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DIFFERENTIAL SUBORDINATION ASSOCIATED WITH
LINEAR OPERATORS DEFINED FOR MULTIVALENT
FUNCTIONS

V. RAVICHANDRAN, M. DARUS, M. HUSSAIN KHAN AND K. G. SUBRAMANIAN

ABSTRACT. In this paper we give certain sufficient conditions for functions
defined through the Dziok-Srivastava linear operator and the multiplier trans-
formation.

1. INTRODUCTION

Let A, denote the class of all analytic functions f(z) of the form

(1.1) f(z) =22+ Z arz"

(zeA:={z:z€Cand |z| <1}; p<k; pkeN:={1,2,3,---})

and A := A;. Recently several authors [8, 12, 13, 16, 17, 18, 19, 25] obtained
sufficient conditions associated with starlikeness in terms of the expression

() 2P()
& e

In fact, Ravichandran [19] obtained the following more general result:

Theorem 1.1. [19, Theorem 3, p.44] Let q(z) be convex univalent and 0 < ae < 1,

Re {1?70‘ +29(2) + (1 + qu,/;z))} > 0.

If f € A satisfies

2f'(z) | 2f"(2) Caala) - ad?(2) t o (=
B + o ) < (1 = a)q(2) + aq”(2) + azq'(2),

then ZJ{ES) < q(z) and q(z) is the best dominant.

Also the following extension of a result of Darus and Frasin [6] was obtained:
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Theorem 1.2. [19, Theorem 4, p.48] Let q(z) be analytic in A, q(0) = 1 and
h(z) = 24/ (2)/q(z) be starlike univalent in A. If f € A satisfies

(/)" ,2/"(2)

f'(2) f(z)

2f'(2)
f*(2)

The dominant q(z) is the best dominant.

< h(z),

then

< q(z).

In the present paper, the authors present extension of the above two theorems
for functions defined through Dziok-Srivastava linear operator and the multiplier
transformation on the space of multivalent functions A,.

2. PRELIMINARIES

For two analytic functions f(z) given by (1.1) and

o
g(z) = 2P + Z b2k,
k=p+1

their Hadamard product (or convolution) is the function (f * g)(z) defined by

(f*g)(z) =2+ Z arbpz®.

k=p+1

Fora; e C (j =1,2,...,0) and B; € C\ {0,—-1,-2,...}, j =1,2,... ,m, the
generalized hypergeometric function (Fy, (o, ... 00501, ... ,Om) is defined by the
infinite series

1o, o yaq; 81,00 Bm) 1= Z%F

(<m+1; I,meNy:=NU{0})
where (a), is the Pochhammer symbol defined by

_Tla+n) (1 if n=0;
(@)n -—W—{ ala+1)(a+2)...(a+n—-1) if neN.

Corresponding to the function
hp(al)”’ aal;ﬁla"' 7ﬁm) = Zp lFm(Oél,... aal;ﬁla"' 7ﬂm)a

the Dziok-Srivastava operator [5] (see also [23]) ngl’m)(al, ces 03 By Bm) 1S
defined by the Hadamard product

H]gl’m)(al"'- aal;/B1)~.~ aﬂm)f(z) = hp(al,--- 7Oél;ﬂ1,--- ’ﬂm) *f(Z)

— P . (al)n—p cee (al)n—p an<
2 T nzp_:H (B)n—p - (Bm)n—p (n — p)

n=0

n
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It is well known [5] that

(2.2)

ar HE™ (on + 1,0 ou; B, B f(2) = 2[HS™ (0,003 B, B F(2))
+ (o —p)HIgl’m)(al, ey ai By Bm) f(2).

The Dziok-Srivastava linear operator includes special cases the Hohlov linear
operator [7], the Carlson-Shaffer linear operator [2]|, the Ruscheweyh derivative
operator [20], the generalized Bernardi-Libera-Livingston linear integral operator
(cf. 1], [9], [10]) and the Srivastava-Owa fractional derivative operators (cf. [15],
[14]).

Motivated by the multiplier transformation on A, we define the operator
I,(n,\) on A, by the following infinite series

[kt A k
2.3 N f =zP .
(2.3) Ip(n,\) f(z) =2 + E (p—i—)\) apz
k=p+1

A straight forward calculation shows that

(2.4) (P+NIp(n+ 1) f(2) = 2llp(n, N f(2)]" + Mp(n, M) f(2).

The operator I(n, ) is closely related to the Saldgean derivative operators [21].
The operator I} := Ii(n, ) was recently studied by Cho and Srivastava [3] and
Cho and Kim [4]. The operator I,, := I(n,1) was studied by Uralegaddi and
Somanatha [24].

We shall need the following lemma due to Miller and Mocanu
Lemma 2.1. [11, Theorem 3.4h, p.132] Let q(z) be univalent in the unit disk A.

Let ¥ and ¢ be analytic in a domain D containing q(A) with o(w) # 0 when
w € q(A). Set

Suppose that either
(1) h(z) is convez, or
(2) Q(z) is starlike univalent in A.

In addition, assume that

zh (2)

R o0 >0 for z € A.
If p(z) is analytic with p(0) = q(0), p(A) C D and
(2:5) 9(p(2)) + 20 (2)(p(2)) < 9(q(2)) + 24 (2)(a(2)),
then
(2.6) p(2) < q(2)

and q(z) 1is the best dominant.
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The following result which is a special case of Lemma 2.1 is also useful.

Lemma 2.2. [11, Corollary 3.4h.1, p.135] Let q(2) be univalent in A and let ¢(z)
be analytic in a domain containing q(A). If z¢'(2)/p(q(2)) is starlike, then

W' (2)p((2)) < 2¢'(2)¢(a(2)) (2 € A),
then ¥(z) < q(z) and q(z) is the best dominant.
By making use of Lemma 2.1, we prove the following

Lemma 2.3. If p(z) and q(z) are analytic in A, q(z) is convex univalent, o, 3
and v are complex and v # 0. Further assume that

2 1
%{2 + —6q(z) + <1 + zq/ (Z)>} > 0.
v q(2)
If p(z) =14 cz + -+ is analytic in A and satisfies
ap(z) + Bp?(2) + 720 (2) < aq(z) + B (2) + 724 (2),
then p(z) < q(z) and q(z) is the best dominant.

Proof. Let 9(w) := aw + pw? and ¢(w) := . Then clearly 9¥(w) and o(w) are
analytic in C and ¢(w) # 0. Also let
Q(z) = 2¢'(2)¢(a(2)) = v24'(2)
and
h(z) = 9(q(2)) + Q(2) = aq(2) + B¢*(2) + v2¢ ().
Since ¢(z) is convex univalent, z¢'(z) is starlike univalent. Therefore Q(z) is
starlike univalent in A, and

a2 (1)

for z € A. Hence the result follows from Lemma 2.1. O

Remark. Note that the condition {% + %q(z) + (1 + %)} > 0 is satisfied

by any convex function that maps A onto a convex region in the right-half plane
when o > 0, 8 > 0 and v > 0.

3. SUFFICIENT CONDITIONS INVOLVING DZIOK-SRIVASTAVA LINEAR OPERATOR

To make the notation simple, we write
HY™(on) f(z) == H™ (0, ... ou5 By, Bin) f(2)
By making use of Lemma 2.3 we first prove the following

Theorem 3.1. Let q(z) be conver univalent, oo # 0. Further assume that

%{1 +a1(l — ) n 2(14 o (1 - a))q(z) + (1 + zq"(z))} > 0.

o' o q(z2)
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If f(2) € A, satisfies

HY™ (a1 41)f(2) HY™(a142)f(2)
1—
Hy™ (1) f(2) { ot aHl " (a1+1) f(z) }

(3.1) < LEload ) + 2902(2) + 12-2¢/(2)

then

Hy™ (a1 + 1)/ (2)
HS™ (1) f(2)

(3.2) < q(2)

and q(z) is the best dominant.

Proof. Define the function ¢ (z) b,

Hy™ (01 + 1) ] ()
Hy™ (1) f(2)

By a simple computation from (3.3) we get

2 (2) _ 2[Hy™ (o1 +1)f(2)
(3.4 O(z)  HY™(aq + 1)f(2)

(3.3) b(z) =

I AH ) fE)
Hy™(0n) f(2)

By making use of (2.2) in the equation (3.4), we obtain
2/(2) H" (@ +9f(z) | Hy" o1+ 1D/()
4 Hy™ (on +1)f(2) Hy™ (1) (2)
Using (3.3) in (3.5), we get

Hy™ (1 +2)f(z) _ 1 [zwz)
HE™(ay +1)f(z)  1+an | ¥(z)

Therefore we have from (3.6),

Hy™ (o1 + D/ (2) { o B 0 () }

(3.5)

= (a1 +1)

(3.6)

+ arth(z) + 1} .

Hy™(a1) (2 ;™ (01 +1)f ()
CH ”f‘;—“al‘%(z) () + e (2,

In view of the equation (3.7), the subordination (3.1) becomes

[+ a1(l = a)]e(2) + amy?(2) + azd/(2) < [1+ a1(l - a)lq(z)
+aa1q’(2) + azd(2)

and the result now follows by an application of Lemma 2.3.

By making use of Lemma 2.2, we now prove the following

— 1.
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Theorem 3.2. Let q(z) be univalent in A, q(0) = 1. Let z2¢'(2)/q(z) be starlike
univalent in A. If f(z) € A, satisfies

Hy™ (o1 +2)f(z) Hy™ (a1 +1)f(2)

Y  r 0e) T e i)
(33 < e
then
Zp(a_) Iym o 2
(3.9) I A DIE)

(Hy™ (en) £ (=)

and q(z) is the best dominant.

Proof. Define the function 1 (z) by

PO Hy™ (01 + 1) (2)
(Hy™ () f()

By a simple computation from (3.10) we get

(3.10) P(z) =

Y (2) 2Hy" (00 + DI AAH" (o) f (=)
3.11 =a—1 — )
(3.1) ¥(z) " Hy™(0n + 1) f(2) H5™ (o) f(2)
By making use of (2.2) in the equation (3.11), we obtain
l,m l,m o 5
(o1 + 1)H119m(0¢1 +2)f(2) _ aaal l(ml +1)f(2)
Hy"™ (a1 +1)f(2) Hpy" (a1)f(2)
_ ) — a1 —ax
(3.12) = Tl ”

In view of the equation (3.12), the subordination (3.8) becomes
W) ()
v(z) o al2)

and the result now follows by an application of Lemma 2.2. ]

4. SUFFICIENT CONDITIONS INVOLVING MULTIPLIER TRANSFORM

By making use of Lemma 2.3, we prove the following

Theorem 4.1. Let q(z) be conver univalent, o # 0. Further assume that

R {—(1 — a)ofp N, 2(p + Ng(z) + (1 + Zj,ti’?) } > 0.

If f(z) € A, satisfies

Iy(n+1,\)f(2) W a]p(n—i—Q,)\)f(z)
1,(m N1 () {1 * Ip<n+1,A>f<z>}

(4.1) < (1 —a)q(2) + ag®(z) + p

zq'(2),
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then

(4.2)

and q(z) is the best dominant.

Proof. Define the function (z) by
_ I,(n+1,\)f(2)
) AR ROV B

By a simple computation from (4.3) we get

(4.4) 2 (2) _ zZ[L(n+ LA f(2)]  2[Ip(n, )\)f(z)]’.
' ¥(z) Iy(n+1,0)f(z) Ip(n, A)f(2)

By making use of (2.4) in the equation (4.4), we obtain

2 (2) I,(n+2,\) f(2) B L(n+1,\)f(2)
] Frcxsmvyi= R e o
Using (4.3) in (4.5), we get

L(n+2,\)f(2) _ 1 [zw’(z)
L(n+1LA)f(z)  p+A| ¥(z)
Therefore we have from (4.6),
L(n+1,\)f(2) L aIp(n+2,)\)f(z) (1 aVo(s
R LR S rEamy A RS

(4.7) +ay?(z) +

(4.5)

(4.6)

+@+nwa]

(6%
D+ A

2 (2).
In view of the equation (4.7), the subordination (4.1) becomes

(1= a)p(z) + ap®(2) + +Awﬂ@

< (1= )g(z) + ag’(2) + —==24/(2)

and the result now follows by an application of Lemma 2.3. O

By making use of Lemma 2.2, we now prove the following

Theorem 4.2. Let q(z) be univalent in A, q(0) = 1. Let z2¢'(2)/q(z) be starlike
univalent in A. If f(z) € A, satisfies

p(n+2,N)f(2) L(n+1,\)f(2) 1 24(2) W
ACES Y E R sewy = e Ew e
then
P (n z
(4.8) ot LV/G) q(2)

(Ip(n, A) f(2))*

and q(z) is the best dominant.
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Proof. Define the function ¢ (z) b,

(4.9) P(2) =

zp(afl)fp(n + 1,0 f(2)
(Ip(n, A) f(2))>

By a simple computation from (4.9) we get

2(z) [ (n+1 NI Al N f )
(410 Y AR VY {5 R RSV B
By making use of (2.4) in the equatlon (4.10), we obtain
L(n+2,X)f(2) _a]p(n+1,)\)f(z) _ 1 2 (2) W
S G R A (V1 [ R D T M

In view of the equation (4.11), the subordination (4.2) becomes

2(2) | 2 (2)
o a()

and the result now follows by an application of Lemma 2.2. O

(1]
2]
3]
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