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INEQUALITIES FOR ANALYTIC FUNCTIONS
DEFINED BY CERTAIN LINEAR OPERATORS

R. Aghalary, Ro,sihan M. Ali, ^S. B. Joshi and V. Ravichandran

Abstract

In the present investigation, we obtain inequalities for analytic functions in
the open unit disk which are associated with tlre Dziok-Srivastava linear

operator H';' and the multiplier transform I r(n,1) .

l. Intrnduction

Let Ardenote the class of all analytic functions of the form

f ( z ) = z P . i  o o z r  ( z e a , : - { z e C : l  z l < l } )  ( l )
ls= p+l

and let A,:= A. Fortwo functions f (z) given by (l) and SQ)= zP +}i=o.,brro ,

the Hadamard product (or convolution) of f andg is defined by

(.f * i lQ) i= zt ' .  i  aobozk -: (8 * f iQ). (z)
k -  p+ l

For a,  eC ( i  =1,2, . . . ,1)  and f  ,  .  C -  {0,  -1, -2, . . .X i  =1,2, . . .m),  the

generalizedhypergeometricfunction,F,(ar,...;dtiFr,...,fo,;z) isdefinedbythe

infrnite series

,F*(a,, . . . ,et i  f r , . . . ,  B,;zy= i  
(a ' ) '  " ' (a ' )n z '

n=o (f,),...(8,), nt
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( l  <  m + l ; l , m  e  N o : =  { 0 , 1 , 2 , . . . } )

where (a), is the Pochhammer symbol defined by

T(a+n\  r  l ,  (n-a) ;
(a ) '  :=  

( r )  
=  

\o (o  + l ) (a  +2) . ' . (a  +  n  - l ) ,  (n  e  N :=  {1 ,  2 ,3  " } \ '

Corresponding to the funct ion h, , (a, , . . . ,d l iF t , . . ' ,8 , , ;z) := z t lF, , , (a1," ' ,d f i9 t , " ' , f^ ; t ) ,

tlre Dziok-Srivastava operator [5] (see also tl6]) H!1"\ (a,,.-.,d; ft,-..,9^) isdefined

by the Hadamard Product

H ' , . ' ' "  (d r , . . . , d r i  F r , " ' ,  F , , , ) . f  ( z )  t=  h r (d t , " ' , d r ,  F r , " ' ,  B , , ; z ) "  f  ( z )

r, S$ (ar) ,-, ...(d,),,-, onz'
= z ' +  )

,?., (f,),-r "'(8,,),-n (n- P)l

To make the notation simple, we write

Motivated by the rnultiplier transformation on l, we

1,,(n,1.) on A,,bY the fol lorving inf inite series

I  n(n,A)f (z):= zt ' .  i  e\ '  or'o Q>oy
o J i '  \  P + A )

(3)

H'; ' [a, ] f  ( t ) , -  H' ,1"" ' (d, , . - . ,dr i  f t , " ' ,  F, , ) f  (z) '

Special cases of the Dziok-srivastava linear operator includes the Hohlov linear

op"ruto1. [6], the Carlsorr-Shaffer linear operator [2], the Ruscheweyh derivative

operator Ll4], the gener alized Bernardi-Libera-Livingston linear integral operator

Gf lL l, [t], t l0l) and the Srivastava-Owa fractional derivative operators (c/ Uzl'

i l 31).
define the operator

(4)

The oper ator I ,(n,1) is closely related to the Salagean derivative operators

t I 5 f . The oper ator I') := I,(n,2) was studied recently by Cho and Srivastava [3]

and Cho and Kirn [al. The operator I,,i= I,(n,,1) was studied by Uralegaddi and

Somanatha [17].

In our present investigation, we extend Theorem 2.3h of Miller and Mocanu

Il l] for functions associated with the Dziok-srivastava linear operator Ht;" and
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the multiplier transform 1,,(n,l,). Sinrilar result for meromorphic functions defined
through a linear operator is considered by Liu and Owa [8].

To prove our results. we need the follorving lemma due to Miller and Mocanu.

Lemma 1.  i l l lLe t  w(z)=o*w, ,2" '  * . . .beanaly t ic in  6wi th  w(z)#a and

m>|. If z0 = rre't 70 < /i, < l) and l*(z) l= maxr,r=,i, I w(z)|, then

zow'(zo)= rc**(zr)  ancl :n( l+##) )  k,where k is real  and k> m.

2. Inequalities Associated with Dziok-Srivastava linear operator

We begin with the following definition for a class of functions which we require irr
our first result.

Definition 1. Let G, be the set of complex-valued functions g(r,s, /) : C3 + C
such that

l .  g(r ,s, / )  is cont inuous in a domain D c C3 ,

2.  (0,0,0) e D and I  g(0,0,0) l< l ,

3. lr(t't ,rye'o ,''*('*o'1:,'E,L:'o'-"'""' )l = t,
t \

[  ;a  k+a, -p  
o i7  

l .+ ( l+ar -p ) (2k+a, - i la ' |  
\  -wheneve, \r '" , i-e'- ,-!-a1(a,+r) I, 

D with np-'q L1> k(k -l) for

rea l  Q,dre  C andrea l  k> p .

Making use of the Lemma l, we first prove

Theorem l. Let g(r,s,/) e G, If f (z) e A, satisfies

(u' i ' [a,]f (z),H'i 'nIa, +|lf (z),H';^fa,+zlf @)e D c.c'3

and

lr(u'; '[a,]f (z),H'r"'fa, +llf (z),H';*fq,+2lf 1z))l<t, (z e L),

then we have

lo';'Ia,l.f (r)l . l, (z e L).



270 R. Aghalary, Rosihan M. Ali, S.B. Joslti & V Ravichandran

Proof. Define w(z) by

w( z),= H, r , , ,  [a, ] . f  (z) .

Then we have w(z). A, andw(z) # 0 at least tbr one z e L. By making use of

o,H'i"'la, +ll.f (r) = zlH'i^[a,].f (z))' + (a, - p)H';' 'Ia,lf (,), (5)

we get

d,H',;"'fa, + l] f (z) = zw' (z) + (at - i lw(z)

and

a,(a, + 11 H t;" [a, + 21.f (z) = z' w' (z) + 2(l * d r - p)zw' (z) + (a, - p)(a, + l - p)w(z)'

ff | Ht;" .f(z)l< I is false, then there exists zo withl tol=6 < I such that

lw(z) l= tLffi lw(z)l=1.

Letting w(z) = e't and using Lemma l, we see that

H';^la,lf Q) = e'' ,

H';'�|a, +rlf(zr) - 
k * 

?- 
P r'u, and

al

H';^fat +Zlf (zo, - L+(l+ a' -  p)(Zk + a' -  p)e'q

ar(a, +l)

where L = ztw'(zo) and k> p. Further, by an application of Lemma l, we have

n{toY'@,) }= * {"rv. '?r l  }= o-r,
t * ' Q ) )  |  k r -  )

or fr{e-'t L}> k(k -l) .

Since g(r,s,/) e G, , *e have

lr(r';'la,lf Q),H'i^la, +ll.f (zr),H';'Ia' +zlf Q))l
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which contradicts the hypothesis of Theorem l. Therefore we conclude that

I w(z) l_lH,;,,, [a,].f @)l<r e e a).

This completes the proof of Theorem l.

Corollary 3. If .f (z) e A, satisfies

1 H',;"'lat +llf(z) i<l (Bo, > (p - k)/2;k 2 p),
then

I  H,;, fa, l f  e) l<1.

3. Inequalities Associated with Multiplier Transform

In this section, we prove a result similar to Theorem I for functions defined by
multiplier transform. We need the following:

Definition2.LetG, be the set of complex-valued functions g(r,s,/) : C3 -> C
such that

l. g(r,s,/) is continuous in a domain D c C3 ,
2.  (0,0,0) e D and I  g(0,0,0) l< I  ,

3. lr(r'',ffie'g,W)l=t,
wheneve ,( t ' t  ,#e'0 ,LWWL). , ,  wi th E(e-, '  L)> k(k - l )  for real

0 , ) .>  0  and rea l  k2  p .

Theorem 2. Let g(r,s,/) e G, If f (z) e An satisfies

(I  , (n,1)" f  (z) ,1n(n+1,tr)J ' (z) , I  r (n+2,1)f  (z))  e D c C3
and

ls{t r(n,1)-f (z),1,,(n+1,l)f (z),I r(n+2,,l)f(r))l . L e e L),
then we have

I  I  n(n, 'L) f  (z) l<1,  (z  e A).

Proof. Define u,(z) by w(z) t= I r(n,l)f (z) . then we have w(z) e A, and

w(z) * 0 at least for one z e A,. By making use of
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(p + 1)l  r(n+7,1).f  (z) - zf. l  ,(n,) ') f  (z)) '  + ) ' I  ,(n,1)f (z) ( l)

we obtain

(p+ 1)I ,(n+1,1)f (z) - zw'(z)+ lw(z)

and,( l+ p) ' I  r(n+2,7)f (z) - z 'v ' ' (z)+(l+ 21)zw'(z)+ A2w(z)'

If I I r,@,1) f (z) l< I is false, then there exists zo with I to l- ro 1l such that

lw(z) l= ff=?I lw(z)l-1.

Letting w(z) = e'0 and using Lemma l ' we see that

I  n(n, l ) f  (z)  = e ' t  ,

I  r (n +1, 7) f  (zo) = ! !  r ' t ,
p + ^

and 1,,(n + 2, A) f (zr, =W,

where L - ztw'(zo) and k> p. Further, an application of Lemma l, we obtain

that

, {zou, (z)  }=0,  { ' \Y ' {^ r )  }=o- , ,
t * ' Q J )  | k ' "  )

or fr{e-'t L)> k(k -� l). Since g(r,s,t) eG, we have

ls {t, (n, 1) f (z r), I r(n + l, 1) f (z ), I r(n + 2, 1) f(', )) I

=lr( u'' ,!:L u'o .[(21+1)k 
+ )"zfe'e + L]l = t,

l " [ - ' 1 * p - '  ( P + 1 ) '  )

which contradicts the hypothesis of Theorem 2. Therefore we conclude that

lw(z)l=lI o@,1)f (z)l<l , for all z e A. This completes the proof of assertion

of Theorem 2.
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Corollary l. If f (z). An satisfies

I I ,(n,), +l)f (z) l< t,
then

I  I  , (n , t ) f  ( z ) l<1 .
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