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Abstract
This paper studies an extended Bessel function of the form

0 % ) 2k+p

B =
aBopcX ;klrak+p+bﬂ)(2

Representation formulations for By, are derived in terms of the parameters g, b,
and p. An important consequence is the derivation of an (g + 1)-order differential
equation satisfied by the function 4By, Interesting functional inequalities are
established, particularly for the case a =2, and ¢ = +a?.

Monotonicity properties of By, are also studied for non-positive c. Log-concavity
and log-convexity properties in terms of the parameters d and p are respectively
investigated for the closely related function

/A T+2) @y,

B ()= —x,
Dol 2;F(k+1)r‘(ak+p+b”) K

which leads to direct and reverse Turdn-type inequalities.
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1 Introduction
The Bessel function of the first kind of order p given by

oo (_1)]( (x)Zker
Jpx)i= ) | - , xeR,
? kZO:k!F(k+p+1) 2

is a particular solution of the homogeneous Bessel differential equation

x2 //(

x) +xy (x) + (x - 2)y(x) =0.
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Here I" denotes the gamma function. A solution of the homogeneous modified Bessel

equation

x%y (x) + %y (x) — (x2 + pz)y(x) =0

gives the modified Bessel function of order p

[e9) x 2k+p
L) = Zk‘F(k+p+1)< ) ’

k=0

Because of its importance, the Bessel function and other special functions are of continued
interest to the wider scientific community. The Bessel function and its variations have
gone through several generalizations, see, for example, [1-6]. These generalized functions
have also been framed as complex-valued analytic functions in the unit disk. Geometric
properties of such functions have been studied, notably in [7-13].

Among the several generalized forms, perhaps a more complete generalization is that
given by Baricz in [1]. In this case, the generalized Bessel function takes the form

00 k 2k+p
aBbp, ( ) Z%(g) (1)
2

KT (ak + p +

forae N={1,2,3,...},and b, p, c,x € R. It is evident that the function ,By . converges ab-
solutely at each x € R. Earlier, Galué [14] introduced a generalization of the Bessel function
of the form

e} (l)k x 2k+p
(@) zzok'f‘ak+p+1)<) o weRach

Apparently not much has been investigated for the extended Bessel function given by
(1). Presumably such extensions would readily follow from recent results along similar
used arguments, albeit involving intense computations. Still several pertinent questions
remain, which include the question on how the parameter a influences the shape of the
differential equation satisfied by ,Bp,,. It is the aim of this paper to complement and to
fill the void of earlier investigations on the Bessel function and its extensions.

The connection between the parameters a, b, and p in the representation formulae and
recurrence relation for ,B; . are derived in Section 2. An important consequence is the
derivation of an (a + 1)-order differential equation satisfied by the function ,By, .. As ap-
plications, new functional inequalities for ,B,,, > are obtained, particularly in the case
a=2.

Section 3 is devoted to the investigation of the monotonicity properties of ;B for
non-positive ¢, as well as for the normalized generalized Bessel function. Log-concavity
and log-convexity properties in terms of the parameters d and p are also respectively in-
vestigated for the closely related function

TR+ (@,
Z P+ Dl(ak+p+ BL) &

;Pv

As a consequence, direct and reverse Turdn-type inequalities [15] are obtained.
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2 General representation formulations and applications
This section aims to find representation formulations, including integral representations,
for the generalized function By, in terms of the parameters a, b, and p. A starting point

is the Gauss multiplication theorem [16] for the gamma function, which states that

m

o i—1 1
r(mz):(zﬂ)%mmz—%l—[F(zﬂ—), z240,——,...,
m m

j=1

m € N. Thus

[(ak +1) = F(a(k+ i))
a

a

1-a 1 I+j-1
— 2 ) ak+l 2 F /
27) 72 a 1_[ ((+ ~ )

j=1

_ la gpy-l - l+j—1 l+j_1
=(27) 2 a 21_[< , )kl"< . , ()

j=1

| #—ak,—ak —1,-ak —2,..., and k € N. Here () is the Pochhammer symbol defined by
(@)k = aa + 1)k = T'(a + k)/T (@), with ()¢ = 1. Substituting z = //a and m = a gives

fﬁ I+j-1 INO))
F( a ) ) 5 l_l’
2

j=1

and thus (2) yields

[(ak +1) = a**T (1) ]‘[(“2_ 1) .
k

j=1
Choosing / = p + (b + 1)/2, it is evident from (1) that

nd 1

b ex? \ K
Bope®) = ()
abb,p,c Zpr(p b+1 Z (2p+h+1)k(2p+b+3 )k . (2p+b2+aZa—1 )k(l)k 4at

2 k=0 2a 2a

which leads to the following representation in terms of the generalized hypergeometric

function (see [17]):

(ﬂl)k(az)k ﬂm)k o~
ik (B2)ic - - - (by)ick!

an(ﬂl:ﬂZ:~~ram;b1;b2;~~ Z
k=0

Proposition 1 Leta € N, and b,p,c,x € R. Then

X 2p+b+1 2p+b+3 2p+b+2a-1 cx?
aBb,p,c(x)z 0Lal| = = .

2T(p+ 2L 20 2a 7 2a " 4ge
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Another representation formula can be expressed in terms of the order a = 1. In the

sequel, we shall simply write By, . := 1By, . Thus

B 00 (—C)k J_C 2k+p
Bope(®) 1= kX:O: KIC(k +p + %) (2) ' ®)

Proposition 2 Leta € N, and b,p,c,x € R. Then

pHj-1

V4 a —
a1 b x a x
=@ (C) () P ()
j=1
where By, is given by (3).
Proof 1t is clear from (2) that
b+1 a 2 +ol L1
F(ak+p+ ):(2n)‘T kit HF(k %) @)
j=1
Thus,
o0 2k+
(=) AN
aBb,p,c(x) = Z l-a b p+b;1+j 5
o (27.[)Taak+p+§k! l_[;l: 'k + TZ)
P N
=@nTa(5) T g
j=1
00 k 2k 2L
c x a
X Z p+/) 1 b+l (2 a/z)
o K!T'(k + +5=) \2a

) pa _pt-1
al 7217 X X a X
~en T () T1(zm) o) s

Remark 1 As a first application, let = 2. In this case, Proposition 2 yields

T X X
ng,p,c(x)— WBI%I’%‘C 5 Bb%f%l,c 5 .

Now By p,1(%x) = J,(%) is the classical Bessel function, while By ,,_1(x) = I,(x) is the modified
Bessel function of the first kind of order p. Thus, for b = 3 and ¢ = %1, it follows that

/g X X
=11 (3 (3)

and

Baes) = [Ty (3)1e (3):
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Thus interestingly

2B32,,1(%) _ Jp(x/2) 2B3,2p,-1(x) _ L,(x/2)
2B3op1,1(%)  Jpe1(x/2) 2By opit,-1(®) L1 (x/2)

For obtaining recurrence relations, first differentiate (1) to yield

(—o)¥(k)
— 2T (ak +p + BT (k +1)

d
E(x"’ Bbp,c()) (x/2)%1

-0k +1)
ZPF(ak +p+ Bk +2)

_ _Cxlap<l)1a i (—C)k <f)2k+p+a
2 C(ak +p + %)F(k+ 1)\ 2

k=0

x 1-a
= _Cxip <§> aBb,p+a,c(x)'

Expanding the left side of the above equation yields

( /2)2k+1

omg OMg

d x l-a
x%aBb,p,c(x) = paBb,p,c (x) - C(E) xaBb,p+a,c (x) (5)

Yet another form for xﬂB;),pvc is obtained from

d 2ptb-l > (=c)* d o -l
—(x P Bpycx —xt T
dx( “Bopel®) = ;22’””‘ ak +p + 20 (k + 1) dx
i (_c)k(g) xzkﬂP”’#
= %D (ak +p + BT (k +1)
1 2p+b-1
= ; X a » aBb,p—l,c(x)'

Expanding the left side of the above relation, it follows that

X

d
xaaBb,p,c(x) = ;aBa,p—l,c(x) - (

2p+b-1
a

- p)th,p,c (x) (6)
Thus (5) and (6) lead to the following recurrence relation.

Proposition 3 Leta € N, and b,p,c,x € R. Then

x 2\ 2p+b-1
;aBb,p—l,c(x) + C(E) xaBb,p+a,c(x) = (T)uBb,p,c(x)'

We next find an (a + 1)-order differential equation satisfied by ,By,, . from the recurrence
relations (5) and (6) (see also [18]).
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Theorem 1 Let the operator D be given by D := x(d/dx). For each k = 1,...,a, the general-
ized Bessel function ,By,, . satisfies the differential equation

k+2-a

aBbp—k+ac (x) =0. (7)

k
20+b+1-2j cx
(D—p)l_[(D+ P . ] p>ﬂBbyp,c(x)+—ak21_a
j=1

In particular, the generalized Bessel function ,By, . is a solution of the differential equation

a _9; 2
(D-p) ]_[(D + W —p)y(x) +

j-1

W)’(x) =0. )

Proof The proof is by induction. In terms of the differential operator D, identity (6) takes

the form

20+b-1 X

Now identity (5) gives
D(xaBb,p—l,c (x)) = xzaBIbyp_lyc (x) + xth,p—l,C(x)
1-a
X 2
= pqub,p—l,c(x) - C(E) X aBb,p—1+a,c(x)

2p+b-1 2\
=pa (D + pT _p>aBb,p,c(x) - C<§> xzuBh,p—Ha,c(x)'

Applying the operator D to both sides of (9), the latter equation leads to
2p+b-1
D(D + Pro-- —p)th,p,c(x)
a

1
= = D(xeBpp-1.(x))

20p+b-1
ZP(D"' P _p>aBb,p,c(x)_

xg_uaBb,p—lﬂz,c(x):

a a2l-a

whence

2p+b-1 _
T x® ﬂuBb,p—lm,c(x) =0.

(D—p)<D+

C
—-p aBb,p,c(x) + m

This establishes (7) for k = 1.
Assume now that (7) holds for k = #. It follows from (6) that

D (xn—a+2a Bb,p—n+a,c (x))

—a+3 ~a+2
=y aB/b,p—}’l+a,c(x) + (Vl —-a+ 2)xn o ﬂBb:P*”*‘“’”(x)

x1+3-a <2(p -n)+b-1 —[J)xnﬁﬁz
a

= TuBb,p—n—lJra,c(x) - aBbp-nrac (x).
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Applying the operator D to both sides of (7) for k = n, the above equation shows that

‘ 2w+b+1-2f
p-p[] (D R —p)aBb,p,c (x)

-1
Cc

3—
= _war ﬂﬂBb,p—n—lJra,c(x)
¢ (2Ap-m+b-1 .
6{"21“( a -pP K aBb,p—nm,c(x)»

The induction formula allows us to rewrite the final term above in the form

i 2w+b+1-2j
p-p[] (D e AdAE —p)aBb,p,c (x)
j=1

a
Cc
== a"+1gl-a xn+3iaaBb,p—n—l+a,c(x)
2p-n)+b-1 - 20+b+1-2
- (@4 —[9) |:(D —19) (D + u _p>aBb,p,c(x)i|~
a i1 a
Thus
2p-n)+b-1 - Ww+b+1-2
(D+. % —p)(D—p) <D+ Q_p>ﬂBb,p,c(x)
a i1 a
c —
== a+19l-a xn+3 aaBb,p—n—lﬂz,c(x);
that is,
n+l
20+b+1-2j cx3-a
(D-p) H(D + PO _p>uBb,p,c(x) + n+121_aaBb,p—n—l+a,c(x) =0. 0
j=1 “ a

Remark 2 For a = 1, the differential equation (8) reduces to

x%y"(x) + bxy (x) + (cac2 -pP+(1- b)p)y(x) =0.

This is the differential equation considered by Baricz [2] in his study on the unifica-
tion of Bessel, modified Bessel, spherical Bessel, and modified spherical Bessel functions.
Thus the differential equation yields the Bessel function of the first kind of order p when
b =c =1, and the modified Bessel function of the first kind of order p when b =1 and
¢ =-1.In the case b = 2 and ¢ = 1, there results the spherical Bessel function of order p.

For a = 2, (8) reduces to

xsy“%x)+<1+b—p)x2y”<x>+<"‘”(¥ "’)"y @ <§x2 - W)y W=

Thus its particular solution is 3By, which from Proposition 1 can be expressed in the
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form

o0 k x 2k+p
=52 ()
e kZO:k'F 2k+p+b*1)

’ ’

xf 2+b+1 2p+b+3  cx?
of2| =
4 4 16

S (p+ 2L

We conclude this section by establishing two integral representations for ,By,, . For this
purpose, first recall the integral form of the beta function B(x, y) [16, 17] given by

B(x,y):_ )F(y /t"l(l £y tdt (10)

for Rex > 0,Rey > 0. Replacing x by (ak + 1) and y by (2p + b — 1)/2 in (10), we get

1 _ 2 /1 tZakJrl (1 tZ) 2p+2h73 dt
C(ak +p + b*l) I(ak + 1)F(%) ’

where p > —(b-1)/2.
For a € N, identity (2) yields

F(ak+1):F<a(k+l)):(2;1)1_T”aﬂk+% F(k+£).
a i a

]

Then the generalized Bessel function By, takes the form

2(%) 2 (=) xte \ %
aBhype(x) = all2(277 )0 a/21"(217+b 1 H/ H1-7) ZO: KD (k + L ( ﬂ“/2> “
2(§)p a x 1—% 1 L . 9 2p+b-3
_ —a+tj 1 _ 2
a1/2(2n)(1*“)/21"(2p+Tb_1) H(zaam) /0 (1~
S, ( e )2“%-1 "
~RC(k+ L -1+1)\ 2042

23

al’2(2m)1-a21( 2p+2b71 )

a

-1 2p+b-3 a
X “ 1-a+j 2 p+2 xt
X H(zﬂaQ) /(; ¢ (1 -t ) Bu(jla)-1. adl? dt,

Jj=1

which establishes the following proposition.

Proposition4 Leta € N, and b,p,c,x € R. Then

21-pyp
_ b-1
al’2(2) a)/ZI‘(p + T)

a 1- 1 2w+b-3 a
x 1-a+j o Ly xt
X | |(2ﬂal2) /(; t (1 -t ) B1,(j/a)-1,c —an dt.

Jj=1

a Bb,p,c (x) =

EY S
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Remark 3 The particular cases a = b = 1 = £c in Proposition 4 respectively lead to

(3

1Bip1(x) = Jp(x) = r)

1
f t(1 -2 Jo(at) dt,
0

23y
r(p)

1
1B1p-1(%) = I,(x) = t(l - tz)p_llo(xt) dt,
0

forx >0and p > 0.
Another integral representation is the following.

Proposition 5 Leta € N, and b,p,c,x € R. Then

a

21Pyxp 1
Bpp,c(®) =
o Jr@r) T ‘Pt l—[ F(72p+2”b 1)

1 ® k 2% b1
(—C) Xt 9 2p+2/+l; 1-3a
<, 2 oot () -
Proof Replace x by (k +1/2) and y by (2p + 2j + b — 1 — a)/2a) in (10). Then

1 2 /1 2k( 2) 2p+2j+b-1-3a
: = : 2R -t @ dt, (11)
F(k + 2p+22];b—1) F(k + %)1—1(21%2];5—1—51) 0

where p > (a — 1 - b)/2. On the other hand, (4) yields

) r(efe )

2 Ww+b+2—1
= (27) '3 g+ b]‘[r(/ﬁ%). (12)

a
j=1

F(ak+p+b+

Thus (11) and (12) shows that the generalized Bessel function By, takes the form

0 (5)2k+p 2

ﬂB C
b ZO T(k+ 1)Lk + 3) (27) 5" gok+r+3

2p+2j+b-1-3a

1
x 1_[ l—-(2p+21+b 1 a)/o #A1-2) 2 dt (13)

2p+2j+b-1-3a

) : (= @) (1 - 2
+3 H 21“2/”’ 4 / T(k+ DT (k + 1)(2a4/2)% ¢

i)

IR

2(

" en)5

~\

Now the Legendre duplication formula (see [16, 17])

C(z)l <z + %) =212 /aT(22)

shows that

1 1 JT(2K)!
F(k+1)l"<k+5>=k1‘(k)l‘<k+§) 2Kk (2h) =
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This reduces (13) to the desired representation and completes the proof. O
Remark 4 For another application, choose ¢ = +a2. Then Proposition 5 leads to

2Py 2 1

B Xx) =
et ﬁ(zn)%“aw 1_[F(w)

l)k axt 5 2p+2j+b-1-3a
/ (am) (1-2) > dt

21PxP - 1 ! g 2242itb13 axt
— 2a
= ﬁ(2n)1;fap*‘ | l F(2p+2}+b 1 a)/o (1-2) cos(aﬂ/z)dt,

and

21 Pxp - 1
Bb _ Z(x) =
a=b,p,—a \/_(27'[)po+ 1_[ F(2p+2}+b 1- a)

1 2k .
1 axt 2p+2j+b-1-3a
X — =) (1-£) > dt
/0 ;(2@!(%2) (-7)

2P yp £ 1 ! 2p+2j+b-1-3a axt
- ﬁ(zn) 1’T"ap+g 1_[ F( 2P+2j+b—1—a) /(; (1 - tz) 2a COSh(W) dt.
j=1 2a

Substituting ¢ = cos € yields

_ol-pyp d 1
Bppa2 (%) = gt l_[ r(222hay

\/—(277) ” 2a

0 2p+2j+b-1-3a o}
x/ (1-cos’0) ™ cos(w) sin® do

2 a:z

2L-pPxp 4 1

l-a 2ptb l_[

2p+2j+b—1—
\/—(27_[ T s i1 F( Pt 1'2*"Z u)

3 2p+2j+b-1-3a 0
x/ (sin@) B *%os(LCCC:S( ))dG
0

az

2Py 4 1

1- 2p+l7 | |

e TR

T
T 2+2j+b-1-2a axcosf
x/ (sin®) a COS<T> de,
0

a?

and

2L-Pxp a 1

\/_(27_[ 1- 217+b l_[ 1—-(2p+2}+b 1- a)

2

% +2j+b-1-2a 0
x/ (sine)zp S cosh(LccgS )d@.
0

az
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The particular case 2 = b = 1 = « in the above representations gives respectively the
integral representation for the classical Bessel and modified Bessel functions of order p:

6= 1) = 2 [ ¥ (5in0) cos(xeos0)do
B = =
1B1,p1%) =J/p¥ NGy %) /0 sin cos(xcos
= _Gr /n(sine)zl’ cos(xcos8) do
Val(p+ %) 0
21Pyr 1 _1
=—— | (1-2) t)dt,
et [
and
1B1p-1(%) = I(x) = &1 /n(sine)zf’ cosh(xcos ) do
Vrl(p+ 5) 0
21_17 4 1 1
= Wfl)/ (1 — tZ)P 2 COSh(xt) dt
T + 3 0
These integrations for J, and I, can also be found in [16, 9.1.20, p. 360] and [16, 9.6.18,
p- 376].

3 Monotonicity and consequences
Investigations into the monotonicity properties of the generalized function ,B;, . hinges
on the following result of Biernacki and Krzyz [19].

Lemma 1 ([19]) Suppose f(x) = > oo arx* and g(x) = 3 5o bixX, where ai € R and by > 0
for all k. Further suppose that both series converge on |x| < r. If the sequence {ay/bi}i=0 is
increasing (or decreasing), then the function x — f(x)/g(x) is also increasing (or decreasing)
on (0,r).

Evidently, the above lemma also holds true when both f and g are even functions, or both
odd.

Theorem 2 Letc <0.
(@) Ifg=p>—-(b+1)/2and a <d, then x — (2577 ;Bpp(x))/ (291%™ 4By 4,.(%)) is
increasing on (0, 00).
(b) The function p = 4Bp,pra,c(%)/aBpp,c(x) is decreasing on (—(b + 1)/2, 00) for each fixed
x>0.
(c) The function x> xaB/b’p’ (X)) aBppc(x) is increasing on (0, 00) for each fixed
p>—-(b+1)/2.

Proof (a) From (1) it is evident that

_ 00 2%
x1 paBb,p,c(x) _ Zk:o ak,p,a(g)
- ’
2q_pbBb,q,c(x) Z/ﬁo ak,q,d( % )2k
where
(=) (—o)
Ckpa = and Ok,g,d

kT (ak + p + %) ’ =k!F(dk+q+ b;—l)'
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Write wy = g p,a/0ti g4 Since d > a and g > p, it follows that

Wil [(ak +p + %)F(dk+d+q+% ~ (dk +q + bg—l)d .

wi  T(dk+q+ 2T (ak +a+p+ 2L

1.

ﬂ)—
a

(ak +p+ =

The result now readily follows from Lemma 1.
(b) Let g > p > —(b + 1)/2. It follows from part (a) that

i 2px7paBb,p,c (QC) >0
dx \ 29x79,Bp (%) ) —

n (0,00). Thus
(xipaBb,p,c(x)),(xianb,q,c(x)) - (xipth,p,c(x)) (xianb,q,c(x)), > 0.
It now follows from (5) that
x l-a
(_C) x P (E) (aBb,p+a,c(x) aBb,q,c(x) - uBb,p,c(x) aBb,q+a,c(x)) > O:

whence ;B p.a,c/aBpp, is decreasing for p > —(b + 1)/2.

(c) Let Bk p.a := (2k + p)atk p,o. Then the quotient xaBi,'p,C/aBbyp,c can be written as

x”B/b,p,c (x) _ Z/CZ() :Bk,p,a ( % )2k
aBbp,c (%) ZI?ZO ak,p,a(%c)Zk )

Clearly, the sequence {Bi /@ pali=0 = {2k + pliso is increasing, and hence Lemma 1

shows that the function x — x,B;, » /aBbp,c is increasing on (0, 00). O

Next consider the normalized function

b+1
aBb,p'c(x) = ZPx‘PF (p + T)ﬂBb'p’C(x)

_ b+1)\ = (=c)k 2\ X
_F<p+ 2 )Zk!F(ak+p+b%1)<§> ' (14)

k=0

Also let ; ®; be the confluent hypergeometric function

The next result discusses the monotonicity property of rational functions involving , By, ...

Theorem 3 Letc <O0.
(a) Ifa > B >0, then the function x > By (x)/1P1(e; B; —cx*/4) is decreasing on R for
each fixed p > —(b + 1)/2.
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b) If0< B <(2p + b+ 1)/(2a), then the function x > aBb,p,C(x)/Fﬂ(ﬁ;—cx2/4) is
decreasing on R for each fixed p > —(b + 1)/2, where

1 a-1
Fa(ﬂ’x):zoFa(_;ﬂ)ﬂ"'_;-~~)/3+ ;x>
a a
Proof (a) It follows from (14) that

Bope@) P 8(G)*
101 (s i) Lo B2(K)(5)*

with

_ok b1 o
8, (k) = Lﬂ (=0 (@)

d 8(k)= ——.
KIT (ak + p + 21) and - 5:(0) KB«
Set wy := 81(k)/82(k). Since > 83,

Wit (B + k)T (ak +p + b*l)
= b+1)

wr (@+kT(ak+a+p+

Thus {wi}« is decreasing, and the result follows from Lemma 1.
(b) From Proposition 1, a representation of B, by the generalized hypergeometric
function is

00 2k
aBb,p,c(x):Zm(m(g) ,
k=0

where
(-0
o1(k) := ” — T
ask kI [T, (B2,
Let
k
—C
O'z(k) = ”(—)H'
k! Hj:l(ﬂ + 7)1(
Then
aBb,p,c(x) Zk OUI 2k

F.(8, —c%z) > o Uz(k)(z)Zk

With 1y := o1 (k)/02(k), a computation shows that

v _ 1 Pk (B+ a1 H B+tk

T aa} . (2p+b+2/ )+ (ﬁ_l_}Tl)k 2p+172:121 +k
Now

2p+b+2j-1 j-1

> g+l

2a a
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for each fixed j, 1 <j < a, provided 0 < 8 < (2p + b + 1)/(2a). Hence 1,1 < 1, and the

result follows from Lemma 1. O

Another function of interest is that given by

bpc (15)

(' TE+5) (@ * = (—c/4Y (d)x ‘
Z T(k+ D (ak +p+ 21) kL X;’F(/H Dy + %)akk!x'

Note that ,5; pc( %) = oBpp,c(v/x), where By, is given by (14). The following result by

Karp and Sitnik [20, Theorem 1] is required to deduce the log-concavity of aBZ e i terms

of the parameter d.

Lemma 2 ([20]) Let

(d
1, x)-sz ko,

where fi > 0 (and is independent of d). Suppose e > d > 0, § > 0. Then the function
Paes(®) =f(d + 8,%)f (e,x) — f (e + 8,x)f (d, x) Z Pt

has positive power series coefficients ¢,, > 0 so that d +— f(d,x) is strictly log-concave for
x > 0 whenever the sequence {fi/fi_1} is decreasing. On the other hand, ¢4 . 5(x) has negative
power series coefficients ¢, < 0 so that d — f(d, x) is strictly log-convex for x > 0 whenever

the sequence {fi/fv-1} is increasing.

Theorem 4 Letc <0andd > 0.
(@) The function

p— llBZ,p,c(x)
given by (15) is decreasing and log-convex on (—(b + 1)/2, 00) for each fixed x > 0 and
d>0.

(b) The function

pr= aBZ,erLC(x)/aBZ,p,c(x)

is increasing on (—(b + 1)/2,00), that is, for g > p > —(b + 1)/2, the inequality
B @B (%) = BE (6B ) (16)

holds for each fixed x >0 and d > 0.

(c) The function d — Bbpc(x) is log-concave on (0, 00) for each fixed x > 0 and
p>Q2a-b-1)/2.



Ali et al. Journal of Inequalities and Applications (2018) 2018:66 Page 15 of 22

Proof (a) Let g > p > —(b +1)/2. Then (g + (b + 1)/2)sx > (p + (b + 1)/2)4 for all k €
{0,1,2,...}. Thus

(oM oy
O = G D Bk~ BT+ D+ Bk~ P

Since

“Bl{f,q,c(x) = Z )/k(q, d)xk,

k=0

we deduce that
By %) < uBE, (%)

for each fixed x > 0 and d > 0. Therefore p — ”B;Jl,p,c is decreasing for p > —(b + 1)/2.

To show log-convexity of ﬂBZ,p’C, it suffices to show that p — yx(p,d) is log-convex for
all k €{0,1,2,3,...} and fixed d > 0. Then the result follows from the fact that sums of
log-convex functions are also log-convex.

Let W be the digamma function given by W(p) = I''(p)/T"(p). Then evidently

2

0 , b+1 , b+1
@(IOg(Vk(P,d))) =V (}7+ T) -V <(lk +p+ > )

Note that [16, p. 260] W' has the explicit form

=1
ly/(t):; T teR\{0,-1,-2,...}.

This implies that
52 . ak(ak+2p+(b+1)+2n)
—(lo ,d))) = z
3p2( e(np.d)) ; (p+ 2L+ n)2(ak +p + 2L + n)?

forallk € {0,1,2,...} and p > —(b+1)/2. Thus p — yi(p,d) is log-convex on (—(b + 1)/2, 00),
and consequently uBZ,p, . is log-convex for each fixed x > 0.
(b) It is clear that (16) is equivalent to showing

<Z vilq + Ld)xk) (Z Vo, d)xk) > <Z ve(q, d)xk> (Z v +1, d)xk),
k=0

k=0 k=0 k=0

which holds whenever

vilg+ L,d)yi(p,d) + vi(q + L, d)vi(p, d) = vi(q, d)yi(p + 1,d) + vi(q, D)y;(p + 1,d)  (17)

foralli,j e N.
Let
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and

. b+3 , b+3
rMm=Tlag+q+ 5 I'ai+p+ 5 )

Then

vilg + Ld))/j(lﬂ’ d) + V/(q +1,d)yi(p,d)

_ T+ BT + @) [aj +p+ B aivgs 1s)
- C(i + 1D + 1)iY! P Ao ’
Similarly,
Vi@, d)yip +1,d) + vi(q,d)y;(p + 1,d)
 (=c/4)T(q+ BT (p+ B2)(d)id); [ ai + g + 25+ AL Bt (19)
- T+ )0+ Lyt A oo

Next, for i > j, relations (18) and (19) show that inequality (17) is equivalent to

( b+1)[<‘ b+1) ( b+1) ]

q+ 5 aj+p+ M+ |ai+qg+ A
> +b+1 aj + +b+1 M+ ai+ +b+1 A
Z\? ) j+p ) 1 q D) 2|

Since g > p, this can be further simplified to showing

)
> 0.

The latter inequality clearly holds true whenever A; > A,.

b
a1 —)»2)(5—j)(19+ .

To see that this is indeed the case, for g > p, let

) = C(ax+q+ %)

b3y"
[ax+p+ %57)

Since x — I'(ax + y) is log-convex, it follows that ¢'(x) > 0. Thus ¢ (i) > ¢(j) for i > j, and
consequently A; > A,. This validates inequality (16).
(c) To apply Lemma 2, let

(T + 5
Jii= Ck+ 1) (ak +p+ %)'

We shall show that the sequence by = {fi/fi-1} is decreasing. A calculation gives

EI‘(ak+p+%—a)

- b+ ’
4 kT(ak+p+ 71)

k=
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and so we need to show that the function £ : (0, 00) — R given by

Clax+p+ 2= b” —a)

E(x) =

xl"(ax+p+ b*l)

is decreasing for p > (2a — b — 1)/2. Logarithmic differentiation gives

§'x) =oz‘~11(owc+p+b+1—oz)—alll(ax+p+b+1)—l
&(x) 2 2 x

Since the digamma function is known to be increasing on (0, 0o0) for p > (2a — b — 1)/2 and
x > 0, it follows that

£ ()
5w <0

Thus £ is indeed decreasing, and Lemma 2 shows that the function

d
d— aBZ,p,c(x) = Zf (/)'k k

k=0

is log-concave. O

The results of parts (a) and (b) in Theorem 4 in the case d = 1 were also obtained by
Baricz [1, Theorem 3, Theorem 4].

Remark 5 Theorem 4 has interesting consequences, among which is the Turan-type in-
equality for the function ﬂBZ e 8iven by (15). From the definition of log-convexity, it fol-
lows from Theorem 4(a) that

B s 1eapoe® < (@B 00) (B, )

where a € [0,1], p1,p2 > —(b + 1)/2, and x > 0. Choosing =1/2,py =p—vand p, =p + v,
the above inequality yields

(“Bz,p,c(x))z - ﬂBZ,p+v,c(x)ﬂBZ,p—v (x) <0. (20)

On the other hand, the log-concavity of d > B¢ _implies that

bp,c

B ) > (B () (B ()

fort €[0,1],dy >dy >0, p> (2a — b —1)/2 and x > 0. Choosing ¢ = 1/2, d; = d — i, and
dy =d + 1, p € R, the inequality reduces to

(B @) = Bt (0B (). (21)

b,p,c b,p,c

Thus (20) and (21) lead to direct and reverse Turan-type inequalities

By @)aBy () < (a B, )" < uBY . @B, ().
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Remark 6 For d =2, it follows from (15) that

i (/' TE+5) 2k S

aBZ =
bpc) I(k+ 1T (ak +p + 21) Tk

(-c/4TE+2)  (k+1) ,
X
— T(k+ )T (ak+p+ by K

Il
»Mg I

k b+l
(=c/4)T(p + %7) 1
F(k + 1) (ak +p + 2= b+1

R
I

(e Tp+ )
I(k+ 1)l (ak +p + 22

ol

0

(aBbpc(\/—)"' Bbpc(\/—) (22)

|§~7

=X

Q

X

where By, is given by (14). With d = 1 and p = 1 in (21), then Bbpc( %) = aBppc(V%).
Thus (22) shows that

d
(uBb,p,c(\/;C))z > x% (aBb,p,c(\/;)) + aBb,p,c(\/J—C)

Remark 7 Inequality (16) leads to a generalization of the Turdn-type inequality

(B 1) < aBi, (%) B o, c ().

Inequality (16) also yields

BZ’qc( ) < th+lc(x) Bbq+20( ) <...< BZq-mc(x)
ngc( ) B ﬂBZ,p-d c( ) Bbp+20(x) B B Blgwlpﬂzc(‘x)

Thus

ch(x) Bbq+ac(x)

bpc(x) B Bbp+ac( )

The next result gives a dominant function for ;B 2.

Theorem 5 Let p > —(b + 1)/2 and x > 0. Then

1 x\? a’x?
aBbp az(x) F(p b+1)< ) <4(p b+l)a)

Proof Clearly the estimate trivially holds for x = 0. Let x > 0. It is readily established by

mathematical induction that I'(m + x) > ™I (x) for m € N and x > 0. Then

ks +b+1 - +b+1 ”kr +b+1
aKk+p 5 Z\P 5 p ) ’
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and thus
1 00 a2k % 2k+p
tle, —a2 (x) =< - n (_)
’ r(p+%>§<p+z—l)ﬂkkr 2
i (a) (i m)
=——5\5) el —17 ) -
Tp+2H\2 A(p + 1) 0

For o = +1, b =a =1, Theorem 5 leads to a dominant for the modified Bessel function

1 x P x2
I < —| - 4(p+1)
b0 < r(p+1><2> ¢

obtained by Baricz in [21].
The final result uses the Chebyshev integral inequality [22, p. 40]: Suppose f and g are

two integrable functions monotonic in the same sense (either both decreasing or both

increasing). Let ¢ : (a4, b) — R be a positive integrable function. Then

b b b b
( / q(t)f(t)dt) ( / q(t)g(t)dt)s( / q(t)dt) ( / q(tw)g(t)dt). (23)

The inequality in (23) is reversed if f and g are monotonic of the opposite sense.

Theorem 6 Letp > —(b—1)/2, @ € R\{0}, and x € (0,7/|cx|). Then

T OO (s ()
J 2p+b-2 7 )

2Bb,p,a2 (x) > = 2p+
2Tl—v(2p+f—l)l—w(2p+4b+l) )

wa P33 (D (L)) ax)\?
12p+b—2 7 .

2% F(2p+4b—l)r(2p+4b+1) 7

2Bb,p,—ot2 (%) >

Proof Putting a = 2 in Remark 4, the integral form for By, , .2 (x) is

xP 1 9 2p+b-5 axt
- 4 -
2Bp a2 (%) - () (/0 (1 t ) cos( 5 )dt)
4

22p+ % F( 2p+4b—1 )F
1 2p+b-3 t
X </ (1-¢4)* cos(g) dt).
0 2

To establish the subordinant for »B,, , .2, let

q(t):(l_t2)2L+‘£ﬁcos<a7x£>; f(t)=g(t) = (l_tz)fé, O<t<l1.

Then

1 1 1
B B B 2 2p+f—4 a—xt
/0 q()f (t)dt = /o q(t)gt)dt = /0 (1-7) cos( 5 >dt.
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It is known that for Re v > —1/2, the classical Bessel function J, has the integral repre-
sentation

~ 21—vyv 1 ) v—%
J,() = mfo (L—#%)""% cos(yt) dt.

Replacing y by (ax)/2 and v by (2p + b — 2)/4, we obtain

1 1 2
( / q(t)f(t)dt> ( / q(t)g(t)dt):22P+h-4n(ax)1-"-%(r<w)) s (ﬂ‘)
0 0 4 =\ 2

Since f and g both are increasing on (0, 1), it is evident from (23) that

xp 1 2p+b-5 axt
B x) = 1-#2) 1 cos| — ) dt
2Bapa () 22p+”z3r(—2’”*f’1)r(2"*”“)(/o (a-£) ( 2 ) )

4

1 2p+b-3 A
X </ (1-2) “a cos(ﬂ) dt)
0 2

xP 1 1
=22p+b23F(2p+TH)F(%)( [ rereeda)( [ poa)
LR N )

- 72 (ax)
T2ttty T 2 )

The subordinant for By, > is readily established in a similar manner by choosing

q(t)z(l—t2)T cosh(%m:); f@t)=g():= (l_tz)’i, O<t<l1. O

Remark 8 As a final application, choose b = 3 and @ = 1 in Theorem 6. Then

. ()M( (2))
2B3p,1 _2F(%)F(ZPT+4) 2114*1 2 .

Remark 1 now shows that

R\, () VRO )
(3 e (3) = ENCRINE) (o= (3))

4
Similarly,
B3p,-1(%) e d(CC)? I =)’
2B3p-1) =2 ————— - | Twa | 5 )
ar ) 72
and thus

+3yy2 2
(5 2)= it (0 2)
22/ \2) Tardghregt) T \2

4



Ali et al. Journal of Inequalities and Applications (2018) 2018:66 Page 21 of 22

4 Concluding remarks
This paper derived representation relations and functional inequalities for the extended
Bessel function

o0 (_C)k (x>2k+p
Bope) =y ——— (=
” Z;k!l“(ak+p+ by 2

in terms of the parameters a, b, and p. An important consequence is the (a + 1)-order
differential equation satisfied by the function B, .. Monotonicity properties of ;By .. are
obtained for non-positive c. Connections with earlier works on the Bessel function and its
generalizations are also made.

Additionally, this paper also studied log-concavity and log-convexity properties in terms
of the parameters d and p for the closely related function

B ::i (/' T+ %5 @ 4

—X .
b “~T(k+ 1) (ak +p+ 2L1) K

As a consequence, direct and reverse Turdn-type inequalities are obtained.
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