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Abstract. In this paper, we give some sufficient conditions for analytic functions defined
on lzl ( 1 to have positive ieal part and in general to satisfy the subordination p\z) <
q(z). Also some applications of these results are discussed.
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1. Introduction

Let Ao be the class of all functions f (r) : zIa2z2 iasz3 *. . w.hich are analytic

in A :  { r ; l r l  < 1} Let Abe the class of  a l l  funct ions p(z) :  l - tptz lp2z2 +'  '  '

which are analytic in A. The class P of Caratheodory functions consists of

functions p(z) € .4 having positive real part. Recently Nunokawa et. aI. 12]
gave some sufficient conditions for analytic functions in A to have positive real

part. In this paper, we generalized the results by finding some conditions on

a,g,1,d and w(z) such that each of the foilowing differential subordination

implies p(z) e P:

o ap(z) + 7pQ)'  + i4 i  6zp'(z)  < w(z),

.  ap(z)2 *  6zp(z)p'( r )  < u(") , , ,  
.

o ap(z) + 0pQ)2 + i4 + 6i& < w(z),

. ap(z) + gpQ)' + ia + 6#E < w(z).
Note tha t  the  conc ius ionp(z )  €P canbewr i t ten  asp(z )  <  (1+  " ) lQ-z ) . In

this paper, we find sufficient conditions for the subordination p(z) < q(z) to hold.
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Our results include the results obtained by Nunokawa et. a1.[2]. We also give
some application of our results to obtain sufficient conditions for starlikeness.
We need the following result of Milier and Mocanu[1] to prove our main result:

Theorem A. Let q(z) be uniualent i,n the uni,t di,sk A and 0 and Q be analyti,c
' in a doma'in D conta'in' ing q(A) wi,th Q(tu) + 0 when w e q(A). Set QQ) :

zq'  (z)6@Q)),  h(z)  :  0(q(z))  + QQ). Suppose that

(1) QQ) r,s starl ' ike uniualent' in L, and
- L l  t  - t

( 2 )  R e f f i > 0 f o r z € 4 .

If q(r) i,s a analyt' ic ' in A wi,th p(0) : q(0), p(D) € D and O(p(z)) +
zp ' (z )S@Q))  <  0 (q( r ) )  *  zq ' ( r )6@Q)) ,  then p(z )  <  q (z )and q(z )  i , s  the  bes t
domi,nant.

2. Caratheodory F\rnctions

We begin with the following:

Theorem 2.T. Let a, {3,1 and 6 be compler numbers, 5 + 0. Let 0 I qQ) € A be
uniualent in L and sattsfy the following condi,tions for z € A:

(l) ,q'(z) i,s starl ' ike,

e ) n * { * + 1  ^  / r - p ' q , , r : r ) } t o .
( o  o Q l z )  

- & d P + ( ,  
q r z t  / )

I f p ( t ) € A s a t i s f i e s

ap(z) + gp(z)2 +* + 6zp'  (z)  < aq(z) + 0q(42 + l= + 6zq'  (z) ,
p \ z  )  q \ z  )

then p(z) < q(z) and q(z) i,s the best domi,nant.

P r o o f .  L e t 0 ( w ) : ( t L L ) l B u 2  * f i  a n d  d ( d : d .  T h e " d ( w ) f  0 a t t d 0 ( . ) , d ( . )
are analytic in A - {0}. Let the function QQ) and h(z) be defined by

QQ)  :  zq '  (z )d@Q))  :  6zq '  (z ) ,

h(z) :  0(q(r))  + QQ) :  aq(z) + CqQ)'  + + * 6zq'  (z) .
q \ z  )

Clearly QQ) is starlike and

z h ' ( z \  ( ^  n q  1  / -  z q " ( z ) \ ' ln e ^ ) : R e l + * ' !  / \  1  ' ( t * a ! J \ ) , t o .
e l z )  l d  o - Q \ z ) - 6 q ( + + 1 t -  d @ ) l

The differential subordination

ap(z)+ \pQ) '  +  +  - rdzp ' (z )  <aq(z)+ 0q(z)2  +  +  *6zq ' (z )
p \ z  )  q \ z  )
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becomes

0(p(r ) )  - t  zp ' (z)Q@Q)) < e@Q))  *  zq ' (z)Q@Q)).

The result follows by an application of Theorem A.

Let 1 : 0 and q(z) be the function defined by

775

By taking o, 0,1 and d to be real, we have the following result:

Corollary 2.2. Let a,1 and 6 be posi,t'iue numbers. If 0 I pQ) € A and

,  \ ,  , ,  ,  , 2 ,  
, L , * d r r , ( r )  < " ( - ) * B  ( : *  r r '  l t -  z \  ,  2 6 2

o p \ z ) + c p l z ) ' * o r r ,  
\ t _ z /  \ 1 = i  

* t ( 1 + r ) + O _ ; p '

then Re p(z) > 0.

Proof. This result follows from Theorem 2.1 by taking q(z) : - Then the

function QQ) :2521(l - ,) '  is clearly starl ike. Since

0 , 2 0 , \  1  z Q ' Q )  a , 2 C ( 1 + z \  1 ( 1 - r \ '  I - r z

t +  a  
q \ z ) -  

6 q a y *  a @  
: t + t \ . r - ,  

) - t \ t . r /  
+  t - z

we have, with z -- eio

(  n  2 { 3  l _  +  
r Q ' ( r ) \  

=  
c }  L  0* . t f  + 7 c (  , ) -  6 r G p * i d j : i  * u t a n ' r > o .

Then we have

Let g(z) -  zq'  (z) .  Then

If z -- reie , we have

,  \  l * A zq ( z ) : f f i '  - 1  < B < A < r '

t ,  '  ( A - B ) '
z q \ z ) :  

e + B z y

z g ' ( z )  _ l - B z
g ( z )  I - t  B z '

R" t9 'Q)  - |  -  B2r2

+ B2r2 + 2Br cos0 > u '" "  
g (z )  1

Hence zq'(z) is starl ike in A. Also

0 20 (, * a!!4\ :
t +  d q ( r ) + \  q , ( z )  )

it follows that

[1 + (o + 2P) l6]  + l2pA16 -  (1 -  c- l6)8lz
I  t  Bz

u + uz: -
l + B z '
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where  u :  I * (a+Zp)15  and  u  :2PA l6 - ( I -a l5 )8 .  The  func t ion  w(z )  :  # f f i
maps A into the disk

I  n - B u l  , l r - B " l

l w -  t - B , l <  t - n ,
Therefore

o " { +  + 2 ! u a  +  ( t  + ' q " ( ' ) )  }  :  R e ( u  -  B u )  -  l u  -  B u l  r  o' " " [ d '  
u  , .  q ' ( z )  ) J -  t - 8 2

provided
R e ( z - B o ) > l u - B u l

R e ( z - B r ) > l u - B a l .

Hence we have the following result:

Coro l lary  2.3.  Let  -1 < B < A <I .  Leta,p andd sat i ,s fy  Re(u-Br)  > lu-Bt l
where  u :  I  +  ( r  +2P)16  and  u :2PA l5  -  (1  -  a l6 )8 .  I f  p ( r )  €  A  and

ap(z)+  cpQ) ' '  * lzp ' (z ) . , * (++)  *p  ( ! ! * ) ' *  d : ! -  B | '= .
\ t + B r )  

" \ r + B z )  ' " ( 1  - t B z 1 z '

then p(z) . ##

By taking o :  0,  A:  I ,B :  -1 and B and d to be real ,  then we have the
following result of Nunokawa et. al.l2):

Corollary 2.4. Let | + 2P 16 > 0. If p(z) e A and

ope)' t dzp' (,) < u (-)' * ;%,
then Re p(z) > 0.

If q(z) is a convex function that maps A onto a region in the right half plane,
then the conditions of Theorem 2.1 are satisfied bV qQ) whenever ad > 0. 05 >
0 ,  and 7 :0 .  By  tak ing

q ( z ) : ( - ) ^  o < ^ < 1

we have the following:

Corollary 2.5. Let a6, p5 > 0. If p(z) e A and

r yp (z )  +  tp l z )2  +6 ,p ' ( z )  <  o  (= ) ^  *  0  ( - ) ' ^  *  ?4  
/ t  +  ' \ ^

\ r - z /  \ 1 = )  
- r r - ; \ t - r /



On Sufficient Conditions for Starlikeness

then lArg p(r) l  < ),r 12.

777

Theorem 2 .6 .  Le ta  andS be complernumbers ,6  f  0 .  Le tq(z )  e  Abeun ' iua len t
i,n A and satisfy the following conditions for z € A:

(1) Let QQ) :  6zq(z)q'(z)  be star l i ,ke,

(2)  n"  {?  *  zQ'Q) IQQ)}  >  0 .
I fp ( r )€Asat is f ies

ap(z)2 + 6zp(z)p'( r )  < aq(z)2 -r  6zq(z)c1'Q),

th,en p(z) < q(z) and q(z) is the best domi,nant.

The proof of this theorem is similar to that of Theorem 2.1 and therefore

omitted.
Let c1Q) be the function

q ( z ) : ( + # ) t  - 1  < B < A < t '  o < ) < 1 '

Then we have

zq(z)q'(l:ftffi
Lei QQ) -- zq(z)q' (z). Then

,Q'Q) _ |  -  Bz

Q Q )  1 *  B z '

I f  z:  Teio,  we have

z Q ' G )  I  -  B 2 r 2
o - t f f i :  g g z r z * 2 g r * u 2 u '

Hence zq(z)q' (z) is starlike in A. Thus, we have

2 a  z Q ' Q )  Q a l S + 1 )  + ( 2 c l - 1 5 - r ) B z
d ' -  a e )  

-  
r + B z

_  u + u z

1 +  B z '

where u:  (2afd + f )  and u :  (2a16 -  l )8.  The funcLion w(z) :  ## maps

A into the disk
I  a - B u l  , l r - B E l
l w -  r - B , l <  t - e r

Therefore

R" [4 +'Q',?) l  :  Re(z ,  ?o) =- lu 
-  Bt l  t  s" I d  

Q Q ) )  
' r - 8 2
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R e ( z - B r ) > l u - B u l

R e ( u - B r ) > l u - B u , l .

Therefore we have the following result:

Coro l la ry2 .7 .  Le t  -1  <  B  <  A<1.  Le ta ,p  andd sa t i , s fy  Re( t , -Bu)>  lu -Ba l
w h e r e r l :  ( 2 a f d +  t )  a n d u :  ( 2 a 1 6  -  l ) 8 .  I f  p ( r )  e  A  a n d

ap(z)2+6zp1z)p ' (z)  <n (+H - i t r  #
/ , ,  

I

therL p( . i  .  ( j+#) '

By taking A:I ,B:  -1 and a,13,6 to be real ,  we have the fol lowing resul t :

Corollary 2.8. If p(r) e A and

op(z)2- t  5zp(z)p ' ( r )  . , r ' | j+  i !+,

t h e n  p ( t  -  ( l = ) j
\ -  - /

Theorem 2.9. Let a, 0,1 and 6 be cornpler nu,mbers, 6 + 0. Let 0 I r1Q) € A be
un'iualent in L and satisfy the follouting c:onditions for z e A;

(1) Let QQ) 
-  6tq 'Q) lqQ) be start ' ike,

(2) Re iga(z) +'#q'Q) -  f f i  + ,e 'Q)le(r))  > 0.
I fp ( r )eAsat rs f i ,es

ap lz)  +  tp(z)2  +  i -  +  6zP' (z )  <  oq(z)  - t  ,Jq(a2 + i -  +  u ' ! , \ )
p \ z  )  p \ z  )  q \ z  )  q \ z  )

then p(z) < q(z) o,nd q(z) zs the best dominant.

Proof. Let 0(ut) : au * pw2 + ] and @(ur) : 6fu. Then d(-) I 0 and
0(r), Q@) are analytic in A - {0} wli ich contains q(A). Let the functio:n QQ)
ancl h(z) be defined by

Q Q )  -  z q ' ( z ) Q ( q Q D : 6 4 ? . . ,
q \ z  )

h(z) :  0(q("))  + QQ) :  cvq(z) + 0, tQ)2+ + + 6zq'  
(z)

' q ( z ) ' " q ( z )



On Sufficient Conditions for Starlikeness

Clearly QQ) is starlike and

a"'L^|,( ' ,)  :  Re { ioe 
20 ')  ' �  '  l --  +'q|,Q) } t  o.

L t \ z )  [ d '  
t + 7 a ' ( z ) -  

W ) *  q A  ] '
The differential subordination

rvp(z )  +  dp(42 + j -  +  6 'p ' ( ' )  <  oq(z )  +  0q(z )2  +  -L  *  a 'n 'J ' )
p \ 2  )  p \ z  )  q \ z  )  q \ z  )

becomes
e@Q))  *  zp ' (z )$ (p( ' ) )  <  0 (q( r ) )  I  zq ' (z )$ (q( r ) ) ,

and the result follows, by using Theorem A.

779

Corollary 2.I0. Let p and 6 be positiue numbers. If 0 I pQ) e y so,tisfies

a p ( z ) + 4 p ( r ) t + +  - d z p ' ( l  r i _ � z  ' ' ( r + ' \ '  r - z  2 6 2
p ( z )  p ( z )  

. < a r - z * ' ( r - � r )  + ) 1 + z - r - 2 ,

then Re p(z) > 0.

Proof . The result follows from Theorem 2.9 by taking q(z) : {f and replacing

d by -d.  Then the funct ionQQ): -25zl l -  z2 is c lear ly star l ike.  Since

a  2 8  o  1  z Q ' ( z \-  
6q (z )  

-  
A  

q ' ( : )  ' r  
6^ r )  *  

6

:-;(-) -T(n'*;(-).=t
we have, with z : eio

R.  { -  iq t , ,  -Tn ' (z )  + ;6+ zQ' (z ) lQ( , ) }  :  ' f  , " , ' 9 .0
[ 0

T

By taking (t : l, C : 1 : 0 and d - -1, then we have the following result of
Nunokawa et. al. l2l:

C o r o l l a r y 2 . I I .  I f  0 + p ( z ) e  A a n d

p(z)++&.!Jff,
then Re p(z) > 0.

T h e o r e m  2 . I 2 .  L e t a , l 3  a n d S  b e  c o m p l e r n u m b e r s , 6  f  0 .  L e t 0 l q Q )  e  A b e
un'iualent i,n A and sati,sfy the follow'ing condit'ions for z e A:
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(1) Let QQ) :  6zq'(z)  lq 'Q) be star l ike,

(2)  Re {7, f  Q) + Tq'Q) -  }  + ,Q'Q) lQ(, ) i  > o
I fp ( r )eAsat i ,s f ies

ap (z )+  Bp(z )2+  +  +6zp - ' ( z )  <  oq (  z )+  0q (z )2  + j -  +  d 'nu ' , 1 !  .
p \ z  )  p ' \ z  )  q \ z  )  q ' \ z  )

then p(z) < q(z) and q(z) i,s the be,st d,om'inant.

Tlie proof of this theorem is similar to that of Theorem 2.9 and therefore it
is omitted.

Corollary 2.I3. Let a,1 and 6 be posi,ti,ue numbers. If 0 I pQ) € y satisfies

' '  - ]  -  a ' l ' \ ' )  *  o  
t  * '  +  )  ( r - r  z \ ' - '  ^ ! - '  2 6 2

a p ( ? ) + u p l ' ) ' +  
p ( r )  p 2 ( z )  r - � z  \ 1 - . /  

+ 1 1 + ,  -  
o + * '

then Re p(z) > 0.

Proof. The result follows from the Theorem 2.I2 by taking q(z) : += and

replacing d by -d. Then the functionQQ): -Z6zl(l-t z)2 is clearly starl ike.
Since

o  . , ,  2 0  = . , , ) +  J * z e ' e )  _  _ o  / r  + z \ ' _ 2 8  ( l : : \ ' *  J * i  
- z

- U Q ' ( : ) - 7 t t ' ( 2 , +  
6 *  A G ) : - t \ , _ r i  d  \ l _ . /  d  , 1 _ z

we have, with z :  6' io

( ^
R. 

{  
- }o ' (z )  - ' }n ' (z )  +  } .  t3}  

:  ; ,or '  f , *  }  -  o

I

By taking a:  l .J :1:0 in Theorem 2.12, we have the fol lowing:

Corollary 2.L4. Let q(z) e A be uniualent dn L, q(4 I 0 Let zq'(z) lqQ)2 be
starli,ke. If p(t) e A satisfies

zp'(z)  _.  ,q ' ( r )

p ( r ) 2  q ( z ) 2 '

then, p(z) < q(z). The domi,nant q is the best dominant.

3. Starlikeness Criteria
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In this section, we give application of our results for getting suffi.cient conditions
for starl ikeness. Let -I < B < A< 1. The class S*\A,B] consists of functions

f e Ao satisfying

t J? - , ! +4 - ' .  z€a
f ( r )  

' 7 + B z '

In particular S*[1, -1] : S*, the class of starl ike functions. For the class
S*[A,B], we have the following:

T h e o r e m S . l .  L e t  - 1  <  B  <  A l L  L e t a , { j  a n d S  s a t i , s f y  R e ( u - B r ) >  l u - B A l
where  u :  |  *  a  *  2016 and u :2PAl6  -  (1  -  a )8 .  I f  f  ( r )  €  As  and

4?l*  + tc  -  i lz { ' , ( ' , )  +  d (  r * ' { , ; ( : ) ) l
f ( r )  L  

- / f ( , )  
\ - ' f ' ( r ) / )

.  *  ( 7 - r  A z )  
* , t  ( r  +  A z \ ' *  

u ( A  
-  B ) z

-  
\ 1 + B z /  

- \ r + B z )  " ( 1  
* B z ) z '

then f  (z)  €  S. IA,  B) .

Proof. Let p(z) : +&. Then a computation shows that

zp ' (z)  _  z f " ( r )

P\z )  
tP ( z ) : 1  +  

f f i
Therefore, it follows that

3l :? l *  + ro -  6) ' { ' ,?)  + d (  t * ' { , i : ) ) l
f ( r )  L - ' \ r  f Q )  

" \ '  
f ' ( r ) ) )

'i,',1 
.. o',',, r"i 3,i,',ee 

+ e (' ) ) ]
-  o  ( 1 + . a z \  -  a / r + A z \ 2  - V -  B ) ,'  

\ r  + 4 .  )  
* '  

\ r +  a r )  + d  
e +  B z y

IJsing Corollary 2.3, we have the result.

As a special case, we have the following:

Corollary 3.2. Let I + 21316 > 0. If f (r) e Ao and

z f ' ( z )  l , o_ �6 ) ' { ' , ? )  + t ( .  - ' f " ( ' ) \ l  -  C I ( r - ) ' *  4 : -
f  a  S r u  r \ z )  \ ' *  f , @  ) l  

- ' \ 1 - ' /  -  ( t  -  z y '

then f (z) € ,S* .
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The class SS. (^) of strongly starlike functions of order ,\ consists of functions

f e Ao satisfying
\tr

< _ .
2lo,* (:l:?\

I  - \ / ( ' )  /
Which is equivalent to the following:

+&r ( i * ) ^ ,  ze  L
For this class, we have the following :

Theorem 3 .3 .  Le t  -1  <  B  <  A< I .  Le ta ,p  and6  sa t i ' s f y  Re(u -Bu)>- lu -Bu l
where y:  (2afd + t )  and u:  (2a16 -  I )8 .  t f  f  ( r )  €  Ao and,

^ (,r '?) '  +yl f  r : l  ' l  ' r  
- l ! ! '  * ! : ! - : ) '=" \  

f @  )  
- t  

l \ } t ' r  /  )  ' + n ' r  ' 1 1  s ' Y '

-  - r l / - \  / . + e r \ Lthen f f i . \ f f i )

The result can be obtained by using Corollary 2.7, with

p(z) :  z f ' (z ) l f  Q) .

As a special case, we have

Corollary 3.4. If f (r) e Ao and

o ( , { ( , . ) ) , *  y l ( a t J? \ , ]  
' .  

, ! . * ,  +  , . 6 ,  . ,* \ / ( , )  
)  

' 2  
[ \ r r , l  ) l  

- r - z ' ( r - " 1 2 '

tn"n ffi r (}!) 
+ 

o, "quiualently f (z) zs stronsly starli,ke of ord,er 1/2.

Using Corollary 2.10 , with p(z) : zf '(z)lf Q), we have the following result:

Theorem 3.5. Let p and 6 be posi.t'iue numbers. If f (t) e As satxsfi,es

( a + d ) ' f ' ( ' ) * a ( " f ' ( " )  
' * t f ? )  

- u /  z f " ( z \  \  r + z  
* u ( \ * " \ ' *  

r - z  2 5 2
' f ( z )  

\ / ( , )  , f , ( " )  1 t + f f i ) t ' 1 _ � . - " \ r - z / ' r + , - r - , ' � '

then f  (z)  € ,S*.

Using Corollary 2.I3 , with p(z): tf 'Q)If (z),we have the following result:
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Theorem 3.6. Let a,1 and 6 be posi, t ' iue numbers.

783

, z  f r ' , (2 , )  +  a  ( ,  { ' , ( r . ) ) '  * ,  f  - ( r . )
f  ( r )  ' -  

\  / ( r )  /  
'  z f  ' ( z )

- " { . u ( - ) ' * " -

If f (r) e Ao sati,sfies

-  l t t  t  - t
1  - L  

' J  \ ' )
r  I  l t / - \

- 6  r  \ ' t
"  

, f ' ( r )

then f (z) e S.

By taking
Tirneskif3]:

Corollary 3.7.

a : 13 : 1 : 0, we have the following result of Obradovid and

If f (z) e Ao sat'isfies

-  l t t  t  - l' l  - L  ' r  \ ' )
r  I  

f ' ( " )_@-

f  ( " )
< 1 +

2z

G + * '

t h e n f ( z ) € , S * .

Using Corol lary 2.2 ,  wi th a:  C: 0 and p(z) :  , f ' (z) l f  (z) ,  we have the
foilowing result:

Theorem 3.8. Letl and 6 be posi,tiue numbers. If f (r) e As sat?,sfr,es

t f Q ) , 6 2 f ' ( z ) ( ,  r f " ( " )  " f ' ( r ) \  r - z  2 6 2
! t t _ _ ! _

z f ' ( z )  f ( r )  \ - ' f ' ( r )  f ( " ) )  
' I + z ' ( I - z 1 z '

then f (z) € ,S* .
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