into the subsemigroup structure of the semigroup . &' &, by character-
izing the locally maximal regular subsemibands of .0 %2,,.

Remark 1.1. In the paper it will always be clear from context when additions are modular.

For convenience, we introduce the following notation. From Catarino and Higgins [2],

Green's equivalences in . 0 &7, can be characterized as:

o.?B < Im(a) =Im(B),

o B < Ker(a) = Ker(p),

o /B < [Im(a)| = [Im(B)].
Thus S0P, hasn—1 ¢ -classes: Ji,Ja,...,J,—1, where

J={ae S0P, : |Im(a)|=r}.
Obviously, we have .0 &, = U:‘;ll Jr. Let
Knr)={ae S0P, : |Im(a)|<r} =J1UJr---UJ,,
where 1 <r <n—1. The sets K(n,r) are the two-sided ideals of .” & 2,,. We want to focus
on the class J,,_; at the top of the semigroup .0 Z2,,. As in [29], we use the notation
Ly={ae 0%, :Im(a) = [n]\{k}},
Rjiv1) ={a € S0P, : the unique non-singleton class of Ker(at) is {i,i+1}}

for Z-classes and %-classes in J,_;. Hence J, | has n .Z-classes L{,L;,...,L, and n
H-classes R(1,2),R(2,3),...,R(n—1,n),R(n,1).

Gomes and Howie [10] used the notation [i — i — 1] for the decreasing idempotent e
defined by ie =i — 1, xe = x (x # i). They also used the notation [ — i+ 1] for the increasing
idempotent f defined by if =i+ 1, xf =x (x £ ).

As usual, we denote by E(S) the set of all idempotents of a subset S of .0 %,. Em-
ploying above notation the set E(J,_;) consists of n decreasing idempotents [i — i — 1]
(i € [n]) and n increasing idempotents [i — i+ 1] (i € [n]). Let E;" | ={[i—i+1]:i€ [n]}
and E,_ | = {[i — i—1]:i € [n]} be the increasing and decreasing idempotent sets, respec-
tively. Then E(J,_1) =E |UE, ,. Note that [0 — 1] =[n— 1], [1 = 0] = [l — n],
[n—n+1]=[n—1], [n+1— n] =[1 — n], etc., by Remark 1.1.

With above notation, we have the following simple observations:

Lemma 1.1. Letn > 3. Then
E(Rpiny) ={lk—k+1],[k+1—k]}, &k
E(Ly)={lk—k—1],[k—k+1]}, ke

m
ENNE)



Locally Maximal Regular Subsemibands of .70 %, 883

Lemma 1.2. Letn > 3. Then
E(0¥NJp1) = EUp)\{k — k4 1L [k +1— K]}, k€ [n].

2. Locally maximal regular subsemibands of .7 0 %7,

Let I be a subset of E(J,—1). A subsemiband (I) of #0272, is called locally maximal
regular subsemiband of . 0 %, if (I) is a regular, and any regular subsemiband (J) (J C
E(Jy—1)) of S0, properly containing (I) must be .”&'Z2,. In this section, we obtain a
classification of locally maximal regular subsemibands of . 0 Z7,,.

Our main result is

Theorem 2.1. Ler n > 3. Then each one of the following types (A), (B) is a locally maximal
regular subsemiband of O P ,:

(A) S;=0!,i¢c|n)

B) ,={aeSOP, ia=i}, i€ n]

Conversely, every locally maximal regular subsemiband of . 0 &2, is one of types (A),
(B). LSO P, has 2n locally maximal regular subsemibands.

To prove Theorem 2.1 we need the following series of lemmas. First, we need the fol-
lowing notation.
Asin [2],letk € {0,1,2,...,n— 1}, define a total order <j on [n] by

k1 <pk4+2 < <n<p 1< <p ke

We write i < jif i <, jand i # j. Note that i <; jif and only if i —k < j — k. We say that
A = (ay,az,...,a) is cyclic with respect to <j if there exist no more than one subscript i
such that a; ] <y a;. Clearly A = (aj,az,...,a,) is cyclic with respect to <; if and only if
there exists j € {0,...,r — 1} such that

aji <k <k a <pap <p-- <paj.
The following lemma was proved by Catarino and Higgins [2, Lemma 1.4].

Lemma 2.1. Let A = (a1,a2,...,a;) be any sequence of elements from [n]. Then the follow-
ing are equivalent:

(a) A is cyclic with respect to <p=<.

(b) A is cyclic with respect to <y for some k.
(c) A is cyclic with respect to <y for all k.

Let
(2.1) Mz}j = <E(Jn—1)\{[i_) i+]]a[j_)j_ 1]}>’ i7j€ [n]a
(2.2) S];- ={ac O (Vxen)j<px=j<ixa}, j#k+1(mod(n)),

(2.3) Tjk ={acOF: (Vxen)x < j=xa <y j}, j#k(mod(n)).
The following lemma establishes the relationships among M, ;, Sz. and Tl-j -1
Lemma 2.2. Let M; j, S; and Tl-j e defined as (2.1), (2.2) and (2.3), respectively. Then
M0y = (SSUT ) i, j# i+ 1 (mod(n)).
Proof. See [29, Lemma 3.5]. 1
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The following lemma is the main result of [28, Theorem 3.5].
Lemma 2.3. Let S]]‘» and Tjk be defined as (2.2) and (2.3), respectively. Then
(1) SE=(E(@5nJi-)\{[J = j—11}), j # k+1 (mod(n)).
2) Tf = (E(Oy N Jp-0)\{[j = j+11}), j #k (mod(n)).
Proof. See [28, Theorem 3.5]. 1
We can use Lemmas 1.2, 2.1 and 2.3 to obtain the following.
Lemma 2.4. Let M;; be defined as (2.1). Then
Mi7i:{ae<7ﬁz@n:i(x:i}.
Proof. Let D ={a € S0P, ia=i}and F = E(J,_1)\{[i = i+ 1],[i = i—1]. Then
M;; = (F). It is easy to verify that D; is a subsemigroup of .0 %?,. Note that F C D;.
Thus Mi,i = <F> - Di.
For the reverse containment, let Ti’*] be defined as (2.3). By Lemmas 1.2 and 2.3, we
have ‘
T = (B )\ 1 =], [ —i=1], i =i+ 1]}).
It follows easily that
(2.4) M= (F) = (T "u{li—1—i}).
By the definition of Tl-"*1 , we easily deduce that
(2.5) T ={aco " ia=1i}.
We now prove that D; C M; ;. Let o € D;. We partition into two cases.
Case 1. |Im(a)| = 1. Clearly, a = ([’i‘]) (since a € D;, we have i = i). Then, by (2.4)
and (2.5),
a= <[n]) clacoi M ia=i}=T/""CM;
- i n . - - 4 = Ll

Case 2. |Im(a)| = r > 2. From [2, Theorem 3.3], we know that ¢ can be expressed as
(A Ay - A,

o= <bl by - br>’
where Ay = {a;,a;+1,...,a51 — 1}, s =1,2,...,r, the subset {ay,ay,...,a,} is an initial
points set of kernel classes A1,Az,...,A,, a1 < az < --+ < a, and (by,by,...,b,) is cyclic.
Since o € D;, we have ia = i. Then there exist k € {1,2,...,r} such that by =i and i € Ay.
Note that Ay = {ag,ar + 1,...,ax+1 — 1}. We may now partition into two cases according
toay =iorag#i.
Case 2.1. a; =i. Note that by =i and (by,b2,...,b,) is a cyclic. From Lemma 2.1, we
easily deduce that
(2.6) i=bp<i1<iab<iib <iy-<io1 b
Note that A; = {i,i—|— 1,... s A1 — 1} andA;_1 = {‘(Zkfl,ak,l +1,...,i— 1} (since aq, — 1 =
i—1). Then, by (2.5), (2.6) and the definition of ﬁ,’z’l,

A At - A AL A i-1
o= eT' .
(bk b1 - by by ... b !
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Thus, by (2.4), a € /™' C M.

Case 2.2. a; #i. Since i € Ay and Ay = {ay,ax+ 1,... a1 — 1}, we have i — 1 € A;.
Let A; = {ax,ar+1,...,i— 1} and A" = {i,...,ax41 — 1}. Then A = A; UA;*. Note that
by=iand A; = {as,as+1,...,a541 — 1}, s =1,2,...,r. Let

B = A A o A AL A A
i @1 0 oa oap - @y i—1)7

y= AP A - A AL Ay A UAR
by by -+ by by - bpo b1 '

Then clearly o = B[i — 1 — i]y. Note that [i — 1 — i] € M;; (by (2.4)). To prove that
@ € M, it suffices to prove that y € M;; and B € M;; U {1}, }, where 1}, be the identity
mapping on [n]. By (2.5), (2.6) and the definition of &', we have y € T;~!. Thus, by (2.4),
VA T;’l CM,;;. Sincei—1,i € Ay, we have ap <i—1<i<ag—1<ag . Note that
a; <ap < --- <a,. It easily follows from Lemma 2.1 that
E<io1 Qe Sim1 o0 Sim1 @ Sim1 a1 Siep oo S G- S g Si-1 - 1

If r = n— 1, then clearly = 1},;; if r < n—2, then, by (2.5) and the definition of o1,
B eT/~!. Thus, by 2.4), B €T/~ C M. |

Recall that Catarino and Higgins [2] had already proved that .0 &2, is a subsemiband
of J,,. We have proved in [28, Theorem 2.1] the following result.

Lemma 2.5. Forn>3,let ACE(S0P,). Then
(Ay=S02P, ifandonlyif E' CAorE, | CA.
The following lemma was proved by the author in [28, Lemma 2.3].
Lemma 2.6. Letic€ [n),e=[i+1—i], f€E(J,—1)andef ¢ {e,f}. Then
ef €Jyy ifandonlyif f=[i+2—i+1].

Let I be a subset of E(J,—1). It is obvious that I C E({I) NJ,—1). In general, E({(I) N
Ju—1) C I is false. For example, let / = E" |, then, by Lemma 2.5, (I) = .0 2, and so
E((I)NJy—1) =E(Jy_1) =E} |UE, . Then clearly E({I)NJ,_1) Z I. However, we have
the following.

Lemma 2.7. Let I be a subset of E(J,—1). If (I) C S0 P,. Then
E({(I)NJy—1) =1.

Proof. Clearly, I C E({I) NJ,—1). Now, we need to prove that E((I) NJ,_1) C I. Note that
I CE(Jy—) and E(J,-1) =E |UE, . LetI{ = (I)NE," | and I} = (I)NE,_,, then
E((I)NJu—1) =1 ULy, Let G; =1I\1, i = 1,2. To prove that E((I) NJ,—1) C I, we only
need to prove that G; = 0, i = 1,2. Note that G; C I C E,'ltl and G, CI; CE, . Now, we
assume that G| # 0, and so there is some idempotent element e = [k — k+ 1] € I;\I. Note
that I C (I) and I C E(J,,—;). Obviously, we may suppose that

e=ejey---e,, where e €l,i=12,....nr>1,

and
eieiy1-ejFene;, 1<i<j<r
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Since e € J,,—1 and e ¢ I it follows that eRe;, eLe,. By Lemma 1.1, we have e; = [k+1 —
k] and e, = [k — k — 1]. By repeated use of Lemma 2.6, we have ¢; = [k+i — k+i— 1]
(i=1,2,...,r). Thene, =[k+r—k+r—1]=[k—k—1] and so r =0 (mod n). It
follows immediately that £, | = {[k+i — k+i—1]:i € [n]} = {e1,e2,...,e,} C 1. Thus,
by Lemma 2.5, (I} = . € &, contradicting the assumption that (/) C .0 &, Similarly,
we can prove that G, = 0. 1

Let I and J be nonempty subsets of E(J,—1). It is obvious that I CJ = (I) C (J) =
K(n,n—2)U({I) CK(n,n—2)U(J). In general,  CJ < (I) C(J) and I CJ < K(n,n—
2)U(I) C K(n,n—2)U(J) are false. For example, let / = E | and J = E, ,, then, by
Lemma 2.5, (I) = (J) = S0P, and s0 K(n,n—2)U({I) = K(n,n—=2)U{J) = S OP,.
Clearly INJ = 0. However, we can use Lemma 2.7 to obtain the following.

Lemma 2.8. Let I and J be nonempty subsets of E(J,—1). If (J) C SO P,,. Then
D ICTe () C{U)eKnn—-2)U{I) CK(n,n—2)U{J).
i IcJe ()= Knn=2)U{) CKmnn-2)U{J).
Proof. (i) Clearly,
ICJ={I)C{J)=Knn-2)U{) CK(n,n—2)U{J).
To prove that
ICJ<={I)C{J)<=Knn-2)U{I) CK(nn—-2)U({J).
It suffices to prove that
K(n,n—=2)U{I) CK(n,n—2)U({Jy=1CJ.

Suppose that K (n,n —2) U (I) C K(n,n—2)U({J). Then (I)NJ,_1 = (K(n,n—=2)U{)) N
Joo1 C(K(n,n—=2)U{J))NJp—1 = (J)NJp—1. Thus, by Lemma 2.7,

ICE(I)NJy—1) CE((J)YNJp—y) =J.
(ii) By (i), we easily deduce that
I=J<{={J)=Knn-2)U{d)=K(nn—2)U{J).
It follows immediately that
IcJe () Cc{J)ye Knn=2)U{) CKnn-2)UJ). |
We can use Lemmas 2.4 and 2.8 to obtain the following.

Lemma29. Letic [n), T;={a € S0P, :ia=i}. ThenT; is a locally maximal regular
subsemiband of . 0 .

Proof. Let M;; be as defined in (2.1). By Lemma 2.4, we have

Q7 T={ae.SOP, ia=it=M,;=E(U)\{i—i+]1],[i—i—1]}).

Then 7; is a subsemiband of .70 %,. Let a € T;. If |Im(ax)| = 1, then clearly ¢ is an
idempotent, and so ¢ is regular. If |[Im(a)| > 2, from [2, Theorem 3.3], we know that a

can be expressed as
(A Ay - A,
®= <b1 by - br> )

where Ay = {ay,a;+ 1,...,a,01 — 1}, s =1,2,...,r, the subset {aj,a,,...,a,} is an initial
points set of kernel classes A1,A,...,A,, a1 < ap < --- < a, and (by,bs,...,b,) is cyclic.
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Since a € T;, we have io. = i. Then there exist k € {1,2,...,r} such that by =i and i € A;.
LetC; = {bj,bj+1,...,bj+1 71},]': 1,2,...,r, and let

B = G Gy - G G oo G
i ak+1 ay ay ai—1 ’
then ot = o (since i € Ay) and iff = i (since i = by € Cy). Since i € Ay, we have q < i <
aj+1 — 1 < agyy. Note that a; < ap < --- < a,. It easily follows from Lemma 2.1 that
I<ig a1 Sim1Simrar Sim1ay S Simp gy S i— L

Then, by (2.5) and the definition of ¢%~!, B € T/~!. Thus, by (2.4) and (2.7), B € T} C
M; ; =T; and so « is regular (note that o = oS ). Hence 7; is a locally regular subsemiband
of YOZ,.

Let (J) (J C E(J,—1)) be a locally regular subsemiband of . & &, properly containing
T;. We shall prove that (J) = .0 P,. If (J) C .0 P, then, by Lemma 2.8 (ii) and (2.7),

E(J)\{li—i+1],[i—i—1]}CJ,
and so
E(Jn D)\{[i =i+ 1]} CTorE(J,)\{[i—i—1]}CJ.
Note E(J,—1) = Entl UE, . It follows that
E_,CJorE5 CJ.

Thus, by Lemma 2.5, (J) = . 0 %, contradicting the assumption that (J) C .0 %, . 1

A proper subsemigroup S of .0 P, is called maximal regular subsemiband of %0 2,
if S is a regular subsemiband, and any regular subsemiband of . & &, properly containing
S must be .0 Z,,. The following lemma is the main result of [30].

Lemma 2.10. Let n > 3. Then each maximal regular subsemiband of .’ 0 &, must be one
of the following forms:

(C) K(n,n—2)U O, i€ [n].

D) K(n,n—2)U{ac 071 U0l - ia =i}, i< [n).

Proof. See [30, Theorem 4]. 1

The following lemma gives a necessary condition for a locally regular subsemiband of
S0P, to be maximal.

Lemma 2.11. Let I be a nonempty subset of E(J,—1). If {I) is a locally maximal regular
subsemiband of SO P, then T = K(n,n—2)U(I) is a maximal regular subsemiband of
SOP,,.

Proof. From [30, Lemma 13] we know that if S is a regular semigroup and / is an ideal
of S, then I is also a regular semigroup. Note that .0 &2, is a regular semigroup (see [2,
Theorem 3.1]) and K(n,n —2) is an ideal of .0 %?,. Then K(n,n —2) is regular and so
T = K(n,n—2)U(I) is regular (since (I) is regular). From [29, Theorem 2.1] we know that
K(n,n—2)=(E(J,—2)). Then

T=K(n,n—-2)J{I) = (E(Jy—2)UI).
Thus T = K(n,n—2) U (I) is a regular subsemiband of .70 &,,.
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Let S be a regular subsemiband of .0 &2, properly containing T. Clearly S = (E(S))
and K(n,n—2) C T C S. We easily deduce that S = K(n,n —2)US = K(n,n —2) U(E(SN
Ja—1)) and so

Knn—=2)U{I)=T CS=K(n,n—2)U(E(SNJp—1)).

Note that E(SNJ,—1) C E(J,—1) and S C L0 Z,,. Then, by Lemma 2.8 (ii), (/) C (E(SN
Ju—1)) and so, by the locally maximality of (I), (E(SNJ,—1)) = SO P,. Thus S=.S 0P,
and so T = K(n,n—2) U(I) is a maximal regular subsemiband of . 0 Z,,. 1

Our final lemma is

Lemma 2.12. Letn > 3. Then
Of = (E(0FnJ,1)).

Proof. See [28, Lemma 2.2]. 1
Now, we can prove Theorem 2.1.

Proof of Theorem 2.1. From Lemma 2.9 we know that 7; is a locally maximal regular sub-
semiband of 0 Z7,. By Lemmas 1.2 and 2.12, we have

(2.8) O = (E(J)\{[i — i+1],[i+1—i]}).
It is well known that &, is regular. From Lemma 4.1 in [2], we know that the mapping
@;: f — a"'fd is an isomorphism between €, and &', where a = (123-- -n) is the fixed
generator of the cyclic group Z,. Then &' is regular and so, by (2.8), S; = & is a locally
regular subsemiband of . 0 22,,. Let (J) (J CE(Jy—1)) be alocally regular subsemiband of
S0P, properly containing S; = O},. We shall prove that (J) = 0P, If (J) C SO P,
then, by Lemma 2.8 (ii) and (2.8),
E(-D)\{[i—i+1],[i+1—=1d} CJ,

and so

E(Ju-)\{[i—i+ 1]} CJor E(Jp—)\{[i+1—1i]} CJ.
Note that E(J,—1) = E | UE,_,. It follows that

E_,C JorEnt1 cJ.

Thus, by Lemma 2.5, (J) = .0 %, contradicting the assumption that (J) C S0P,
Hence S, is a locally maximal regular subsemiband of .0 Z,,.

Conversely, we shall prove that each locally maximal regular subsemiband of .0 %,
must be of the form S; or 7;. Let C; = K(n,n—2)U &% and D; = K(n,n—2)U{a €
O-1U 0! :ia =i}. By (2.8), we have
(2.9) Ci=Knn—2)U 0 =K(n,n—2)U(E(J,_\{[i = i+1],[i+1—1i}).

Let M;;, S§ and Ti"*l be defined as (2.1), (2.2) and (2.3), respectively. By the definition of Sf,
T/~!, we easily deduce that Si = {a € 0} : i =i} and T} ' = {@ € 0i7" : it = i}. Then,

1

by Lemma 2.2,
Di=K(nn-2)U{ac 0700 ia =i}y =K(n,n—2)USIUT !
=K(n,n—2)U{(SIUT YNt} = K(n,n—2)U(M;; N Jy—1)
(2.10) =K(n,n—2)UM;; =K(n,n—2)U(E(J,—1)\{[i = i+1],[i = i—1]}).
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Suppose that (I) (I C E(J,,—1)) is a locally maximal regular subsemiband of .0 &,,.
Then, by Lemma 2.11, T = K(n,n —2) U (I) is a maximal regular subsemiband of . 0 &,,.
Thus, by Lemma 2.10, (2.9) and (2.10), there exist s € [n] such that T = C; = K(n,n—2) U
(E(Jp=1\{[s — s+ 1],[s+ 1 — s]}) or there exist ¢ € [n] such that T = D, = K(n,n—2)U
(E(Jyu—1\{[t = t+1],[t — t — 1]}). It follows easily from Lemma 2.8 (i) that

() = (E(Jn-)\{[s = s+ 1],[s+1—=s]}) or (I) = (E(Ju—)\{[t = 1+ 1], [t — 1 = 1]}).
Thus, by (2.8) and Lemma 2.4,
() =(E(Un-)\{[s = s+1],[s+1—s]}) = Oy =S;
or
(D) =(E(n-)\{[t =t +1],[ =1 =1]}) =M,
={ae S0P, . ta=t}=T,.

It now is obvious that . 0 &), has n locally maximal regular subsemibands of type (A),
and n locally maximal regular subsemibands of type (B). Hence .0 22, has 2n locally
maximal regular subsemibands. This completes the proof of Theorem 2.1. 1

Remark 2.1. By Lemma 2.4 and (2.10), we have
K(nn—2)U{ac 000! i =i} = K(n,n—2)UM;;
=Knn-2)U{aec S0P, io=i}.

From this fact and Lemma 2.10 (the main result of [30]), we immediately obtain the
following result, which is a clearer than the main result of [30] (see [30, Theorem 4]).

Theorem 2.2. Let n > 3. Then each maximal regular subsemiband of . O &2, must be one
of the following forms:

(C) K(n,n—2)U O, i€ [n].

D) K(n,n=2)U{a € LSOP, :io =i}, i€ [n].

3. Some related problems

In [26], You described the maximal regular subsemigroup of the ideals of 7. In turn, the
maximal subsemigroup of the ideals of .7, was given by Yang and Yang [20]. In [27], You
and Yang classified the maximal subsemibands of . ing,. Yang and Yang [25] obtained the
classification of maximal regular subsemibands of .%ing,. For the semigroup .7, it is then
natural to ask for the problem concerning the description of (locally) maximal subsemibands
or (locally) maximal regular subsemibands of the ideals of .7}, which are open questions.

On the other hand, as the notions of order-preserving transformation and orientation-
preserving transformation have been widely considered for several classes of transformation
semigroups, it is also natural to consider the semigroups &), and & &,,. We also may ask for
the problem concerning the description of (locally) maximal subsemibands or (locally) max-
imal regular subsemibands of the ideals of the two semigroup. Dimitrova and Koppitz [3]
determined all the maximal subsemigroups of the ideals of &,,. The same authors [4] clas-
sified completely maximal regular subsemigroups of the ideals of &,,. Recently, Zhao [31]
classified completely maximal regular subsemibands of the ideals of &,. Further, Dim-
itrova, Fernandes and Koppitz [6] described all the maximal subsemigroups of the ideals of
0%,. All the other cases remain as open problems.
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