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Some Sharp Poincaré Inequalities with Weights on Carnot Groups
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Abstract. We prove some weighted Poincaré inequalities on Carnot groups and obtain the
sharp constants. These improve the corresponding results of Fausto Ferrari and Enrico
Valdinoci.
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1. Introduction

Let Q be a domain in R” and A be a smooth symmetric matrix function on Q. Assume that
there exist A > 0 such that for every & € R” and all x € €, there hiolds

0<(A)E,8) < AlE%
F. Ferrari and E. Valdinocihad [4] have showed that if u is a C? stable week solution of the
following PDE
div(A(x)Vu(x)) = f(u(x)),

then the following general Poincaré inequality holds:

2 2
(1) Lawvevorve= [ wie

where
n

n
W(x) =Y (A(x)Vu;, Vi) — (A(x)(D*u-N),(D*u-N)) — Y div(A;(x)Vie)u;
i=1 i=1

and N = Vu(x)/|Vu(x)|. By the choice of suitable A(x) and stable solutions, F. Ferrari and
E. Valdinocihad [4] obtained some weighted Poincaré inequalities for the Laplace operator
in the Euclidean space R”, Kohn’s sublaplace operator in the Heisenberg group H", the
sublaplace operator in the Engel group, the Franchi-Grushin-Lanconelli operators and the
p-laplacian in the Euclidean space R".

The aim of this note is to prove analogous Poincaré inequalities with weights on Carnot
groups. We refer to [7, 11] for Hardy inequalities on this groups. Our proof shows if one
considers the weighted Poincaré inequalities on Carnot groups (not the general Poincaré
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inequality (1.1)), one needs not use the stable solutions. In fact, we offer here an alternative
elementary proof, in which some calculus is enough.

To state our results, we need some notations. Recall that a Carnot group G is a stratified,
simply connected nilpotent Lie group with the Lie algebra g = @j_, V; satisfying [V1,V;] =
Vigr forall 1 < j <r—1. The integer r is called the step of the group G. Set n; = dimV;
(1 <j<r). Let {Xj,...,X,, } be a basis of V| and denote by Vg = (Xi,...,X,,). Set

EW =& X 4+ &, X, and |ED)] = \/&f + -+ &2 To this end, we have

Theorem 1.1. Let p > 1 and o0 > 0. If G is a Carnot group of step 2, then for all ¢ € Cy'(G),
there holds

n+a\’ ple()| p|g)jotp
12 (") [oriete < [ 1voopie®)

and the constant ((ny + )/ p)? in (1.2) is sharp.

Let H”" be the Heisenberg group whose group structure is given by

n
(x,t)o (X, t') = <x+x’,t+t/+2 Z(xzjxlzjfl x2j1x/2j)> .
=

The vector fields Xp;_1 = 3/8XQ]'_1 +2)C2ja/al‘, Xpj= 8/8x2j —2)C2j_1a/at7 (j=1,...,n)
are left invariant and generate the Lie algebra of H”. It is easy to check that H" is a Carnot

group of step two. By Theorem 1.1, we have the following corollary which improves [4,
Theorem 1.3].

Corollary 1.1. Let p > 1 and o¢ > 0. There holds, for all ¢ € Cy(H"),

2n+a\?
(1.3) ( >/|¢"|x|“£/ [VEo|?|x|**7,
P H”» H”»

where Vig = (X1,...,Xon), and the constant (2n+a)/p)? in (1.3) is sharp.

When G is a Carnot group of step r with r > 2, we have the following theorem.

Theorem 1.2. Let p > 1 and o« > 0. If G is a Carnot group of step r with r > 2, then for
o > 0and ¢ € Cy(G), there holds,

m+a\ (e plE() ot
(1) (") [lolrigie < [ waoplies.

Furthermore, if p =2, the constant ((ny + o) /2)* in (1.4) is sharp.

Denote by E the Engel group. Let

d d , 0 d
Z = a—x] 4—)628—}63 —&—xza—M and 7, = a—xz
It is known that Z; and Z, generate the Lie algebra of Engel group E and E is a Carnot
group of step 3. By Theorem 4, we have the following corollary which generalizes the [4,
inequality (1.18)].

Corollary 1.2. Let a > 0. There holds, for all ¢ € C5(E),

(1.5 (140 [ 190 +33)% < [ Va0 P(d +3)%,
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where Vi, = (Z1,2»), and the constant (14 &)* in (1.5) is sharp.

We fail to show the constant ((n + @)/p)” in (1.4) is sharp when p # 2. For the reasons,
see Remark 3.1.

2. Proof of Theorem 1.1

Recall that if G is a Carnot group of step two, then there exists m x m linearly independent
skew-symmetric matrices U), ..., U™, such that G is isomorphic to (R™*" o) with the
following Lie group law (x € R™, r € R") (see A.4, [2])
;o xi+x, i=12,....m
(x,1) o (1) = ( tj+t;-+% <x,UYXY > j=12,...n
The vector fields in the Lie algebra g of G = (R™*", o) that agree at the origin with d /dx;(j =
1,...,m) are given by
0 J L L J

Xi=5—+3 U'ixi | =,
and that g is spanned by the left-invariant vector fields
4 T — d
Sy o,
The Kohn’s sub-Laplacian on the group G is given by

2
B m 2 m 0 1 n m ) A 0
AGZXJZ<8XJ+2];<§{Uj~ixl 73tk

Xla"mea T]

j=1 j=1
and the corresponding horizontal gradient is the m-dimensional vector given by
1ym,9 1ym, 9
2 o 2 ot,,
To finish the proof of Theorem 1.1, it is enough to show that the following inequality is held
for all ¢ € C*(R™")

m+a\’
2 (") [ Jovie< [ wapplaier
P Rm+n RmAn

and the corresponding constant is sharp.
For a function ¢ € Ci7(G), we denote by g := [(|¢|* +€2)P/2 — €P]'/P with € > 0. Then
0 < ¢ € Cy’(R™). In fact, ¢ has the same support as ¢. Notice that for |x| # 0,

2.1 VG:(le"'vxrn):Vx_

m b} 2
0 = 3 (52 ) W7 = (@ 2+ bl
= j

Integrating by parts yields

(@+2)m+a) [ (06l = [ 1gelachl®? == [ (Voloel? Vlal®?)
JRm+n Rm+n JRm+n

-2
==p [ (6] +€)7 0(V69, Vol **?)

p=2
<p [ (9P+€) 719l 1VGo| [Vl
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Splat2) [ (0P +e)'s Vool

Letting € — 0, we obtain

(mta) [ JoPR=<p [l Voo,
By Holder’s inequality:

p—1
P p
e [ ol <p ([ lorie) " ([ 1¥ool)
Rm+n Rm+n Rm+n

Canceling and raising both sides to the power p, we get (2.2).

To see the constant ((m+ a)/p)? in (2.2) is sharp, we follow [9, Lemma 2.5]. Choosing
f(x.t) = u(|x])g(r), where u(|x|) € C5(R™) and g(r) = [T}, w;(t;) with w;(t;) € C5(R)
forall 1 < j <n. We have, by (2.1),

2
1 = G)
2 ——
IV f(e0)|” = |g(t)Vau(lx]) — Su|x]) ; 8t]
I oo ogl " 2
), 98 - 8
= &2 Vau(lx)* + o (]} | UVx= 2| —u(ll)g - Y (Vau((]), U V)52
=1 i =1 i

Since U) ((1 < j <n)) is a skew-symmetric matric,

(Vou(lx]), U)x) = i (|x]) <x7U<j)x> =0.

Therefore,

(2.3) Vof o) = |Vl + i

Z oy 8t]
Using the inequality (cf. [9, inequality (4)])

2.4) (s% +S%)P/2 <1 —l)l’ps’l’ +),17psg, s, >0, 0<A<I,
we have, for0 < A < 1,

Jrmin [V fIP1x| %P
Jromen | F1P|x|*

2.5)
me |VM|P|X|P+O!dx +Alfp27p meJrn |M|P ‘Z}}zl _XT‘ |_x|17+a

Jron |u[P|x|*dx Jromeen lu([x]) [P |g|P ]|

Notice that there exists a positive constant C, , depending only on n and p, such that

=G 1[0

<(1-a)t-r

p
n 9

(1), 28 o8
LUV, 3,

We have, by using (2.5) and g(¢) = [Tj_, w;(t;).

p

<C, Uy
L

8tj
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Jrmen VG fIP|x]*FP
Jrmn | £1P|x[*

| VulP pto
S(lik)lfpf]R“ M| |x‘ dx
Jron || |x|%dx
1—p Jrm |Vu|P|x|Ptdx
S |u|P|x|%dx

N P ge |P
oo P (2 [U02] | 35]) e
Jromen [ulP|g|P|x]*
L fen [P x| PHE UG x|Pdx [ W) |Pdt;

+27PAl-rC, : .
”"’; S [u(fx])[P[x[* Jr wij(tj)|Pdt;

+27PAtre, ,

—(1-2)

Since
Jr W @)Pdt

mn =
w(n)eCy (R\{0} [ [w(t)|Pdt

)

we obtain, for0 < A < 1,

inf fR”1+n|VG¢|p|x|a+p ( _ 1-p in me|Vu|p‘x‘P+adx
0eC RN} fpmen [@[P|X]* T u(lx)eCy RM\{0} [ ulP|x|*dx
—(1-2)r <m+°‘>p.
P

Here we use the fact (see e.g. [9, Theorem 2.1])

(m+a)p - o [V dx
p

= inf
u(fl)eC (®M\(0}  Jpem [ [x]) [P x| *dx
By letting A — 0+, we can see the constant ((m+ ) /p)? is sharp.

Remark 2.1. A simple calculation shows, if |x| # 0, then

P
Velal 5717 = (") e
P

It looks like that |x|~(®+)/7 can realize the sharp constant ((m + ct)/p)?. However, since
Lo 5 Pt = e,
Rm+n

inequality (1.2) is strict for every ¢ # 0. It seems that one can anticipate improving this in-
equality by adding some nonnegative correction term to the left-hand side of the inequality
(1.2) when R™™ is replaced by a bounded domain. We refer to [3] and [10] for more infor-
mation about this subject. Moreover, in their papers, it also shows that the sharp constant
appeared in this type of inequality has some applications in PDE.

We can not directly use the the family of function found in [9, Lemma 2.3]. In fact, if we
set

1, x| <1;
Ue X, T) = m
o) {|x|“ff’ﬁ W > 1,

then
/ g (x,1) P x| *dxdt = / di- / e (x, 1) [P ] *lx = ~+oo.
Rm+n Rn Rm
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3. Proof of Theorem 1.2

We begin by quoting some preliminary facts which will be needed in the sequel and refer
to [1, 5, 6, 8] for more precise information about Carnot group. Let G be a Carnot group
with the Lie algebra g = @/_, V; satisfying [V},V;] =V, forall 1 < j<r—1. Asa
simply connected nilpotent group, G is differential with RN, N = Y/_, dimV; = ¥'/_, n;, via
the exponential map exp : g — G. The Haar measure on G is induced by the exponential
mapping from the Lebesgue measure on g = R" and coincides the Lebesgue measure on
RN,

Consider & = (M, M) e RN with £O) = () V) e R, For j=1,....n),
let X; be the unique vector field in g that coincides with d/d& ;1) at the origin. The second
order differential operator

nj ny
* 2
Y XX =} X;
j=1 j=1
is called a sub-Laplacian on G. We shall denote by the Vg = (Xl,...,X,,l) the related

subelliptic gradient. By the Campbell-Hausdorff formula (see e.g. [5, page 2—4]), X;(1 <
Jj < np) can be expressed as the following

0
3.1 ; s ). kD
Xj= 95 };Zpk )ags(k)

where plis(é(l),...,é *=1)) is a polynomial of E(1), ... E(k=1),

Now we prove inequality (1.4). The proof is similar to that given in Section 2. Following
the proof of Theorem 1.1, we also denote by ¢ := [(|0|* + £2)P/2 — eP]'/P with € > 0 if
¢ € C3(G). Since, for || 0,

2
ny a
AleWe = Y | = | 1012 = (@ 2)(m + ) V),
J=1 aéj

we have, through integrating by parts,
(a+2)m+a) [ 1671501 = [ 9el7aclE D[+ = = [ (Valgel? VolgW|**2)
== [ (19 +€)% 0(Vo9.Vlg ")
<p (6P -+ |01 Va0l Valg V2]

p—1
< pla+2) [ (0P +€)7 [Vogl|g|*.
Letting € — 0 yields

(m+00) [ o176V < p [ Jolr"Voollg )=+,
By Holder’s inequality:

o) [ ol < ( [ ol )lp(/ Voolle" 'M)
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Canceling and raising both sides to the power p, we get (1.4).
Next we shall show the constant ((n; +)/2)? in (1.4) is sharp when p = 2. Choosing

FIE) = u(EW)g(ED), .. EW)), where u() € C5(R™) and g = [Tj_, [T, wis(£") with
wis(-) € CF(R) forall 2 <k < rand 1 <s < n. For convenience, we set wy ; = 1 for all
1 <s<mifk=1.By(@3.l),

L IVarPie® e ag

Z{/ <a> 2IE0aE + [ 2

where

r

ZZ P

=2s5=1

Wje2ag +(*)},

(1)‘a+2d5

2] (E0,..., 80 ) 28 ez,

—25=1/RY 5
Since w4(-) € CS"(R) forall2<k<rand1<s<n,
k
k(&)
Tha'> el —o
= 0!
and hence
2
/ 3g<k)d =0,
]Raés
Thus (x) =0 and
[ IVorPig® = ag
G
3.2) n ou 2 rom P
_ 216 (1) a+2 2 j 98 (1) a+2
= SleVeag+ [ Y Y pl, “12dE .
j=1{/ﬂ%”<a§;‘>> w | LG
Choose a positive constant C such that
2 - 5 2
j 8
<C p 5
55 ags kgz “ el
We have, by (3.2),
Jo Ve IP1EM|*2ag
Jo F21EW|*ag
i X (agu) €0, el 2 le0pernae

ST o @ ED[%ED L L RETE
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Since forall2 <k <rand1<s<ny,
k
Ji W}, Pags”

W GG ENO) [ [ s PdEP

we have
_Jg )jo+2
et o 0o
Wi €65 (R)\{0} Jo rA1EMW|@ag

- k
fR"ﬁ A U |Pk g|2H1,1 nl |é ‘OH_Z inf jR|W;c,s|2d§S()

St iney 12T} ;"lw,,|§ e e GRO) [y [2dED

Therefore,

oo JelVeolPlEWE fie I~ l(ag ‘>) g0 r2ag
0eci (OO} [ oIPIEM]T T uecy ®)\{0} Jrm w?|EW|*agM)
_ (W)2
2
To get the last inequality above, we use the fact (see e.g. [9, Theorem 2.1])

(m + a>2 _ -, Jrni IVu(x)lzlxl”“dx_
2 ey ®N0}  frm [u(|x])]?]x]%dx

The desired result follows.

Remark 3.1. We note that the equality (2.3) play an important role in the proof of sharpness
of constant ((n; +o)/p)? in (1.2) when G is a Carnot group of step 2. However, if G is a
Carnot group of step r with > 2, we can only obtain similar equality for p = 2 (see (3.2)).
This is the reason that we can not prove the sharpness of ((n; + ¢)/p)” in (1.4) when p # 2.
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