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1. Introduction

In the recent past, inequalities about the Euler gamma function I'(x) have attracted the at-
tention of many authors. In particular, several researchers established interesting properties
of the volume of the unit ball in R”,
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(1.1) anm

na=12,....

In the paper [5], it was proved that the sequence {€,},-; attains its maximum at n = 5.
In the paper [4], the sequence {(Q,,)l/ ”}@1 is proved to be monotonically decreased to
zero. Other results have been established by Anderson and Qiu [3], and Klain and Rota
[9] who proved that the sequence {(Qn)l/ "1“”}n>1 decreases to e~'/2, and the sequence
{nQy/Qn_1 ]»,121 is increasing, respectively. Motivated by the following inequalities

(1.2) (@) < Qun=1,2,...
and
Q2 1
(1.3) < —2 —<1+-
Q12041 n

stated in [4] and [9], Alzer proved in [1] that for all n > 1,

(1.4) a(Qui1)" "D < O < b(Qyr )Y
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with the best possible constants a = 2//7T = 1.1283--- and b = \/e = 1.6487--- . An
improvement of the double inequality (1.4) was given in [11]: forn > 4,

ko Q, < Ve
21 (Qur)/ D) T X2g

where k = (64-720'/12.21/22) /(1039575/1) = 1.5714---. Equality in the left-hand side
of (1.5) occurs if and only if n = 11.
The following class of inequalities

In+a  Q,_ [n+b
1.6 < <
(1.6) 21 Q, 21
was studied by Alzer [1] and Qiu [14] where a,b are real parameters. Later, the inequal-

ity (1.6) was recovered in [6]. Furthermore, Mortici established the following new sharp
bounds

I’l—f'l Qfl I’l'|-l 1
1.7 \| 52 < a— <\ 52
(1.7 2r Q, 21 +16n7r

which improves the previous results of Alzer ef al. in [11]. Therefore, Alzer proved in [1]
that forn > 1,

1\* Q2 1\?
(1.8) (1+> <”<(1+)
n Qn 1241 n

in which the best possible constants o = 2 —log, © and 8 = 1/2. Later, in [11], Mortici
showed that for every n > 4,

1\ 1/2-1/4n o2 12
(1.9) <1+> < —02 < <1+) .
n Qp_ 1241 n

Related references see [7,8,13,15].
The aim of this paper is to establish some new inequalities involving the volume of the
unit ball in R".

(1.5)

2. Lemmas

In order to prove the main results, following lemmas are useful.
Lemma 2.1. [10, p. 390] Let x; € RT,i=1,2,....nand Y.}, x; = nx, then

n
@.1) [T > ()"
i=1
Lemma 2.2. [2, Legendre] For every z # —1,—2,..., then
(22) 2P0 (z+ 1/2) = n'/°T(22).

Lemma 2.3. [4, p. 131] For every integer n > 1, the sequence {(Qn)l/"}”>1 is monotoni-
cally decreasing to zero.

Lemma 2.4. [12, p. 612] For every x € [1,0), we have
2.3) ﬁ(g)x\/2x+a<l“(x+1)<\/ﬁ(g>x\/2x+ﬁ

where o0 = 1/3 and = 3/391/30 -2 =0.3533---.
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3. Main results
In what follows, we always suppose 8 = 3/391/30—2 =0.3533---.

Theorem 3.1. For all natural number n, we have

3.1) Q< (1 Q).
If n is odd integer, then
(3.2) Q- Q)" < Qi) o

Proof. Using Lemma 2.3, we easily prove inequality (3.1). Next, we only prove inequality
(3.2). By virtue of Lemma 2.1, we get

(Q1Q;--Q )l/n_ nl/2 2/2 e 1/n
1822 n S \r(12+10)T@2/2+1) T(n/2+1)
ﬂ(”+1)/4
(C(1/2+ D(2/2+1)---T(n/2 + 1))1/n
ﬂ(n+1)/4

e =Q, 1 1
T((n+1)/4+1) (nt1)/2

Theorem 3.2. For every integer n > 1, we have

piypey) _0p _rD(nrh)

(3.3) (n+B) Q0 1 (n+ %)2
Proof. Easy computation and simplification yield
o) QT+ 1)/2N(n+3)/2)
Q- 1Qn 11 (C((n+2)/2))*
Setting z= (n+1)/2 and z = (n+3)/2 in (2.2) of Lemma 2.2, we obtain
(3.5) 2'T((n+1)/2)T((n+2)/2) = n'/n!
and
(3.6) 2F20((n+3)/2)0((n+4)/2) = 1'/2T(n+3) = '/2(n+2)!.
Combining (3.4), (3.5) and (3.6) leads to
3.7 Q2 VE(n+2)!/7n! _ wm(n+1)n!

Qu1Quy1 2272 ((n+4)/2) (T((n+2)/2))° 221 (T(n/2+1))*
where we apply I'((n+4)/2) = (n+2)/2I'((n+2) /2).

Using Lemma 2.4, we have
(3.8) ﬁ(%)"/z,/n+%<r(n/z+1)<\/ﬁ(%)"ﬂ\/wﬁ

and

(3.9) ﬁ(ﬁ)"\/zn+%<n!<ﬁ(g)"\/m.

e
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Applying (3.8) and (3.9), we have
2

o (O ey

(3.10) > -
Qn 12,41 92n+1 (\/E(%>n/2 m)4 (n+ﬁ)2

and

G.11) Q, <”(ﬁ(2)n\/m)2(”“)_(”“)(’“rg).

3 2
.Q.n*lQnJrl 22n+1 (\/E(Zne)n/Z /n+;) (n‘i’%)

The proof of Theorem 3.2 is complete.
Noting simple inequalities
(n+1)(n+%) n+i
(n+B)? ~ n+h

and

(n+1) (”"‘g) - n+1
CEET T

we get the Corollary 3.1.
Corollary 3.1. For every integer n > 1, it holds
n+ % Q2 n+1

(3.12) < < .
n+ﬁ -Q'n—lgn-H n“r%

Theorem 3.3. For every integer n > 1, it holds

(2n+1)/(n+1)
4
Je (V”+3> Q,

<
(3.13) e \/(n—i— 1) (n+1+ %) (/e

- f (\/m) (2n+1)/(n+1) |

"2 (n+1) (n-I— %)
Proof. Setting z= (n+2)/2in (2.2) of Lemma 2.2, we get
(3.14) 2HI0((n+2)/2)0((n+3)/2) = 22T (n+2) = '/ 2(n+ 1)1
Easy computation and simplification yield
Q, n2 (D((n+1)/2+1))" "D

Q)+ T(n/241) (n(n+1)/2)ﬂ/("+1)

_2MH(O(n+ 1)/24 1)) Y
B VI (n+1)! ’

(3.15)
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Similarly to proof of Theorem 3.2, we have

(2n+1)/(n+1)
o, 2n+1 (ﬁ(;—)(i’l+1)/ /n_~_1+§>
n+1 V2n+2+p

4 2n+1 (n+1)
( 3)
) 2n+\2/27r\/ D(n+1+4)
and
a, ot (ﬁ(%)(wm/z \/m)@nﬂ)/(nﬂ)
(Qup )/ (4 1) < \/ﬁ(i)nﬂ\/m
Ve (\/’m)(bﬁ—l)/(n-&-l)
- Vo (1) (n+l)
The proof of Theorem 3.3 is complete. 1

Noting simple inequalities
(2n+1)/(n+1)
(1/]/1—}-1—’—13) <(n+l+[3)2”+2 /(2n+2) l’l+1+ﬁ

Jornmrn  NVerDerh ol
(2n+1)/(n+1) (2n+1)/(n+1)
[, 4 / B
< n+3> >< n+1+2) 1

>
= E . Y
\/(n+1)(n+1+§) ntl+3 mRn+1+5

we easily get the Corollary 3.2.

and

Corollary 3.2. For every integer n > 1, we have

1 Q 1
(316) 2)11?22 2 B < (Q )Z/<n+]) < 2n4\>{22 n:_’_—,l_ﬁ '
T 2n+ n+ 1 4 £ n+1 T

Finally, we give a monotone result related to the volume of the unit ball in R”.

Theorem 3.4. For every integer n > 3, the sequence { 1/ Hy }n>3 is monotonically
decreasing to zero, where H,, denotes the n-th harmonic number. Further, the sequence
{(Q,,)I/H" }n>1 attains its maximum at n = 3.

Proof. By taking the logarithm, we only prove that

InQ, < InQ,
Hn - Hn+1 .

(3.17)
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For n > 5, using (1.7), we have

nQ, Qi - ln@
Hn Hn+] Hn+l
Direct computation can yield
InQ InQ InQ InQ InQ
Hll < sz < H33 > H44 > HSS'
Furthermore, by Stolz’s theorem, we get

InQ, . InQ,—InQ,_
lim(Qn)HIn_exp{lim 1 }—exp{hmnn]}

> 0.

frarest n—o  H, n—e  Hy,—H, i
. Q, }
=exp4 limnln =0.
The proof of Theorem 3.4 is complete. 1

Remark 3.1. The sequence (€,)'/#" can be rearranged as {[(Qn)l/”]”/H"} . Since (Q,)'/"

is decreasing to 0 and n/H,, can be easily proved to be increasing to oo, s0 lim,, (Qn)l/ Hy —
0 can be proved easily.

Remark 3.2. By the well-known software MATHEMATICA Version 7.0.0, we can show
that

(1) the double inequality (3.3) is better than (1.9),
(2) the double inequality (3.13) and (1.5) are not included each other.
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