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Abstract. Let f be an orientation-preserving circle diffeomorphism with irrational rotation
number and log f” be absolutely continuous, f”/f" € L,, p > 1. By using the ratio distortion
approach, we prove a sharper result for the key estimate of the Y. Katznelson and D. Ornstein
theorem on the absolute continuity of the conjugacy for such circle diffeomorphism f.
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1. Introduction

For an orientation-preserving homeomorphism f of the unit circle ' = R/Z, its rotation
number p(f) is the value of the limit p(f) = 1imL;.(x) /i mod 1 for a lift Ly of f from
[—00

S! onto R. Here and below, for a given map L, L denotes its i-th iteration. It is known
since Poincaré that the rotation number does not depend on the starting point x € R and
is irrational if and only if f has no periodic points (see [1]). We shall assume the rotation
number p = p(f) to be irrational through out this paper. We use the continued fraction
representation p = 1/(k; +1/(k2+...)) := [k1, k2, ..., ky, ...) Of the rotation number, which is
understood as the limit of the sequence of convergents p,/q, = ki,k2, ..., k,]. The sequence
of positive integer k,, with n > 1, which is called partial quotients, is uniquely determined
for each p. The coprimes p, and g, satisfy the recursive relations p, = k,py—1 + pn—2
and g, = knqn—1 + gn—2 for n > 1, where we set for convenience, p_; =0, g_; =1, and
po =1, go = k1. Let us denote K, = maxg |log(f?(§))'| = |[log(f?")'[lo, where f'(§) is
the derivative of f at the point £. If f is an orientation preserving C'-diffeomorphism of the
circle with irrational rotation number p and log f’ has bounded variation then, Denjoy in [6]
showed that

K, <v
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where v = Varg log f'. It is known that this Denjoy’s inequality has important applications
on many problems of circle homeomorphisms. If Denjoy’s inequality hold for f with irra-
tional rotation number p, then this fact ensure the existence of a conjugation map / between
f and linear rotation Ry : § — & +p mod 1 (see [1]). In this case, the conjugation & satisfy-
ing f=h""o Rp o h is an essentially unique homeomorphism of the circle. In this direction,
one can also obtain various degrees of smoothness of the conjugation 4 when the sequence
K, satisfies other properties. For example, in the works [3], [5, 6] and [7] it was shown
that if diffeomorphism f € C>*¢(S'), &€ > 0 and the rotation number p is irrational, then K,
tends to zero exponentially fast. This fact together with the condition of rotation number
of Diophantine type ensure the conjugation & to be C'-smooth. Convergence of the sum
of squares of the sequence K,, on a wider class of circle homeomorphisms, which implies
the absolute continuity of the conjugating function, was shown by Y. Katznelson and D.
Ornstein [4]. More precisely, they showed:

Theorem 1.1. Iflog f is absolutely continuous, f"/f' € L, for some p > 1 and the rotation
number p is irrational, then

i K2 < oo
n=1

Moreover, if the rotation number is of bounded type, then the conjugating function is abso-
lutely continuous.

Our aim in this present paper is to get sharp estimate for the sequence K, under the
conditions of Theorem 1.1 - the so-called Katznelson-Ornstein (K.O) conditions. Denote
by d, = d,(f) = || f9 —Id||o. Our main result is the following:

Theorem 1.2. Let diffeomorphism f satisfies (K.O) conditions and the rotation number p
is irrational. Then there exists a constant C = C(f) > 0 and a sequence T, = T,(f) whose
sum of squares converges, such that
% dn
K, <C) — 1.
n k;l s k
In the proof, it is shown that the sequence d,, /dj. tends to zero exponentially fast and this
will ensure the convergence of the sum of squares of the sequence K,,. Prove of our main re-
sult is based on the method of ratio distortion estimates. This simple and elementary method
allows us to derive this stronger estimate in an easy manner. Moreover we also believe that
this method will prove useful in other problems involving circle diffeomorphisms. Note
that the first time the method of cross-ratio distortion (ratio distortion) estimates were used
in the investigation of smoothness of the conjugation was by K. Khanin and A. Teplinsky
in [7]. In fact the proof of our main result in this paper follows closely that of K. Khanin
and A. Teplinsky in [7].

2. Necessary facts and statements

For & € S! we define the n-th fundamental segment It = I?(§) as the circle arc [£, f4 ()]
if n is even and [ (€),&] if n is odd. We denote two sets of closed intervals of or-
der n: g, “lengthy” intervals: {Ii’“1 =", 0<i< gn} and g,—1 "short” intervals:

{I’]? = fI(I8), 0< j < gn } . The lengthy and short intervals are mutually disjoint except
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for the endpoints and cover the whole circle. The partition obtained by the above construc-
tion will be denoted by P, = P, (&, f) and called the n-th dynamical partition of the point
£. Obviously the partition P, ; is a refinement of the partition P,,. Indeed the short intervals
are members of P, | and each lengthy interval I;’_l eP,, 0<i< gy, is partitioned into
ky+1 4+ 1 intervals belonging to P,.; such that

nr1—1

k
2.1 =0ty | Iy
s=0

The next lemmas are valid for any orientation-preserving diffeomorphisms f € C'*BV(s!)
(i.e. f" has bounded variation) with irrational rotation number p, constitute classical Den-
joy’s theory.

Lemma 2.1. Let E € S' n € 16’_1(5). Then for any 0 < k < g, the following inequality
holds:

|log(1*(£))" —log(f“(m))'| < v.

An elementary proof of the above lemma can be found in [3]. Now we equip S' with the
usual metric |x —y| = inf{|¥ — |, where X, y range over the lifts of x,y € S' respectively}.
We need the following lemma to prove our main result.

Lemma 2.2. For any short interval I;”m of Py, m > 1 such that I}”m C Ijj the following

inequality holds:

jpem, 0
<e'(1+e")—".

7l <e'(1+e") i

Proof. Pick out the point £* € S' such that d, = [[3(£*)]. Due to the combinatorics of
trajectories, there exist 0 < i < g, such that either I3 (E*) C f/(I3) U £ (1) or I} (§*) C
FHIg) U f9n (1), so apply Denjoy’s inequality to the last relations we get I} ()| < (1+
¢")|f(13)]. Using Lemma 2.1, for 0 < i < g1 we have
L I A0/ | R A

BT = g =< :
Note, that the same assertions hold for intervals of any length of dynamical partition

P,,.,, with the same constants but with respect to d,,,—1/d,. Using Lemma 2.2 and apply-
ing Lemma 2.1 twice, we get the following corollary:

2.2)

Corollary 2.1. For any short intervals of I"V™ € Py, m > 1 and I € P, such that I"™™ C
I" the following estimate
|In+m|

1]

dn+m

(2.3) d,

SeZV(1+ev)

holds.
Now we estimate the ratio of fundamental segments.
Lemma 2.3. For any n > 1 and m > 0 holds the following estimate

|18+m| 2 dn+m
<e’(1+¢€" .
g =Ty,

2.4)
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Proof. If mis even then the interval I(')‘*’" is a short interval of P,,, and 16””” C 1. Applying
Lemma 2.2 we get
L™ » dntm
<e'(l+¢ .
g =Ty,
If m is odd then the interval 16””" is a short interval of P,,, but the interval 1;‘::’17 s a
lengthly interval of P, ,,+. Using the above note and Denjoy’s inequality we get

+
|I(’)l+m| _ ‘I;»H’Z—J . ‘161+m‘ < 62V(1+el’) d""rm ]
I LT A dy

In+m—

In the next lemma it will be shown that the ratio dy,,/d, tends to zero exponentially
fast.

Lemma 2.4. There exists a universal constant C; = C(f) > 0 such that dy,y < C1A™d,,
where . = (14¢7")~1/2,

Proof. By the definition of dynamical partitions, it is easy to see that for any t € S we get
=) > 118 ()| + |1 (tgni1—qn) @and I (¢) C L2 (t,, ., )- Using the last two relations and
Denjoy’s inequality implies

-1
B0l Wlia)l |

> - >1+e .
15 (0)] 16 (21|
By induction, we get |[27"(¢)| < (1+e7")~I5]|12(1)|. If we pick out the point r = £* € !
such that d 1., = |[J 7" (§*)| then the proof of the lemma follows. 1

Suppose f satisfies (K.O) conditions. Using the dynamical partition P, we define the
sequence of step functions on the circle by the next formula: for any n > 1 we set

Lo ffx) .
(2.5) My (X) = — dx, if xelI", I" e P,,
W= e
(2.6) Dn(x) = My(x) — My—1(x), n > 1 where #p(x) =0, x € st

Denoted by (P,) (by abuse of notation) the sequence of algebras generated by dynamical
partitions. It is easy to show that the sequence of (.#},) is a martingale with respect to (P,).

Statement 2.1. Let the diffeomorphism f satisfies the (K.O) conditions. Then the following
equalities are true:

/! o
(a) /Qn(x)dx: 0 forany I"'' €P,_;; (b) o Z 9, (inL; —norm).
-1

Both assertions of the Statement 2.1 are easily verified. The following theorem of
Katznelson-Ornstein [4] plays an important role in the proof of our main theorem.

Theorem 2.2. Suppose f satisfies the (K.O) conditions. Let (.#,,P,) be L,— bounded
martingales 0 < p <2. Then

Y 12l < =
n=1
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3. Technical tools

Cross ratio estimates were used in dynamical systems for the first time by J.C. Yoccoz in
[10] and later by W. de Melo and S. van Strien in [2] and G. Swigltek in [8]. The asymptotic
estimates for the cross-ratio distortion with respect to smooth monotone function was very
well investigated by A. Teplinsky in [9]. Let f € C'(I), and the derivative of f does not
have zeros on the interval I = [a,b]. The ratio distortion of point ¢ € I and interval I with
respect to the function f is

ROR
LD =0 Foy

Notice that the ratio distortion is multiplicative with respect to composition: for any two
functions f and g we have

(3.1) H(c,I,fog) =%(c,1:8) - Z(g(c),8(I): f).
Denote by
= d
(3.2) & = |Dut1llp + k 1
k= n+2

Due to Theorem 2.2 ||Z,||, € ¢» (i.e. convergence of the sum of squares of the sequence
| Zu || ). Using this it is easy to see that &, € £». Fix & € S! and consider dynamical partition
P, (&, f). Let If ' = 127" (&) and I} = I (&) be (n— 1)-th and n-th fundamental segments.
We need following lemma.

Lemma 3.1. Suppose f satisfies the conditions of (K.O). Then there exists Co = C2(f) >0
such that

n—1. pqn (_1)n el .f//(x)
(3.3) |log 2(&o, 15" f) — 5 Zb 71f,(x)dx]§C2£n,

(_1)n4n—1*1 f//(x)
N )

(3.4) |log 2 (&, 15 f0) — dx| < Crgpyr.

Proof. We prove the first inequality. By the multiplicative nature of % (éo,lg_l ; f4) with
respect to composition, we have

n—1. rqn " —fe) _1
(3.5) log % (&0, Iy 1’fq Z log { —& f/(gs)}’

where 1, = f*(&,, ) and & = f°(&y) are end-points of interval I"~!. It is clear that if f
satisfies the conditions (K.O) then for every 0 < s < g, holds the following equality

(3.6) Fns) = FE)+ F(E&) (M, — &)+ / () (1 — x)dx.

Applying this equality to (3.5) we get

- ! mofx) ms—x
3.7 log Z (&, 11 1) = Y log |1+ A
G- g (So.ly ™) ;o og & &) n-&°
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It is clear s f(x) My—x nf(x) My—x

’/gs FE&) s—r:sdx*/r ) mog =
G8) s(ms}()) [ [l = as
Applying Holder’s inequality to the second integral we get
(39) L@ =< 1, ['f:l'}‘lf,

where ¢ = p/(p — 1). According to (3.5)-(3.9) we have

(3.10) log%@o,lé’l;fq”):qi [ g o (it 11wl

Here and below the signs &'(-) and ~ stand for an estimate, which are universal constants in
such estimate depend only on the diffeomorphism f. Note, that the interval [, 7 ] is a (n —
1)-th fundamental interval, from this implies that the integral |, 5;’ changes sign depending
on n. More precisely,

PO g et [ 20 1,
f e m g = J o m=g

Using this we can rewrite estimate (3.10) in the form

4n— //
log (&0, 1§45 f) = (~1)"~ IZ / : f,((’;

@3.11)

qn 1 //
n 1 )C nS _1 1/q
o (g 2>dx+ O(dy_1)4.

Now, we rewrite second sum of the right-hand side of equation (3.11) as follows:

qn—1 f//( ) 1y — 1 - N gn—1 )
szoln,f/() (g -2 “Lx / 3) Aot
qn 1 ) )
612 / h 5 (f’(x) —///N(x)>dx:S,1,+S,21.

To obtain estimate S2 we consider sufficiently large N such that [S2| < || f — ]|, <
d,,_1. To the estimate S,ll we should divide the first sum into three parts 1 <k <n,k=n+1
and n+2 <k < N. If 1 <k < n then the function Z(x) is a constant on every interval
1"~ € P,. Therefore

3.13) /(g::gs—%)@k(x)dx:O.

!
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If k =n+1, then we have

" j—x 1
Y [ (og 2) %] <1l

(3.14)

Let n+2 < k < N. In this case we define a new sequence of step functions as the following
way. Consider dynamical partition P;_;, kK > n+2 and on the every interval I € P;_; such
that I C [&;,1;], 0 < s < g, we define
ns—r) 1
% =—"—=, x€l,
ks (x) o é&' 2 X

where r(I) is a right end-point of interval /. By construction, the function .Z; ; is constant
on the every interval € P;_; such that I C I"~!, 0 < s < g,. Using the first assertion of
Statement 2.1 and Corollary 2.1 we have

di—1
dnfl

(3.15) / Thx) Liy(x)dx =0 and | "S__g -3~ Zes)| <P (1+e)
1;1—] nS S
foranyn+2 <k <N and 0 < 5 < g,. Finally, combining (3.13)-(3.15) we get
N qn—1
si=| X X / (P =5~ %) Ads+ [ A0 A ()ds] | < s

k=n+1 s= Infl
s

The inequality (3.3) is proved. The inequality (3.4) also will be proved in the same way as
above, but there will be some changes for the relation (3.12). Since the short intervals of P,
are members P, ; we should divide the first sum of (3.12) into three parts: 1 <k <n+1,
k=n+2andn+3 <k <N.Inthecase | <k <n+1 the function Z(x) is also a constant
on every interval I € P, and we get

(3.16) /(Aﬁs_x —l)@k(x)dxzo

where 7, = f*(&,,). In the case k = n+2, we have

" (2E Wi < |2l
s=0 7,

(3.17)

ns_és 2

Consider the case n+3 < k < N. In this case the same arguments as above we define a new
sequence of step functions .Z; ;(x) on the every interval / € Py_y, k > n+3 such that / C I},
0 <s < gn—1 and using the first assertion of Statement 2.1 and Corollary 2.1 we get

, . i, — 1
@18 [ B0 Z@dx=0 and ﬁ” - g S Z] <0 —i—ev)%

forany n+3 <k <N and 0 < s < g,,—;. Finally, considering (3.16)-(3.18) it is easy to see
that the estimate in (3.4) will be &, 1. 1

We need the following lemma which is to be used in the proof of Theorem 1.2.
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Lemma 3.2. Suppose f satisfies the conditions of (K.O). Then there exists C3 = C3(f) >0
such that

|I:]1;1 |I6t—1|_|1(1)1+1| nqn 1 f// x)
o G e~ Z ) 1= G

|]n+1 |In—1|_|1n+1| ( nqn 1 f// x)
log [ 42120 0] - | < Cse
| g g Z (%) | < Gt

Proof. We prove only the first inequality, the second inequality can be handled similarly.
The following three exact relations are crucial for our proof:

L A = Vo VI Lt
(3.19) lo u = Io 3 . S S ,
¢ {IIS‘II g | =g } ;0 g[ T I VA (AT \f(lﬁ“)l}
|f(1g71)‘ Sotan-1 f//(Y) §S+Cln—l -y
3.20 — =1+ . d
(320 rre -t e e
@D =1ra| Star f(y) Estgur —
3.21 =14+ . dy.
( ) ) ‘/§~V+qn+| f/(55+q)1+1) éH—q,l,] - 5s"'anrl y

[ = 1] - £ Gt

Equality (3.19) comes from the multiplicative nature of ratio distortion with respect to com-
position and using (3.6) easily we can get equalities (3.20) and (3.21). Since |I§?’1| ~
|11 — |I"*1| and using (3.19)-(3.21) and similar arguments as in the proof of Lemma
3.1 we get

7 T =ty e s W) S e £ ()
n—1; -1 n+l| ! dx+ / dx
|IO | |an _|I(Zn s=0 §,r+qn+| f (x) 3 2f (x)

anl &g, f”(x) B (_1)n qn—1 f”(x)
_ ;0 /55+qn+1 270 At e = SZ(’)IM gt Oen) I

4. Proof of Theorem 1.2

Proof. To prove Theorem 1.2, we will use the following two relations:

SRS o O e PO B " N
| R T R T BT
A

@2 (G Rk ) 1 [ &)y oty o).

15

The equality (4.1) is easily verified and (4.2) comes from the definition of ratio distortions
ofg%’(éo,lgfl ; fan) and Z(&o, I§; f-1). Denote by

_1\n dn—1 "(x
mn:exp(( 21) S;) /?((x))dx).

-1
I



Stronger Version of Denjoy-Type Inequality 947

It is clear that

f// x qn—1—1 f// x B f”(x) B
/ 10 dx+ s;) / ) dx-S/If/(x)dx—O.

Thus we have

(71)n+1 Gn—1—1 f”(x) B
— Sg{) / 709 dx) =m,.

Due to (4.1) and Lemma 3.2 we get

exp (

|In+1 |
4.3) M =1 = ) (= 1)+ 06n),
which is iterated into
4.4) My — 1= ﬁ(nnJrl)a

where
n—+1
Nnt1 = |IOHI ‘Z |Ik||1k+]|

It is easy to see that 1,1 € ¢». Due to (4.2), (4.4) and Lemma 3.1 we have

@) (&) 1 = B = (@) + o).
0

which is iterated into
n
n r_1_
o 1= 011X )

where 7, = 1, + &,. The proof of Theorem 1.2 now follows from Lemma 2.3. 1
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