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Abstract. Our purpose in this paper is to introduce a new general iterative approximation
method for a family of multi-valued mappings in reflexive Banach spaces. Under suitable
conditions, some strong convergence theorems for approximating a common fixed point of
a family of multi-valued mappings are obtained. The main result extends various results
existing in the current literature.
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1. Introduction

In a Banach space E, a mapping T of E into itself is said to be Lipschitzian if there exists
L >0 such that |Tx—Ty|| < L||x—y|| foreachx,y € E. T is called a nonexpansive if L = 1.
A mapping f : E — E is said to be contraction if there exists a constant o € (0, 1) such that

[fx)—fO < alx—yll, VxyeE.
We use Ilg to denote the collection of all contractions on E, that is,
g ={f:E — E: fis acontraction on E}.

The set C C E is called proximinal if, for each x € E, there exists an element y € C such that
lx—y|| =d(x,C), where d(x,C) = inf{||x —z|| : z € C}. We use & (E) to denote the family
of nonempty proximal bounded subsets of E, i.e.,

P(E)={C CE: C is nonempty proximal and bounded}.

Let ¥ #(E), ¢ (E) denote the family of nonempty closed bounded subsets of E, and the
family of nonempty compact subsets of E, respectively. H(+,-) denotes the Hausdorff matric
on € A(E), defined by

H(A,B) := max ¢ supinf |[x—y||,supinf |[x—y|| », VA,BeCH(E).
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A multi-valued mapping T : E — € Z(E) is said to be nonexpansive if
H(Tx,Ty) < |x—y|, Vxy€E;
T is said to be quasi-nonexpansive if F(T) ¢ @ and
H(Tx,Tp) < |x—pll, Vxe€E,peF(T).

The multi-valued mapping T : E — € A(E) is called hemicompact if, for any sequence {x, }
in E such that d(x,,T(x,)) — 0 as n — oo, there exists a subsequence {x,, } of {x,} such
that x,, — p € E. It is noted that, if C is compact, then every multi-valued mapping T :
C — € %(C) is hemicompact. {x,} is said to satisfy Condition (A’) if, for any subsequence
Xp, — x and d(x,41,T,(x,)) — O implies that x € F, where F := ()| F(T;) # 0 is the
common fixed point set of the family of multi-valued mappings 7;,i = 1,2,....

Since Banach’s Contraction Mapping Principle was extended nicely to multi-valued
mappings by Nadler [10] in 1969, many authors have studied the fixed point theory for
multi-valued mappings (see, e.g., [1,6,7,17,23]).

Let E* be the dual space of E, by a gauge function ¢ we mean a continuous strictly
increasing function @ : [0,00) — [0,00) such that ¢(0) = 0 and @(f) — oo as t — co. The
duality mapping Jy : E — 2E" associated to a gauge function ¢ is defined by

Jo(x) ={f" € E*: {x, /") = |lxll@Cllx[D [l = @(llxl)},  Vx€E.

In particular, the duality mapping with the gauge function ¢(z) = ¢, denoted by J, is re-
ferred to as the normalized duality mapping. Clearly, there holds the relation Jy(x) =
o(||x|])/l|x||J (x) for all x # O (see [2]). Browder [2] initiated the study of certain classes of
nonlinear operators by means of the duality mapping J,. Following Browder [2], we say that
a Banach space E has a weakly continuous duality mapping if there exists a gauge ¢ for
which the duality mapping Jy(x) is single-valued and continuous from the weak topology
to the weak* topology, that is, for any {x,} with x, — x, the sequence {J(x,)} converges
weakly* to Jo(x). It is known that /” has a weakly continuous duality mapping with a gauge
function @(¢) ="~ forall 1 < p < . Set

®(1) = /Ot(p(r)df, Vi>0,

then
Jp(x) = 0®(||x]|), Vx€E,

where o denotes the sub-differential in the sense of convex analysis.
Sastry and Babu [15] defined the Mann iteration schemes for multi-valued mappings
T :C— Z(C) and fixed point p € F(T). The sequence of Mann iterates is defined by

(1.1) xo €C,
. Xn+1 :(1_an)xn+anyn7 Vn>0,

where y, € T(x,) such that ||z, — p|| =d(p,T (x»)) and o, € [0, 1] for all n > 0. They proved
that the Mann iteration schemes for a multi-valued map T with a fixed point p converge to
a fixed point of 7 under certain conditions. Panyanak [11] extended the above result of
Sastry and Babu [15] to uniformly convex Banach spaces but the domain of 7" remains
compact. Furthermore, he also obtained the strong convergence theorem for nonexpansive
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multi-valued mapping. In 2009, Shahzad and Zegeye [16] obtained first the strong con-
vergence theorem of the Ishikawa iterative scheme for a multi-valued quasi-nonexpansive
mapping T : C — ¥ %(C) such that F(T) is nonempty and

T(p)={p} forany peF(T).

Furthermore, for removing the rigid restriction on F(T), that is T(p) = {p} for any p €
F(T), Shahzad and Zegeye [16] proved the second strong convergence theorem of the
Ishikawa iterative scheme for a multi-valued quasi-nonexpansive mapping T : C — Z(C)
such that F(7T') is nonempty.

In 2011, Song and Cho [18] modified and improved the proofs of the main results in [16].
Khan and Yildirim [5] further improved and generalized the results of [28] and [16].

Recently, Zuo [28] introduced two viscosity approximation sequence for a family of
multi-valued nonexpansive mappings in a Banach space. Let C be a nonempty closed convex
subset of Banach space E and 7; : C — Z(C),i = 1,2,..., be a family of multi-valued
nonexpansive mappings with F := (\~_, F(T,) # 0 which is sunny nonexpansive retract of
C, with Q a nonexpansive retract of C onto F. For eachn € N|

Pr,(x) = {y € To(x) : [|x =yl = d(x, Tn(x)) }

and f : C — C is a contraction mapping with constant o € (0,1). Let o, € (0,1), B, € (0,1);
for any given xo € C,

(1.2) Xn+l = anf(xn) + (1 - an)yna n>0,

where y, € Pr, (x,), for each n € N. Furthermore, Zuo introduced the following multi-valued
version of the modified Mann iteration:

(1.3) Xn41 :ﬁnf(xn)+anxr1+(l_O‘n_ﬁn)yna n >0,

where y, € Pr,(x,). It is proved in [28] that both sequences generated by (1.2) and (1.3)
converge strongly to a common fixed point ¥ = Q(f(¥)) of a family of multi-valued non-
expansive mappings in a Banach spaces E which admits weakly sequentially continuous
duality mapping J, with a gauge function ¢. Moreover, X is the unique solution of the
variational inequlity:

(1.4) (f(®) =% jp(y—5) <0, Vye (VF(T).
n=1
On the other hand, iterative methods for nonexpansive mappings have recently been ap-
plied to solve convex minimization problems; see, e.g., [4,24-26] and the references therein.
Convex minimization problems have a great impact and influence in the development of al-
most all branches of pure and applied sciences. A typical problem is to minimize a quadratic
function over the set of the fixed points a nonexpansive mapping on a real Hilbert space:

(1.5) 0(x) :rneigl/2<Ax,x>—<x,b>,

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping T
and b is a given point in H. In [9] Marino and Xu considered a general iterative method for
a nonexpansive mapping in a Hilbert space H. Starting with arbitrary initial xo € H, define
a sequence {x,} by

(1.6) Xnt1 = 0 Yf(xy) + (I — ,A)Tx,, n>0,
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where A is a strongly positive bounded linear operator on H, i.e.,
(1.7) (Ax,x) > 7||x||> forall x€H.

They proved that if the sequence {a,} of parameters satisfies the appropriate conditions,
then the sequence {x,} generated by (1.6) converges strongly to the unique solution x* in
F(T) of the variational inequality

(1.8) (A—yf)x*,x—x") >0, xeF(T),

which is the optimality condition for the minimization problem: minyec 1/2(Ax,x) — h(x),
where  is a potential function for yf(i.e.,h’'(x) = yf(x) for x € H). Many authors have
improved and extended the results of [9] in the framework of Hilbert spaces (see, e.g.,
[12-14,22]).

In a Banach space E having a weakly continuous duality mapping J, with a gauge func-
tion ¢, an operator A is said to be strongly positive [21] if there exists a constant 7 > 0 with
the property

(1.9) (Ax,Jo (x)) = Flixll@(]lx[])
and
(1.10) ol — BA|| = sup |((al —BA)x,Jp(x))|, a€[0,1], Be[-1,1],

[lxll<1

where I is the identity mapping. If E := H is a real Hilbert space, then the inequality (1.9)
reduce to (1.7).

In this paper, inspired and motivated by Sastry and Babu [15], Panyanak [11], Shahzad
and Zegeye [16], Song and Cho [18], Zuo [28], Marino and Xu [9], we consider the follow-
ing two general iterative schemes for a family of multi-valued mappings in a Banach space.
LetT;: E — P(E),i=1,2,..., be a family of multi-valued mappings. Let f € IIg with
coefficient & € (0, 1), A a strongly positive bounded linear operator on E with coefficient
¥>0,0<y<¥/aand ay, € (0,1),B, € (0,1). For any given xy € E,

(1.11) Xn4+1 = aan(xn)+(1_anA)yn7 n>0,

where y, € Pr, (x,). Furthermore, we introduce the following general multi-valued version
of the modified Mann iteration:

(1.12) Xn4+1 = Ban(xn) + O xy + ((1 - an)I_BnA)yna n >0,

where y, € Pr,(x,). Some strong convergence theorems are proved in the framework of
a reflexive Banach space which admits a weakly continuous duality mapping J,, where
¢ : [0,00) — [0,0) is a gauge function. The results presented in this paper improve and
extend the corresponding results announced by Zuo [28], Marino and Xu [9], and many
others.

2. Preliminaries

Throughout this paper, let E be a real Banach space and E* be its dual space. We write
X, — x (respectively x;, A x) to indicate that the sequence {x, } weakly (respectively weak*)
converges to x; as usual x,, — x will symbolize strong convergence.

Now we collect some useful lemmas for proving the convergence result of this paper.
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Lemma 2.1. [21, Lemma 3.1] Assume that a Banach space E has a weakly continuous
duality mapping Jo with gauge @. Let A be a strong positive linear bounded operator on E
with coefficient ¥ > 0 and 0 < p < @(1)||A[|~". Then ||I — pA|| < (1)(1 —p7).

The first part of the next lemma is an immediate consequence of the subdifferential in-
equality and the proof of the second part can be found in [8].

Lemma 2.2. [8] Assume that a Banach space E has a weakly continuous duality mapping
Jo with gauge @.

(1) Forall x,y € E, the following inequality holds:
O([[x+y[) < P(lx]l) + (v, Jp (x+))-
In particular, for all x,y € E,
e Y12 < Il + 200, (e +y))

Let Q be a mapping of E onto C. Then Q is said to be sunny if Q(Q(x) +1(x— Q(x))) =
Q(x) for all x € E and t > 0. A mapping Q of E into E is said to be retraction if Q> = Q.
If a mapping Q is a retraction, then Q(z) = z for every z € R(Q), where R(Q) is a range of
Q. A subset C of E is said to be a sunny nonexpansive retract of E if there exists a sunny
nonexpansive retraction of £ onto C, and it is said to be a nonexpansive retract of E if there
exists a nonexpansive retraction of E onto C.

Lemma 2.3. [3] Let C be a nonempty convex subset of a smooth Banach space E, J : E — E*
be the (normalized) duality mapping of E, and Q : E — C be a retraction. Then the following
are equivalent.

(1) (x—0x,j(y—0x)) <O0forallxcEandy € C.

(2) Q is both sunny and nonexpansive.

It is noted that Lemma 2.3 still holds if the normalized duality map J is replaced by the
general duality map J, where ¢ is gauge function.

Lemma 2.4. [24, Lemma 2.1] Let {a,} be a sequence of non-negative real numbers satis-
fying the property

Aan+1 S (l*’yn)an“i’&'n HZO,
where {y,} C (0,1) and {8,} C R such that

oo

Z Y =oo, and either limsup§,/y, <0 or Z [8,] < oo.
n=1

n—oo n=1

Then lim,,_..a, =0.

Lemma 2.5. [19] Let {x,} and {y,} be bounded sequences in a Banach space E and
{Bn} a sequence in [0, 1] with 0 < liminf,_.. B, < limsup,_,., B < 1. Suppose that x,+, =
(1 = Bn)yn + Buxn for alln > 0 and

limsup(|[yn+1 —Ynll = [[Xns1 —24]|) <O.
n—oo

Then limy, e ||y, — Xn|| = 0.
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3. Main results

In this section, we prove strong convergence theorems for a countable family of multi-
valued mappings.

Theorem 3.1. Let E be a reflexive Banach space which admits weakly sequentially con-
tinuous duality mapping Jo with gauge @ such that ¢(1) = 1. Let f € TIg with coefficient

€ (0,1), A a strongly positive bounded linear operator on E with coefficient ¥ > 0 such
that |A|| =1, and 0 < y< y/a. Let T, : E — P (E),Yi=0,1,2,... be a family of multi-
valued mappings with F := (\_ F(T;) # 0 which is sunny nonexpansive retract of E, with
OF a nonexpansive retraction and Pr, a nonexpansive mapping. Let the sequence {x,} be
defined by (1.11), where a real sequence {0y} satisfies the following conditions :

limo, =0 and Zan—oo

Nn—00
n=0

If {x,} satisfies condition (A"), then {x,} converges strongly as n — o to a common fixed
point ¥ = Qp (I — A+ yf)%) of a family T;,i = 1,2,.... Moreover, % is a unique solution of
the variational inequality:

3.1) (A= y/)%Jo(z— %)) <0, VzePF.

Proof. We first show that the uniqueness of a solution of the variational inequality (3.1).
Suppose both X € F and x* € F are solutions to (3.1), then

(3.2) (A=7f)x Jp(X—x")) <0

and

3.3 ((A=7f)x",Jp(x* —%)) <O.
Adding (3.2) and (3.3), we obtain

(3.4 (A=y )= (A=y/)x", Jp(¥—x")) <0.

Noticing that for any x,y € E,

(A=¥ )x = (A=7 )yJo(x =) = (Alx =), Jp(x=y)) = ¥{f(x) = f(¥), Jp(x—))
2 Yl =yllelx =yl = Il () = F o (x = )]
= 72([lx = yl) — yad(|lx—yl)

3.5) = (7= ra)@(|lx—yl)) 2 0.

Therefore ¥ = x* and the uniqueness is proved. Below we use ¥ to denote the unique solution
of (3.1).
Note that p € Pr,(p) = {p} for any fixed point p € F(T;),i =1,2,.... Then we have

[Xn+1 = Pl = llaw¥f (xn) + (I — 0A)yn — pl|

= llowyf () — 0w ¥f (p) + 0¥ f(P) — A (p) + (I = 0wA)yn — (I — A |
< o ya|lx, — pll + ol v/ (p) — A(P)||+<P(1)(1—an7)\|yn pll

= 04, Y |xn — pll + 0wl v/ (p) = A(P) | + (1) (1 — @ ¥)d (v, Pr, (P))

< anYot|[xn — pll + ol 7/ (P) = A(P) [ + (1) (1 — 00 Y)H (P, (x0), Pr, ()
< o yee|x, — pll+ onl| v (p) —Ap) [+ (1) (1 — ) x. — pl|
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< ol 7/ (p) = A(p) ||+ (1 = o (@(1)7 = yar)) lxn — |
< max{|[x, — pll, [7/(p) —A(P)II/ (7 — yo) }.

By induction, we obtain that ||x, — p|| < max {||xo — p||,||vf(p) —A(p)||/(¥—yx)} YrneEN.
Hence {x,} is bounded, and so are {A(y,)} and {f(x,)}. Then we have

(3.6) d (%1, Tu(xn)) < X1 = Yall = Gl vf (xn) —AQn)[| =0 as n— oo,
We observe that Qr (I — A + yf) is a contraction. Indeed, for all x,y € E, we have

1QF (vf + (I =A))(x) = Qr (v + U= A)) W < |(vf + (I =A)) (x) = (v + T =A) W)l

<) = SO+ (1= Alfllx =]l
< volx—yll+ 1 =Px -yl
<(I=7F—ay)lx—yl.

Banach’s Contraction Mapping Principle guarantees that Qp(yf + (I — A)) has a unique

fixed point, say ¥ € E. Thatis, £ = Qr (yf + (I —A))(%).

Next, we shall show that

(3.7) (rf(%) =A%), jp(xa — X)) < 0.

Since E is reflexive and {x, } is bounded, there exists a subsequence {x,, } of {x,} such that

Xy, —~2zZ€E and

limsup (7f(X) ~A(X), jo (Xns1 = %)) = lim (7f(%) —A(%), jo (xu, — ).

n—oo

From (3.6), and since {x,} satisfies condition (A”), we obtain that z € F. On the other hand,
the assumption that the duality mapping J, is weakly continuous, we then have

limsup (¥ (%) — A(%), jp(ne1 —0)) = lim (Yf(X) —A(), jo (n, — )
= (Vf(2) —A(%), jo(z— %)) < 0.

Finally, we will show that x, — ¥ as n — oo. In fact, since ®(t) = [; ¢(7)d7,Vt > 0, and
@ :[0,00) — [0,00) is a gauge function, then for 1 >k > 0, ¢(kx) < @(x) and

kt t t
(k)= [ o(t)dr=k / P(kx)dx < k / o(x)dx = k(7).
0 0 0
Using Lemma 2.2, we get that

D(||xp 1 — X))
:cp(||anyf(xn + (I — o A)y, — %)

)

D (|| oy (xn) = 0 YF () + (I = 0A)yn — (I = 0 AT+ 0V (F) — 0 (T)]])
SCP(HOCan (2n) = 0 Y (%) + (I = 0A)yy — (I = 04, A)Z]|) + 0 (VS () = A(R), jp (Xnt1 — X))
< @(0u Y|l f () = F@) + @(1) (1 = aa¥)|lyn — Z|) + (¥ () = AR), o (xns1 — %))
Sq’(anyauxn_x“"‘(l_an?) (Pr, (xn), Pr, (% )"'an V(%) —A(X), jo (Xnt1 — %))
< @ (0 v — & + (1= ) [0 —F|) + 0 (¥f (%) = A(R), jo (X1 — %))
< D((1—04(7— yar))|Jxn — £[|) + (¥ (%) =A%), o (xni1 — X))
< (1= 06 (7 = y0) )Pl — X[|) + 0 (¥ (%) = A(%), jigp (K11 — %))
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From Lemma 2.4 we get that x, — ¥ which satisfies the variational inequality follows from
the property of Qp. 1

We will give some example of a family of multi-valued mappings and a sequence satis-
fying condition (A’) as following :
Example 3.1. Let £ =R and C = [0, 1]. For each n € N, define a multi-valued mapping
T,:C— € (C) by

T,(x) =[0,x/n], forall xeC.
It is easy to see that {0} = F(T,) for all n € N. If {x,} = {1/n},en, then {x,} C C and
x, — 0 as n — oo, From definition of T', we have that
d (xns1,Tu(xn)) =d (1/n+1,[0,1/n%])
=1/n4+1-1/n> -0 as n— oo,

Hence {x,} satisfies the condition (A").

Remark 3.1. In general case, if A is any strongly positive bounded linear operator with
coefficient 7 and 0 < ¥ < 7/a. We define a bounded linear operator A on E by

A=A A

It is easy to see that A is a strongly positive with coefficient ||A||~'% > 0 such that ||A|| = 1
and
0< Al y <Al 7/ e
Let the sequence {x,} be defined by, for any xy € E,
(3.8) Xntl = an||A||717f(xn) +(I—0A)y,, n>0,
where y, € Pr,(x,). Replacing A with A in Theorem 3.1, we obtain the following result.

Theorem 3.2. Let E be a reflexive Banach space which admits weakly sequentially con-
tinuous duality mapping Jo with gauge @ such that ¢(1) = 1. Let f € Ilg with coefficient
o € (0,1), A a strongly positive bounded linear operator on E with coefficient ¥ > 0, and
O0<y<7y/o. LetT; : E — P(E),Vi=0,1,2,... be a family of multi-valued mappings with
F :=i, F(T;) # 0, which is sunny nonexpansive retract of E, with Qp a nonexpansive re-
traction and Pr, a nonexpansive mapping. Let the sequence {x,} be defined by (3.8), where
{04} is a real sequence in (0, 1) satisfying the following conditions:

lim o, =0, ) 05, = oo

e n=0
If {x,} satisfies condition (A’), {x,} converges strongly as n — oo to a common fixed point
= Qr (I ||A|~"(A+7/)X)) of a family T;,i = 0,1,2,.... Moreover, X is a unique solu-
tion of the variational inequality: (3.1).
Proof. From Theorem 3.1, we have that {x,} is generated by (3.8) converges strongly as
n — oo to a common fixed point ¥ = Qr ((I — ||A|| ! (A + yf)%)) is a unique solution of the
variational inequality:
(3.9) IAI7(A = 7f)% Jp (e = %)) <0, z€F.

Itis easy to see that (3.9) is equivalent to (3.1). Hence ¥ is a unique solution of the variational
inequality (3.1). 1
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If y=1 and A = I, the identity mapping, in Theorem 3.2, then the requirement that
(1) = 1 is not necessary. In fact, Theorem 3.3 can be obtain from Theorem 3.1 immedi-
ately.

Theorem 3.3. Let E be a reflexive Banach space which admits weakly sequentially con-
tinuous duality mapping J, with gauge @. Let f € Ig with coefficient o € (0,1). Let T; :
E— P(E),i=0,1,2,... be a family of multi-valued mappings with F := (\_, F(T,,) # 0,
which is sunny nonexpansive retract of E, with Qr a nonexpansive retraction and Pr, a
nonexpansive mapping. Let the sequence {x,} be defined by

Xn+1 :anf(xn)+(1_an)yna nZOa

where y, € T,(x,), 0 < o4, < 1 satisfying the following conditions:

limo, =0, Y o =-co.
e n=0
If {x,} satisfies condition (A’), then {x,} converges strongly as n — oo to a common fixed
point ¥ = QF (f (X)) of a family T;,i = 0,1,2,.... Moreover, X is a unique solution of the
variational inequality:

(I—=f)%,Jo(z—%)) <0, zE€F.

Next, we prove the strong convergence theorem for a general multi-valued version of the
modified Mann iteration.

Theorem 3.4. Let E be a reflexive Banach space with weakly sequentially continuous du-
ality mapping Jo with gauge @ such that ¢(1) = 1. Let f € Ilg with coefficient o € (0,1),
A a strongly positive bounded linear operator with coefficient ¥ > 0 such that ||A|| = 1, and
O<y<¥y/o. LetT; : E — P (E),i=0,1,2,... be a family of multi-valued mappings such
that

H(Typ1x,Ty) < |x—y| forall neN

with F :=(\_, F(T,,) # 0 which is sunny nonexpansive retract of E, with Qr a nonexpansive
retraction and Py, a nonexpansive mapping. Let the sequence {x,} be defined by (1.12),
where {0, },{Bn} are real sequences in (0,1) satisfying the following conditions:

}E{Lﬁn:o;zﬁn:‘x’
n=0

and
0 < liminfo, <limsupo, < 1.

n—ee n—oo

If {x,} satisfies condition (A"), then {x,} converges strongly as n — o to a common fixed
point ¥ = Qr((I — A+ vf)X) of a family T;,i = 0,1,2,.... Moreover, % is a unique solution
of the variational inequality (3.1).

Proof. Notice that 8, — 0, we may assume, without loss of generality, that 8, < 1 — a,.
Since A is a strongly positive bounded linear operator, then

IA]l = sup {|(Ax, Jp(x))| : x € E, ||| = 1},
Now for any x € E with ||x|| = 1, we see that

(1= a)l = BrA)x, S (x)) = (1 = @) (x, T (x)) — Bn(Ax, S (x))
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= (1= aw)p(1) = Bu(Ax, Jp (x))
> (1= 0)@(1) = BallAll =1~ 0t — B = 0.
That is (1 — a;,)I — B,A is positive. It follows that
11— @)l = BuAll = sup {{((1 — @)l — BuA)x, Jp(x)) : x € E, [lx]| = 1}
= sup {@(1)(1 - o) — Bu{Ax, Jp(x)) 1 x € E,[|x]| = 1}
< o)1 —ow) = Buye(1) = 1 = o = B 7-
Firstly, we show that {x,} is bounded. Indeed, take p € T;(p) = {p}, then
%011 = pll
= 1Ba¥f (xn) + Opxn + (1 = 0u )T — BrA),
= [1Baf (xn) = BuA(p) + Cn — 0tup + (1 — )T = BuA)yn — p+ 0tup + BuA(p)]|
(

(%n) n—pll
(%n) =
< Ballysf () = A(P) || + 00 — P||+|| = o)l = BuA)yn — ((1 = )l = BuA) p|
(%) =
(

’\A/\\_/

< Bullvf (xn) = v/ (p )H+ﬁn|\7f() P+ @l = pll + [ ((1 = ) = BuA)][[[yn — Pl
< Bu¥IlS Gen) = £ (P) 1+ Bull v/ (P) = A(P) | + [0 — pl

+o(1)(1 - —Bu7)d ()’mPTn(p))
< Buyallxa — pll+ Ballvf (P) = A(P)I| + Ol|x0 — pl|

+o(1)(1 — o — Bu7)H (Pr, (xa), Pr,,(P))
< Buyetloen — pll + Ballvf (P) = A(P)I| + Ol — pll + (1 = &t = ) llxn — Pl
= Buyet|x — pll + Bull v/ (p) = A(P)I| + e — pll + @(1) (1 — 00) [|xn — p| = Bu¥llxn — Pl
< Buyarllxa = pll+ Ballvf (P) = A(P)Il + Onl|xn — pll 4 (1 = &) lxn = Pl = Bu¥l|xn — Pl
= Buyollxn — pll+ Bull v/ (p) = A(P) || + b = Il = Bu¥llx0 — Pl
= (1= Bu(@(1)7—ya))|lxa — pll + Bull v/ (p) = AP
< max{|[x, — pll, [ v/ (p) —A(P)II/ (Y — o) }.

It follows from induction that

(3.10) 10 = pll < max {|lxo — plI, 17/ (p) = AP /(T —yo)}, n=0.
Hence {x,} is bounded, and so are {A(y,)} and {f(x,)}. Next, we show that
G.11) lim d (1, Ty (x)) = 0.

Set A, = B,/(1 — o) and z, = 4,7 (x,) + (1 — A,A)y,,. Then
Xnt1 = Opxp+(1—0y)z, and lim A, =0.
Nn—oo

Thus

d(x11+17Tn(xn)) < ||xn+1 _ynH < ||xn+1 _Zn” + Hzn _ynH
(3.12) < QX0 = za ||+ Aull 7S () — A(y) |-

It suffices to prove that

(3.13) lim ||x, — z,|| = 0.
n—o0
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From definition of z,,, we have that

lzn+1 = zall
= |17 (1) + (1= At 1A)Ynr1 — AV () — (1= AA) |
= A1V (ngr) = AV (o) ||+ Iyt = Yall + A llynll + At [yna [
< At VI Cene )+ A VIS Gen) |+ Al [ |+ Ant [Vt |+ H (Pr, (1), Pr, ()
< %1 =Xl + Ansr VI Cenre )| 2 ¥ ILF o) |4 Al [yl + A1 [[ynaa |-
Thus
lmsup (||za+1 — zal| = %01 — xn||) < limsup2(A, + Ay )M = 0.

n—oo n—oo

Lemma 2.5 implies that lim,, e ||x, — z,|| = O as required. It follow from (3.12) that
Jﬂd(xwl ,Tu(xn)) =0.

Applying the condition (A") of {x, } and using the same argument as in the proof of Theorem
3.1, there exists X € F such that

(3.14) (Yf(X) =A%), jo (11 — X)) <O.
Finally, we will show that x,, — ¥ as n — oo. Applying (1.11) and Lemma 2.2, we have
D ([[xn+1 — )

=‘I>(Hﬁn7f(xn)+anxn (1= aw)l = BuA)yn — )

D ([IBryS (xn) — BrA () + 0 — 0uF + (1 = 0] — BrA)yn — X+ T+ BrA ()] )

@ ([|Buys () Bnyf(x) +Bu¥S (%) = BaA(%) + Gy — T+ (1= )] — BuA)yi

— (1= o)l = BuA)Z)
(|| Buy(f () = F(F)) + 0ot — %) + (1= )] = BuA) v — ) + Bu¥f (%) — BuAR) )
< @([|Bay(f (xn) — (%)) + 0 (0 — %) + (1 = o)l = BuA) (vu — F)][)
+ Bu(¥f (%) =A%), Jp(xnt1 — X))
< @(Buyorllxn — 7| + llxa — 7| + (1 = 06) = Budllllyn — %)

+ Bu(¥f (%) =A%), Jp (xnt1 — X))
SCI:’(ﬂnYO‘”xn_)E”"‘O‘n”)cn_f”‘i‘H(l_O‘n)l_BnA”H(PTn(’Cn)aPTn()z)))

+ Bu (VS (%) =A%), Jp (Xn 41 — %))
< @(Buyerl|xn — | + oul|xn — | + @(1)(1 = 0t — Bu7)|lxa — 5])

+ Bu(¥f (%) =A%), Jp(xnt1 — X))
< @((1=Bul@(1)7—va))llxn —X|) + Bu(vf (%) =A%), Jp (xns+1 — %))

Applying Lemma 2.4 to the above inequality, we can conclude that x,, — % as n — oo. This
completes the proof. 1

In general case, if A is any strongly positive bounded linear operator with coefficient ¥
and 0 < ¥y < ¥/, we obtain the following result.

Theorem 3.5. Let E be a reflexive Banach space with weakly sequentially continuous du-
ality mapping Jo with gauge @ such that ¢(1) = 1. Let f € Ilg with coefficient o € (0,1),
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A a strongly positive bounded linear operator with coefficient ¥ > 0, and 0 < y < ¥/ a. Let
T,:E— P(E),i=0,1,2,... be a family of multi-valued mappings such that

H(T1x,T,y) <||x—y|| forall neN

with F := (", F(T,) # 0, which is sunny nonexpansive retract of E, with Qr a nonexpan-
sive retraction and Py, a nonexpansive. Let the sequence {x,} be defined by

(3.15) Xp1 = ﬁn”A”_lYf(xn) + 0txy + (1 — 04) — BuA)yn, n>0,

where y, € T, (x,) and {0, },{ B} are real sequences in (0, 1) satisfying the following con-
ditions:

r}il};ﬁn:ov Zﬁn:‘”
n=0

and
0 < liminf o, <limsupo, < 1.

n—ee n—o0
If {x,} satisfies condition (A"), then {x,} converges strongly as n — oo to a common fixed
point ¥ = Qp (I — A+ yf)X) of a family T;,i = 1,2,.... Moreover, X is a unique solution of
the variational inequality (3.1).

Proof. From Remark 3.1 and Theorem 3.4, we have that {x,} is generated by (3.15) con-
verges strongly as n — oo to a common fixed point ¥ = Qr ((I — ||A| =" (A + yf)%)) is a
unique solution of the variational inequality:

(3.16) A=A = 7f)% Jp(z = %)) <O, z€F.

This is equivalent to (3.1). 1

Setting Y = 1 and A = I, the identity mapping, the requirement ¢ (1) = 1 is not necessary.
In fact, the following theorem can be obtain from Theorem 3.5 immediately.

Theorem 3.6. Let E be a reflexive Banach space with weakly sequentially continuous dual-
ity mapping Jo with gauge @. Let f € I1g with coefficient o € (0,1). Let T; : E — P (E),i =
0,1,2,... be a family of multi-valued mappings such that H(T,+1x,T,y) < ||x — y|| for all
n € N with F := (", F(T,) # 0, which is sunny nonexpansive retract of E, with Qr a
nonexpansive retraction and Pr, a nonexpansive mapping. Let the sequence {x,} be defined
by
Xn+1 :ﬁnf(xn)+anxn+(l _(Xn_ﬁn))’m n>0,

where y, € Pr,(x,) and {oy,},{Bn} are real sequences in (0,1) satisfying oy, + B, < 1 and
the following conditions:

’1122[3”:07 n;()ﬁn:oo

and
0 < liminf o, <limsupo, < 1.

n—oo N—soo
If {x,} satisfies condition (A"), then {x,} converges strongly as n — o to a common fixed
point X = Qr(f(X)) of a family T;;i = 1,2,.... Moreover, % is a unique solution of the
variational inequality

(I—=f)x,Jp(z—%)) <0, z€F.
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