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1. Introduction

We consider the following minmax fractional programming problem:
(P) Minimize v (x) = sup 252 subject to g(x) < 0, x € R", where Y is a compact
yey

h(x,y)

subset of R, f(-,-) : R" xRl — R, h(-,-) : R* x R — R, are C*> mappings on R" x R’ and
g(-) : R" — R™is C?> mapping on R". It is assumed that for each (x,y) in R" x R, f (x,y) >0
and A (x,y) > 0.

There are several researchers interested in a class of minmax programming problem. For
detail one can consult [1, 4, 12] and the references cited therein. Particularly, Schmittendorf
[19] considered the following minmax problem:

(P1) minsup f (x,y) subject to g(x) = (g1 (x),g2(x),..., & (x))" < 0, where Y is a

yeyYy

compact subset of R”, f(x,y) : R" x R" — R and g(x) : R" — R’ are C' mappings and
superscript 7 denotes the transpose of a column vector.

Under the conditions of convexity, Schmittendorf [19] obtained the necessary and suf-
ficient optimality conditions for (P1). Yadav and Mukherjee [20] employed the optimality
conditions presented in [19] to construct two kinds of dual problems and derived duality the-
orems for convex differentiable minmax fractional programming problem. In [6], Chandra
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and Kumar pointed out that the formulation in [20] has some omissions and inconsistencies,
and constructed two modified dual problems and proved duality theorems. Later on, Liu and
Wau [15, 16], Liang and Shi [14], Yang and Hou [21] and Ahmad and Husain [3], proposed
the convexity/generalized assumption for sufficient optimality conditions in [5], employed
the optimality conditions to construct dual problems and established duality theorems.

In [22], Zalmai used a certain infinite dimensional version of Gordan’s theorem of the
alternative to derive first and second order necessary optimality conditions for a class of
minmax programming problems in a Banach space, and discussed several sufficient criteria
and duality formulations under generalized invexity assumptions. The second order dual
for a nonlinear programming problem was first formulated by Mangasarian [17]. Hanson
[10] defined second order type-I functions and obtained second order duality theorems for
nonlinear mathematical programming problem under appropriate condition on the involved
functions.

Zhang and Mond [23] introduced the concept of second order (F,p)-convexity and es-
tablished some duality results concerning with nonlinear multiobjective programming prob-
lems. Ahmad and Husain [2] extended (F, o, p,d)-convex functions which were introduced
by Liang er al. [13] to second order (F,a,p,d)-convex functions. Hachimi and Aghezzaf
[9] further extended it to second order (F, &, p,d)-type I functions. Very recently, Gupta and
Kailey [8] formulated a pair of second-order multiobjective symmetric dual programs over
arbitrary cones and appropriate duality theorems are established under K-7n-bonvexity as-
sumptions. Gupta and Dangar [7], considered Mond-Weir type multiobjective second-order
symmetric dual models with cone constraints in which the objective function is optimised
with respect to an arbitrary closed convex cone and established duality relations under K-
n-bonvexity assumptions.

Bector et al. [5] discussed second order duality results for minimax programming prob-
lems under generalized binvexity. Recently, Husain ef al. [11] formulated two types of
second order dual models for minmax fractional programming problem (P) and established
weak, strong and strict converse duality theorems under the assumptions of 1-bonvexity/
generalized 1-bonvexity.

In this paper, inspired from the work of Ahmad and Husain [2], Hachimi and Aghez-
zaf [9] and Husain ef al. [11], we establish the second order duality theorems for min-
max fractional programming problem (P) under the assumption of generalized second order
(F,a,p,d)-type I functions. The paper is organized as follows. Some definitions and no-
tation are given in Section 2. In Section 3, the duality results are presented. Concluding
remarks are presented in Section 4.

2. Notation and preliminaries

Let R" be the n-dimensional Euclidean space and R’} its non-negative orthant. Let X be a
nonempty open subset of R”. Forx,y e R", weletx<y< y—xe€R!; x<y&y—xe
R\ {0).

Throughout this paper, we denote by S = {x € X : g(x) <0} the set of all feasible solu-
tions of problem (P). For each (x,y) € R" x R, we define

Jx)={jeM={1,2,...m} : g;j(x) =0},

v ={yeririny) =sms 3.

zeY
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— 5 S ls . — S
and K (x) = {(s, 1, ) ENX R, xRS : 1 < s < n+1, t=(t1,0p, ..., t;) ER’,

N
with Y ti=1,5= (1,52, ..., J5), with 5; =Y (x) ,i=1,2,...,s}.
i=1

1

Definition 2.1. A functional F : X x X X R" — R is said to be sublinear in its third argument
if for any x,x € X,

() F(x,%a1+ax) < F(x,%a1)+F (x,%;a2) Vap,ax €R";

(i) F(x,%;00a) = aF (x,5;a) Vo€ Ry NaeR"

By (ii) it is clear that F (x,x; 0) = 0.

Now, we let F be a sublinear functional and d(-,-) : X xX — R. Let o = ((xl,az),
where a', a? : X xX — R, \ {0}, p = (pl,pz), where p! = (pll,pzl,...,psl) €R*and p? =
(p?.p3,....p5) ER™ Let f(-,-) : X XY (x) — Rand g () : X — R™ are twice differentiable
functions.

Definition 2.2. [4] For each j € M, (f,g;) is said to be second-order (F,o,p,d)-type I at
xeXifforallx €S, pe R" and y; €Y (x), we have

1
S Oeyi) = f (%) + EPTVZf(f»yi)P
>F (x,5a' (x,%) [Vf (&) +V2f (&) p] ) +pid* (x,5), i=1,2,..s,
1
—8®+5p Vi (®)p

> F (x50 (x,%) [Vg; (%) + V3¢, (%) p] ) + pid” (x,%), j=1,2,....m.

If the first inequality in the above definition is satisfied under the form
_ 1 _
Jeyi) = f(%yi)+ EPTVZf (*,yi)p
> F (x5 al (x,5) [V (%) +V2f(®yi)p]) +pld* (x.5), i=12,..5s,
then we say that for each j € M, (f,g;) is second-order strictly (F, o, p,d)-type I at X.

Definition 2.3. [4] For each j € M, (f,g;) is said to be second-order pseudoquasi (F,a, p,d)-
typelatx € X ifforallx €S, p € R" and y; € Y (x), we have

feyi) < f (@) - %pTsz (%yi)p
= F (x, 50" (x,%) [Vf (%) + VA (®yi) p] ) < —pid* (x,5), i=1,2,...,5,
—8j (%) + %pTVzgj (©)p <0
= F (x,)?;az (x,%) [Vg;j (%) +Vig; ®p]) < —pjzd2 (x,%), j=1,2,...,m.
If the first implication in the above definition is satisfied under the form
F (v g0 (x,%) [Vf (&) +V2f (£y1)p]) = —pid® (x.5),

_ 1 _ .
:>f(xayi) >f(xayi)7 EpTvzf(xayi)pa L= 1727"'a5,
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then we say that for each j € M, (f,g;) is second-order strictly pseudoquasi (F,a,p,d)-
type I at X.

The following result will be needed in the sequel in the proof of strong duality theorem.

Theorem 2.1. [6] Let x*be a solution of problem (P) and let Vg (x*), j € J (x*), be linearly
independent. Then there exist (s*,t*,5°) € K (x*), A* € Ry, and u* € R’} such that

VY 5 (fO5) = Ah(57)+V Y uigi(x*) =0
i=1 j=1

SOOI =Ah(x,5) =0, i=1,2,..5s"

Zl’l g]( ):07

N

©

*

i=1
3. Duality

In this section, we consider a general dual to (P) and discuss duality results in which various
generalized second-order (F, o, p,d)-type I hypothesis are imposed on certain combination
of the functions f, 4 and g. This is accomplished by employing a certain type of partitioning
scheme which was originally proposed by Mond and Weir [18] for the purpose of construct-
ing generalized dual problem for nonlinear programming problems. We state our general
dual model and discuss duality results as follows:

(GMD) max sup A,
(5:1.9)€K (@) (z,u.1,p)H (s..5)
where H (s,t,7) denotes the set of all (z,1,A, p) € R" x R} x Ry X R" satisfying

VZL (z.91) — Ah(z,51)) VzZn f(z3i) = Ah (2, 5))p
3.1 +VY wigj(2)+ VY wig;(x)p=0,
= =
Y 6 (f (31 = Ah(z,5) + Y mjg)(2)
i=1 Jj€lo
l N
(3:2) =3PV L (f (30) = Ah(2,50) + ) wig; ()| p >0,
i=1 jedo
(33) Z ou]g] EPTVZ Z nujgj > 07 ﬁ = 152a"'7ra
JE]ﬁ ]EJB

where Jg C M, B =0,1,2,...,r, with ﬁLrJ Jg =M and J,NJg = ¢ if y# . If, for a triplet
=0

(s,1,¥) € K (), the set H) (s,1,7) = ¢, we define the supremum over it to be -co.
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Theorem 3.1. (Weak duality) Let x and (z,lL, A,s,t,¥,p) be feasible solutions to (P) and
(GMD), respectively. Assume that

(1) <'Zs‘.1ti (f(a}_)l)_z’h(ayl))_F Z :ujgj ()a Ezj .u'jgj ()) is second order (F,(X,p,d)—
= J ﬁ

=)
type I at z,
L5_1 P}
a2(x,z) > 0.
Then
Supf (x,y) S
yeyYy h( )
Proof. Suppose contrary to the result that
sup (%) <A
yey h ()C Y)

Therefore, we have f(x,7;) — Ah(x,3;) <O for all j; € Y (x), i = 1,2,...,s. It follows
from#; >0, i=1,2,...,s, that

L (f(xa.)_}i) 7&]’1(,(,)71)) < 07
with at least one strict inequality, since t = (t1,%, ...,%;) 7 0.Taking summation over i, we
have

Ztl x yl 2'h(xvyl)) < 0;

which, by the feasibility of x for (P), u € R and (3.2) gives

-

6 (f (6, 50) — Ah (x,30) + Y 1jgj(x) < _i f(z3) = Ah(z,30))+ Y 1igj(2)

i=1 Jj€Jdo J€Jo
1 N
*EPTVZ Y 6 (f(@y) —Ah(z,5)+ Y, wig; (Z)] p.
i=1 VE
That is,
th (x,9i) — Ah(x,5;)) + Z g (x) = ) ti(f (z,9i) — Ah(z,51)) Z gz
= i=1 =)

1 S

(3.4) +§PTV2 lz 6 (f (z,51) = Ah(2,30) + Y M58, (Z)] p<0.
i=1 =

Using (3.3), (3.4) and hypothesis (i), we obtain

0 >Zt, (x,30) = Ah (x,5:)) + ) bgj (x) = iti(f( i) = Ah(z50)) = ) wig; (2
i=1

Jj€Jdo Jj€do

+ pTV

Z —Ah(z,3)+ Y myg)(z ]p

Jj€Jdo

i=1

>F (x zo <VZI, f(z,3) — Ah(z,5)) +v2iz,- (f (z,9) — Ah(z,5))p
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+V Y wigi @+ Y wg, (Z)p>> +pld?(x,2),

J€Jo J€Jdo
and
— Y wigi(a)+ pTV2 ) wigi(@)p
JeJ Jj€Jlp
>F|xza VY g+ Y wigi(@p | | +ppd* (x.2),
jEJﬁ jEJﬁ
B=12..r

Since a' (x,z) > 0 and & (x,z) > 0, by using the sublinearity of F, the above two in-
equalities imply

(X Z; (Vztl Z yl Ah Z y: V2 Z[l Z YZ —Ah (Zv)_)i))p>

12
pid-(x,z
3.5 +V Y wigi @+ Y wigi(@)p | < —W,
J€lo jdo 2
and
5 ppd’ (x,2)
3.6 Flxz (VY wg@+V2 Y wei@p| | < Lorrs, B=1,2,.r
Jjelp Jj€Jp o (x,2)

From (3.1), (3.5), (3.6) and the sublinearity of F in the above inequalities, we summarize
to get

0=F <X7Z§Viti (f (z.91) = A (z,50)) + V2 Zs:fi (f (z.51) = Ah(z,5:))p

i=1 i=1

+V i wigj(z) + V2 f‘, 1i8; (Z)p>
j=1

J=1

<F<x7z; (Viti(f(z,yl) Ah(z,3)) VzZtl f(z3) lh(z,y‘i))p>

i=1

+V Y wigi @)+ V2 Y wig; (Z)p> +Y Flxz | VY wg(@0+V Y, wei@)p

-

jeo j<h 1 Jj€Jlp Jjelp
D YA
Py B=1FB | » .
< — d”(x,z) <0. (b
(al (_X’Z) + az (-X’Z) > (x Z) ( y(ll))
Thus, we have a contradiction. Hence, the proof is complete. 1

Theorem 3.2. (Weak duality) Let x and (z,l,A,s,t,¥,p) be feasible solutions to (P) and
(GMD), respectively. Assume that
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() (Zti (fC3) = AR(5))+ X pigi (), X ngj(-)> is second order pseudoquasi
i=1 J€D Jjelp
(F»O‘7P>d)'lype Latz,

Th_1 P}
o) = O

Then
sup Fxy) >A.
yey /’Z(X,y)

Proof. We proceed as in the proof of Theorem 3.1 and obtain

Ztl (x.31) = Ak (x,50) + ) g (x) < Zh (2.51) = Ah(z.30)) + ), migj (<)

Jj€lo Jj<Jdo

(3.7) 1 p'v?

i f@3) =A@ 3)+ Y #181(2)1 p.

i=1 J€Jo
Using (3.3), (3.7) and hypothesis (i), we obtain
s
F (x za! (VZtl (z,51) = Ah(2,9:)) + V2 Y 1 (f (z,50) — Ah (2,50))p

i=1

+V Y wigi(+V2 Y we, (Z)p>> < —pld*(x,z),

Jj€do J€Jdo
and

jGJB jEJB

F (x za ( Y wigi(x)+V* Y wig; (Z)p)) —ppd* (x,2).

Since ! (x,z) > 0 and &? (x,z) > 0, and the sublinearity of F in the above inequalities,
we summarize to get

(X Z; VZ[, 7)’1 Ah (Z,yi)) +V2 i[i (f(Z,)_/i) *Ah (27)_)1'))1)

i=1

+V i wigj(z) + V> Z 18 (2) p)

= =
pi 223=1pl% 2
(3.8) <- <a1 et ) & (x,7).
Since—LL— + Z-1%5 5 () inequality (3.8) yields
) T a2(xa)

()C Zavztl Z )’z Ah(zaﬁ))"‘rvziti (f(Z,}_’i)—th(ZJ_]i))p

i=1

VY wigi(2)+ VY wigi(z) p) <0,
j=1 j=1
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which contradicts (3.1), as F (x,z;0) = 0. This completes the proof. 1

Theorem 3.3. (Strong duality) Assume that x* is an optimal solution to (P) and Vg (x*), j €
J(x*), are linearly independent. Then there exist (s*,t*,5*) € K(x*) and (x*,pu*,A*, p* =
0) € Hy(s*,t*,3*) such thar (x*,u*, A%, s*,1*, 7, p* = 0) is a feasible solution to (GMD)
and the two objectives have the same values. Further, if the hypotheses of weak dual-
ity Theorems 3.1 or 3.2 hold for all feasible solutions (z,l4,A,s,t,¥,p) to (GMD), then
(x*, u* A% s* 15 5%, p* = 0) is an optimal solution to (GMD).

Proof. Since x* is an optimal solution to (P) and Vg;(x*),j € J(x*), are linearly inde-
pendent, then by Theorem 2.1, there exist (s*,7*,7) € K(x*) and (x*,u*,A*,p* =0) €
H, (s*,t*,7") such that (x*, u*, A* s*,¢*, 77, p* = 0) is a feasible solution to (GMD) and the
two objectives have the same values.

Optimality of (x*, u*,A*,s*,t*,5*, p* = 0) for (GMD) thus follows from weak duality The-
orems 3.1 or 3.2. 1

Theorem 3.4. (Strict converse duality) Let x* be an optimal solution to (P) and (z*,u*, 1%,
s*, 15,5, p*) be optimal solution to (GMD). Assume that the following conditions are satis-
fied:

(i) Vgi(x*),j e J(x*), are linearly independent,

(ii) (Z t(fC3) = A*h(5:)+ X uigi(), ¥ /J.}‘gj(-)> is second order strictly
i=1 Jj€Jo jEJﬁ
(F a ,p,d) -type-Iatz ,
Lp-1Pp
(111) + aZ(x* *) > 0

Then 7 =x" that is, z" is an optimal solution of (P).

Proof. Suppose to contrary that z* # x* and exhibit a contradiction. Since x* and (z*, u*, A%,
s*,t*, 5, p*) are optimal solutions of (P) and (GMD), respectively, and Vg;(x*),j € J(x*),
are linearly independent, therefore, by Theorem 3.3, we obtain
sup 7f(x*,y*) = A"
yreY h(x 3y )
Therefore, we have
Fx*3) — A h(x*,57) <Oforall 5F € Y (x*), i=1,2,...,5"
It follows from ¢/ > 0, i = 1,2, ..., 5%, that
with at least one strict inequality, since t* = (tl*,t2 sy s) # 0. Taking summation over i, we
have

5

©“

=1

which by the feasibility of x for (P), u* € R’} and (3.2) gives

*

S )
Y i (FO ) = ATh(,57) + ) Migi(xY) 1 (f(57) = A7h(z",57))
i—1 i€l i=1

# X ) = 3 TR 5) - MG 50+ F bl

Jj€Jo Jj€J
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That is
s* 5*
ti*(f(X*v)_);f) _A'*h(X*’y?))+ Z :ujgj Z vyz ayz Z “Jg]
i=1 J€Jo i=1 J€Jo
1 * < * =k * Pa— * *
(3.9) 5P VL () AT + ) gz )] p" <.
i=1 i€l

Using (3. 3) (3.9) and hypothesis (ii), we obtain

©

0> Zt *7)_]? —-AF h(x 7)_)1' + Z lJ'jgj (X*)_ t;k (f(z*vy;k)_)’*h(z*ay;k))

=) i=1

Z DI AR T+ ) K8 (Z*)] p'
i=1

Jj€do

|-
=Y wigi)+ pTV2
Jj€Jo

>F<x ol <VZt Z5)) = ATh(Z,5))) +V22t (2", 57)

YE J€J

“AMRE I P VY wigi )+ VY uig; (Z*)p*>> +pid*(x*,2"),
and

=) migi(e)+ zp*TV2 Y wigi(&)p'
Jelp Jjedg

SF [ x*2h0% (5,2 | VY wigi @)+ V2 Y uigi()p*
jEJﬁ jEJ‘B
—|—pﬁd2(x ), B=12,...r

Since o' (x*,z*) > 0 and o (x*,z*) > 0, by using the sublinearity of F, the above two
inequalities imply

(x 7" 5 (VZ[ *ayf —A" h *a)_};k +szt ’yz )L*h(*’)_):k))p >

i i . . le x*,Z*
(3.10) +V2ujgj(z )+V22ujgj(z p <—7p11 (* ” ),
i<l i<l al (x*,27)
and
dez(x ,2")

Gah PN VY wie @)+ VY wigi(@)p | | <-

Jj€lg Jj€lg o (x*,z%)

B=12,..r
From (3.1), (3.10), (3.11) and the sublinearity of F, we get

i=1

s*
0:F<x*,z*;VZt7(f(z*,y'l) A*h(z",57)) +V22t 25) = Ah(Z,57)p"
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m ) m
* * * * *
+VY g )+ VY g p
j=1 j=1

<F <X*7z*; <V2t7 (f (&"37) = A"h(",57)) +V22t & 3) = ATh(Z5))pt )

i=1

+V Y wigi@)+V* Y wig; (Z*)P*>

Jj€Jdo J€J

.
+ Y Pl (VY wigi @)+ V2 Y wigi (@)
p=1 Jelg jels

1 r 2
<—< A, Lo-17p )dZ(X*,Z*)SO (by(iii))

(Xl ()C*,Z*) aZ (X*,Z*)
Thus, we have a contradiction. Hence z* = x*. 1

Theorem 3.5. (Strict converse duality) Let x* be an optimal solution to (P) and (z*, ", 1%,
s*, 15,5, p*) be optimal solution to (GMD). Assume that the following conditions are satis-

fied:
(i) Vg;(x*),j € J(x*), are linearly independent,

(i) 'thi* (f3) —A"h(9)+ X pigi(e), ):J Kigj ()) is second order strictly
= JE B

icdo
pseudoquasi (F, Oc,p,d) -type I at 7,
Y5 1P}
(i) gritoy + aﬁxi = >0.

Then, 7" = x*; that is, z* is an optimal solution of (P).

Proof. We proceed as in the proof of Theorem 3.4 and obtain

(@ 57) - AR S+ Y g 07) < Yo (F &5 - ATh (D)) + Y g ()
i=1

i=1 i€l j€ho
(3.12) *TV2 Zt 37 = ATh (" 57)) + Zujgj(z*)] P
J€h
From (3.3), and by the second part of the hypothesis on
s*
<Zt,-* (f(3) =A"h (- 30) + X ujgi(), X mjg;(-) |atz", we have
i=1 il Jj€lg
Flxza? VY wig)+V Y wig)pt | | <-ppd® (.2,
/E]ﬁ jE]ﬁ
B=1,2,...,r. As & (x*,z*) > 0 and as F is sublinear, it follows that
x % * * * *\ % p dz (x Z )
(3.13) Flx25 (VY wigi(@)+V Y ujgi(@)p < —%,

jEJﬁ jGJﬁ
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B =1,2,...,r. On the other hand from relation (3.1) and the sublinearity of F, we obtain
s*
0=F <X*,Z*;Vzt7 (f (&57) = A"h(2",57) VzZt 5) = Ah(Z",5)p"
i=1

j=1 j=1

m m
+V Y wigi () + VY uig, (Z*)P*>
(x zZ* VZt &57) = Ah (", 57)) VZZI 2 5;) = Ah(Z,57)p”
J€Jo J€Do

+V Y Higi (&) + VY g <Z*>P*>

.
+ Y F(x25V Y wigi(@)+ VY wigi()p*
B=1 jEJﬁ jEJﬁ

That is,

ZF X2V Y wigi @) +VEY wigi(@)pt

]EJﬁ jEJﬁ
S
> —F (X, 25V ) 7 (f(5]) = Ah(Z",57}))
i=1
(3.14)
VzZt ) = ARG TP AV Y uig )+ VY uig; (Z")p*) :
J€Jo J€Jo

From relation (3.13), (3.14), we obtain

(x 48 (VZt (&, 5) = A" h(Z",57)) +V22t 5 57) = ATh(Z57))p"

+V Y wigi @)+ Y wigi()pt| | = b= zﬁ* —.
i€l j€dy o (x*,z )
Pll ZE:]PE >0 /% % 0 d th bli . f F. the ab
ol (x .2 + P Z o (x ,Z ) > 0 and the sublinearity of F, the above
inequality becomes

In view of

S*
F<x 70! ( i (f(&57) = A"h (2, 57)) szt 2531) = ATh(Z57))p

i=1

+V Y wrgi(2)+V Y g, (z*)p*>> > —pid* (x*,2").

Jj€Jy Jj€Jo
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S*
Using the first part of the hypothesis on ( ¥ # (f (-, 3:) = A*h(-,3:)) + ¥ uig;(-), ¥ uig;(-)
i=1 V) jEJﬁ

at z*, it follows that
s* Hjgj

FFOET) = AR ) + Y () > Y () A () + Y g (&)
i=1

i=1 J€Jo J€Jo
1 *T 72 < * * ok * * = * *
5PV L (FE@F) A )+ ) g ()| P
i=1 i€
which is a contradiction to (3.12). Hence z* = x*. 1

4. Conclusions

In this paper, we have discussed the second order duality to minmax fractional program-
ming problems under the assumptions of generalized (F, o, p,d)-type I convexity. It will
be interesting to see whether or not the second order duality results developed in this paper
still hold for the following nondifferentiable minmax fractional programming problems:
1/2
(P2) Min sup 220750
ver wley)— (7 Dx)

subjectto g (x) < 0, x € R",

where Y is a compact subset of R”, ¢ (.,.), w(.,.) : R"XR™ —Rand g(.,.) : R" =R
are continuously differentiable function, and B and D are two positive semidefinite n x n
symmetric matrices.

. Re[9(&.)+(<" Bz) 1 )"
(P3) Min sup 757
veEW Re[ TDZ ]
subject to —g (&) € SO, é cc
where £ = (z,7), v=(ww)forzeC", wel,¢(-):C"xC¥ - Cand y(-,-):
C?" x C?! — C are analytic with respect to &, W is a specified compact subset in C*, §°
is a polyhedral cone in C™ and g : C*" — C™ is analytic. Also B,D € C"*" are positive
semidefinite Hermitian matrices.
This would be task of some of our forthcoming work.
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