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Abstract. By making use of a linear operator that is defined by
means of the Hadamard product (or convolution), we investigate the
properties of a certain family of meromorphically multivalent func-
tions.
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1. Introduction

Let ¥, denote the class of functions of the form

f(z) = -le;+iakzk'p (peN:={1,2,3,...}), (L1)
k=1

which are analytic and p-valent in the punctured unit disk
A" :={2€C:0<]z| <1}

The function f € X, is meromorphic p-valent starlike of order a if

b zf’(z) (6] « ;2 =17 Sz
?R(f(z))>p (a<l; ze A:={2€C:|z] <1}).

We denote by ¥5(a) the class of all such meromorphic p-valent starlike
functions in A*.
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The function f € ¥, is meromorphic p-valent convez of order a if

f'(z) #0 and

2f"(2)
f'(z)
The class of all meromorphic p-valent convex functions of order a is denoted
by % (a).

The class £)(a) consists of functions f € ¥p with f2)f'(z) #0
satisfying

—ER(I+ >>pa, (< 1;z € Q).

_ _ 2 2E) zf"(2) '
RiQ 7)ﬂ@ +7(L+f%ﬂ>]>pm (@< 1;z€A).

The function f € ¥7(a) is called a meromorphic p-valent y-convez function
of order a. Let & := %q, ¥*(a) := X{(a), T(a) := £i(a) and Z7(a) =
=1 (a).

Recently Cho and Owa [2] proved the following:
Theorem 1.1. If f € X satisfies f(z)f'(z) # 0 in A* and

') #) I
ER{ 5 f,(z)}<2(2 )= B (z€A), (1.2)

then

2—a g1
_» { 25 f!(2) } S 1
fe(2) 1+2(2—-a)—-28
where a <2 and 22— a)—1]/2<fB <2~
Also Nunokawa and Ahuja [5] have proved the following:

(z € A), (1.3)

Theorem 1.2. Let a < 0. If

rov (33

then f € *(a).
Theorem 1.3. Let a < 0 and v > 0. If

20 — 202 +’ya)

R

then f € ¥*(a).



Differential Subordination for Meromorphic Functions 151

For two functions f and g analytic in A, we say that the function f (2)
is subordinate to g(z) in A, and write

f=<g or f(z2)=<g(z) (2€4),
if there exists a Schwarz function w(z), analytic in A with
w0) =0 and |w(2)]<1 (z€A),

such that
f(z) = g(w(z)) (z€4).
In particular, if the function g is univalent in A, the above subordi-
nation is equivalent to

f(0)=g(0) and f(A)Cg(A).

Ravichandran et al. [6] proved the following generalization of Theorem 1.2
and Theorem 1.3:

Theorem 1.4. Let ¢(z) be univalent and ¢(z) # 0 in A. Further assume
that

(1) 2¢'(2)/q(2) is starlike univalent in A, and

(2) §R[l+%§l—%§l—ﬂ?]>0forzeA,'y#0.

If f(z) € X and

-[a- e (e )] <0G

then
2f(2)
f(2)

< q(2)

and q(z) is the best dominant.

In the present investigation of the above defined classes, we prove
extensions of Theorem 1.1 and Theorem 1.4 for a certain class of meromor-
phic functions that is defined by a linear operator introduced by Liu and
Srivastava [3].

For two functions f(2) given by (1.1) and g(z) given by

1 o0
9(z) = + kZbkz’“"’,
=1
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we define the Hadamard product (or convolution) of f and g by
(F*9)(2) == 1 +ia bz*P
g = kOk .
k=1
Define the function ¢,(a,c; z) by

dp(a,c;z) = —1‘5 +Z

k=1
(z€A;a€eR; ce R\{0,-1,-2,...}),
where (a), is the Pochhammer symbol defined by

—_

G.

C

v

1, n = 0;
(a)n:z{a(a+1)(a+2)-~-(“+”_l)’ nenN.

Corresponding to the function ¢,(a, ¢; z), Liu and Srivastava [3] defined a
linear operator L,(a,c) on T, by

Ly(a,c)f(z) = ¢p(a,c;2) % f(2) (f €Xp)
or, equivalently, by

Lpla,c)f(z) := Zp+i(a— (z € A).

k=1 C

The definition of the linear operator £,(a,c) is motivated essentially
by the familiar Carlson-Shaffer operator which has been used widely on the
space of analytic and univalent functions in A. See [1, 8, 9] for details.

To prove our main results, we need the following Lemma due to Miller
and Mocanu:

Lemma 1.5. [4, Corollary 3.4h.1, p.135] Let g(z) be univalent in A and let
©(2) be analytic in a domain containing q(A). If 2¢'(z)p(q(2)) is starlike

and
2 (2)p(1h(2)) < 2¢'(2)p(g(2)) (2 € A),
then (z) < q(z) and g(z) is the best dominant.
Lemma 1.6. [7, Theorem 2, p.195] Let o, B be any complez numbers,

B#0. Let g(z) = 1 + quz + q22° + - - be univalent in A, q(z) # 0. Let
Q(z) = Bzq'(2)/q(2) be starlike and

2Q'(2)
00 }>0, (z€A).

R {ng +
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Ify(2) =1+ c1z 4 c22® + - - - is analytic in A and satisfies

2 (2) 2q'(2) ,
av(e) + 65 <aa(e) + 7S (2 ),

then ¥(z) < q(z) and ¢(2) is the best dominant.

If g(2) is a convex function that maps A onto a region in the right half-
plane and zq'(z)/q(z) is starlike, @3 > 0, then the conditions of Lemma 1.6
are satisfied.

2. Main Results

By appealing to Lemma 1.5, we first prove the following generalization
of Theorem 1.1:

Theorem 2.1. Let q(z) # 0 be univalent in A and zq'(2)/q(z) be starlike
in A. If f € £, satisfies

2f'(z) _ 2f"(2)

<1+(1-a)p-=

OIS a@)
then Z1+(1—a)pf/(z)
EC R
and g(z) is the best dominant.
Proof. Define the function ¥(z) by
o zl+(1—a)pfl(z)
P(z) == — o7 02) (z € A). (2.2)
Then a computation using (2.2) shows that
zf'(z) _2f"(2) _ oy, )
1 BT B T e (23

In view of (2.3), the subordination (2.1) becomes

() 20(2)

¥(z)  g(z)

By an application of Lemma 1.5, with ¢(w) =1 Jw, it follows that
(z) < q(z) and ¢(z) is the best dominant.

Corollary 2.2. Let -1 < B < A< 1. If f € ¥ satisfies

2f'(z) _2f"(2) _, (A-B)z

“F@)  f) YT UrAnA+B)
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then
227 f!(2) L1+ Az

fo(z) 1+Bz

Proof. Define ¢(z) by

1+ Az
= . 24
12) =15, (2.4)
Using (2.4), we obtain that
/ —
By = 22B) __ (A=B)z (2.5)

a(z)  (1+A2)(1+ B2)

We prove that the function h(z) is starlike. A computation using (2.5)
shows that

_zh(z) 1- AB2?
Q=307 = Axa)(+B7)
Now
RO () 1 — ABr2e?i

(14 Are®)(1 + Brei?)

_ (1-ABr*)(1+ ABr? +r(A + B)cosf) >0
B |(1+ Are®)(1 + Brei)|?

provided 1 + ABr? 4+ r(A + B)cosf > 0. Since -1 < B< A <1, 1+
ABr? + r(A+ B)cosf > (1 — Ar)(1 — Br) > 0 when (A + B) > 0. Also
1+ ABr? 4+ r(A+ B)cosf > (1+ Ar)(1+ Br) > 0 when (A+ B) < 0. The
result now follows from Theorem 2.1. a

Remark 1. By taking A =1 — 2§ and B = —1 where

1

b= e e (@S2 RE-o-12<8<2-0)

in the above Corollary 2.2, we see that (1.3) follows if

zf'(z)  z2f"(2) o 2(1-9)z
TP B 75 B G gy, s s R )

Since the image of A under the function

2(1-46)z
(1-2)(1+(1-28)z)

w(z):=(2-a)—
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contains the half-plane

6—-1

ﬁw§(2—a)——25—

=2(2—a)-8,
we see that (1.2) implies (2.6) and hence Theorem 1.1 follows from our
Corollary 2.2.

By appealing again to Lemma 1.5, we now prove the following exten-
sion of Theorem 1.1 involving the linear operator Lp(a, c):

Theorem 2.3. Let ¢(z) # 0 be univalent in A and 2q'(2)/q(z) be starlike.
If f € £, satisfies

Ly(a+2,¢)f(2) Ly(a+1,¢)f(2) 2q'(z)

D et ofe * Lware) P g
(aeC) (2.7)
e Lola+1,05(2)
pla+1,¢)](2
@ or@r <
and q(z) is the best dominant.
Proof. Define the function ¥(z) by
 Lpla+1,0)f(2)
P(z2) := L@ @F (z€A). (2.8)
In view of (2.8), we get
2'(2)  zZ[Lp(a+1,0)f(2))  z[Lp(a, o) f(2)) (2.9)

¥(z)  Lpla+1,¢)f(z) @ Ly(a,c)f(z)

and by making use of the identity

2[Lp(a,€)f(2)]' = aLp(a + 1,¢)f(2) — (a + p)Lp(a, o) f(2) (2.10)

we have, from (2.9),

WD) L,(a+2,0)f(z)
oo = VLo
Lpla+1, c)f(2)

—Qaa

(
Lp(a,c)f(2)
+(a+p)(a—1)—1,
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or
¥ (2) _ Lp(a+2,01(2)
00 —(a+p(la—1)+1 = (a+1) ”(a+lc) )
_ M
oa L) (2.11)

Therefore, in view of (2.11), the subordination (2.7) becomes

() ()

¥(z)  q(2)
By an application of Lemma 1.5, with ¢(w) := 1/w, it follows that
Y(z) < q(z) and q(z) is the best dominant. O
By taking
1
o =1 Cicpaac<y

1+ Bz -

in Theorem 2.3, we have the following:
Corollary 2.4. Let -1 < B < A< 1. If f € ¥, satisfies

Lpla+2,¢)f(2) Ly(a+1,¢)f(2)
@ v L0fG) L@ ol ()
(A- B)z

(1+ A2)(1+ Bz)’

<1—(a+p)(a—1)+ (e € C)

then
Lpla+1,0)f(2) 1+ Az

[Lp(a,c)f(2)]* = 1+ Bz

By appealing to Lemma 1.6, we now prove the following extension of
Theorem 1.4:

Theorem 2.5. Let a # —1 and v # 0. Let q(z) satisfies the conditions of
Lemma 1.6 with 8 :=7v and a:=1+a—~. If f € &, satisfies

Lpla+1,c)f(2) N ’Yﬁp(a +2,0)f(2)
Lp(a,c)f(z) Lp{a+1,¢)f(2)

(1-7)

4% 7+(1+a—7)Q(2)+725£S) , (212)

then
Lp(a+1,c)f(2)

L@ of(z) 4@
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and q(z) is the best dominant.

Proof. Define the function ¢(z) by

Lola+1,0)f(2)
Lp(a,c)f(2)

In view of (2.13), a computation using (2.10) shows that

Lpla+2,0)f(z) 1 Z’L/J’(Z)}
Lolat+1,0)f(z) a+1 P(2)

Y(z2) == (z € A).

[1 + a(z) +

and therefore we have
Lo(a+1,0f(z) | Lplat2,0)f(2)

= aof P et of)
B 1 2y’ (2)
= a+1[7+(1+a—7)¢(Z)+7W]

and the subordination (2.12) becomes

z)'(2)
¥(2)

(IT+a—7)d(2) +v

<14+ a-"7)q(z)+ 'yzg(/i;)

157

(2.13)

By an application of Lemma 1.6, it follows that ¢(z) < ¢(z) and q(2)

is the best dominant.

a
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