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Abstract. In this paper, we give some sufficient conditions for analytic functions defined
on |z| < 1 to have positive real part and in general to satisfy the subordination p(z) <
g(z). Also some applications of these results are discussed.
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1. Introduction

Let A be the class of all functions f(z) = z+az?+azz®+- - - which are analytic
in A = {z;]z| < 1}. Let A be the class of all functions p(z) = 1+prz+pez®+--
which are analytic in A. The class P of Caratheodory functions consists of
functions p(z) € A having positive real part. Recently Nunokawa et. al. [2]
gave some sufficient conditions for analytic functions in A to have positive real
part. In this paper, we generalized the results by finding some conditions on
a,8,7,6 and w(z) such that each of the following differential subordination
implies p(z) € P:

o ap(z) + Bp(2)? + 5 +02p'(2) < w(2),
z

o ap(z)? + dzp(2)p'(2) < w(z)/,
o ap(z) + Ap(2)? + 5 + 6L < w(z),

o ap(2) + Bp(2)? + 75 + 055 < w(2).
Note that the conclusion p(z) € P can be written as p(z) < (142)/(1-2). In
this paper, we find sufficient conditions for the subordination p(z) < q(z) to hold.
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Our results include the results obtained by Nunokawa et. al.[2]. We also give
some application of our results to obtain sufficient conditions for starlikeness.
We need the following result of Miller and Mocanu|[1] to prove our main result:

Theorem A. Let q(z) be univalent in the unit disk A and 6 and ¢ be analytic
in a domain D containing q(A) with ¢p(w) # 0 when w € g(A). Set Q(z) =
2q'(2)¢(q(2)), h(2) = 0(q(2)) + Q(2). Suppose that

(1) Q(z) is starlike univalent in A\, and

(2) R Zh() >0 for z € A.

If q(z) is a analytic in AN with p(0) = ¢q(0), p(D) € D and 8(p(2)) +
zp'(2)9(p(2)) < 0(a(2)) + 2q'(2)d(q(2)), then p(z) < q(z)and q(z) is the best

dommant

2. Caratheodory Functions

We begin with the following:

Theorem 2.1. Let o, 3,7 and § be complex numbers, § # 0. Let 0 # q(z) € A be
univalent in A and satisfy the following conditions for z € /\:

(1) 2q'(2) is starlike,
o, 28 q"(2)
(2) Re {5 +542) — 5550 +(1+ 7 () )} >0
If p(z) € A satisfies

a D2+ — 452 (2) < aglz D2+ L 452 (z
p(z) + Bp(2) +p(2)+5 p'(2) < aq(z) + Bq(z) +q(z)+5 q'(z),

then p(z) < q(z) and q(2) is the best dominant.

Proof. Let 8(w) = aw+ fw? + X and ¢(w) = . Then ¢(w) # 0 and 6(w), $(w)
are analytic in C — {0}. Let the function Q(z) and h(z) be defined by

Q(2) = 2¢'(2)¢(q(2)) = dz¢'(2),
h(z) = 6(4(2)) + Q(2) = aq(z) + Bq(2)* + % + 624 (2).
Clearly Q(z) is starlike and

Rezg((;))zR {‘;‘+Qf()— 7 +<1+un(z)>}>o.

The differential subordination

ap(z 24— 45 (2) < aqlz D4 462z
p(2) + Bp(2) +p<z)+5p()< q(z) + Bq(z) +q(z)+5 q(2)
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becomes
0(p(2)) + 2 (2)p(p(2)) =< 0(q(2)) + 2¢'(2)p(a(2))-

The result follows by an application of Theorem A. ]
By taking «, 3,7~ and § to be real, we have the following result:

Corollary 2.2. Let o,y and & be positive numbers. If 0 # p(z) € A and

2 - 20
ap(z)+ﬁp(z)2+(](7—z)+5zp/(z) <« (1 f z>+ﬁ (1 J_r Z) +v (1 n z>+(1 _Zz)z’

then Re p(z) > 0.

Proof. This result follows from Theorem 2.1 by taking ¢(z) = #*2 . Then the
function Q(2) = 20z/(1 — z)? is clearly starlike. Since :

a 20 5 2Q'(z) _a 28 (1+z v (1=2\° 14z
5T T T o _S+F<1——_z>"§<1+z> i

6

we have, with 2z = e

o 20 v 2Q(z)| _a v, o0
re{§ e - g+ G} 5 g2

Let v = 0 and ¢(z) be the function defined by

1+ Az
= —1 A<1.
q(2) T+ B <B<A<
Then we have (A_B)
o — B)z
2 (z) = (1+ Bz)?

Let g(z) = zq'(z). Then

If z = re’? we have

/ _ R2,.2
Rezg (2) _ 1— B*r > 0.
g(z) 1+ B?r2 4+ 2Brcosf

Hence zq'(z) is starlike in A. Also it follows that

q"(2)\ _ [1+(a+28)/d] +[26A4/6 — (1 —/d)Blz
) N 1+ Bz

o 20 z

42 1

5+ 6q(z)+< + 70
U+ vz
14 Bz’
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where u = 1+(a+28)/d and v = 26A/6—(1—«/§) B. The function w(z) = {55
maps A\ into the disk

o, 1= Bu| _ |v— Bl
1-B%2|~ 1-B2"
Therefore
a 28 zq"(z) Re(u — Bv) — |v — B7|
@ P 1 - >
Re{6+5Q(Z)+<+q’(z) - B >0
provided
Re(u — Bw) > |v — Bl
or

Re(u — Bv) > v — Bu.

Hence we have the following result:

Corollary 2.3. Let —1 < B < A< 1. Let o, 3 and 0 satisfy Re(u— Bv) > |v— Bu|
where u =14+ (e +28)/6 and v =28A/6 — (1 — «/8)B. If p(z) € A and

2 , 14 Az 1+42\°  _(A-B):
ap(z) + Bp(z) +52P(Z)'<0‘<1+Bz)+ﬂ<1+32) +6m’

then p(z) < }ig'z

By taking « = 0,4 =1,B = —1 and 8 and ¢ to be real, then we have the
following result of Nunokawa et. al.[2]:
Corollary 2.4. Let 1+ 23/6 > 0. If p(z) € A and

26z
1-2)2’

1+2\°
(e 405/ (0) < 6 (15 )+
1—2 (
then Re p(z) > 0.
If ¢(2) is a convex function that maps A onto a region in the right half plane,

then the conditions of Theorem 2.1 are satisfied by g(z) whenever o > 0, 36 >
0, and v = 0. By taking

A
q(Z)—<1+Z> ., 0< A<,

1—2

we have the following:

Corollary 2.5. Let ad, 56 > 0. If p(z) € A and

A 2X N
ap(z) + Bp(2)? + §2p/(2) {a(l—l—z) +ﬁ<1+z) N 2(5)\22 <1+z> 7
]._Z 1—2 ]-_Z

1—2
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then |Arg p(z)] < Aw/2.

Theorem 2.6. Let & and § be complex numbers, § # 0. Let q(z) € A be univalent
in A\ and satisfy the following conditions for z € /A:

(1) Let Q(z) = dzq(2)q'(2) be starlike,
(2) Re {& +2Q'(2)/Q(2)} > 0.
If p(z) € A satisfies

ap(z)? + 6zp(2)p'(2) < aq(2)” + dzq(2)q (),

then p(z) < q(z) and q(2) is the best dominant.

The proof of this theorem is similar to that of Theorem 2.1 and therefore
omitted.
Let ¢(z) be the function

1
1+ Az\?
= , -1<B<A<I1 0<A<1.
W= (1Eg) . s1<B<asi o<as
Then we have (4 B)
oy — B)z

Let Q(z) = zq(2)¢'(z). Then

2Q'(z) 1-Bz
Q(z) 1+ Bz

[

If z =re'?, we have

2Q'(2) 1 — B?r?

= > 0.
Re Q(z) 1+ B2r? + 2Brcosf —

Hence zq(z)q'(z) is starlike in A. Thus, we have

2a N 2Q'(z)  (2a/6+ 1)+ (20/6 — 1)B2
] Q(z) 1+ Bz

U+ vz

1+ Bz’

where u = (2a/0 + 1) and v = (2a/6 — 1)B. The function w(z) = f:gzz maps
A into the disk

|v — Bl
-~ 1-B%"

w_ﬂ—Bﬁ
1— B2

Therefore

. [204 zQ’(z)] _ Re(u — Bv) — |v — Bu| >0

S TE) - B
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provided that
Re(u — Bv) > |v — Bu|

or

Re(u — Bv) > |v — Bu.

Therefore we have the following result:

Corollary 2.7. Let —1 < B < A < 1. Let o, 3 and § satisfy Re(u—Bv) > |v— Bl
where u = (2a/6 + 1) and v = (2a/6 — 1)B. If p(z) € A and

1+Az> 6 (A—B)z
3

ap(2)® +dzp(2)p'(2) < (1 1B (1+ Bz)?’

1

then p(z) < (}igi) °)

By taking A =1, B = —1 and «, 3, to be real, we have the following result:

Corollary 2.8. If p(z) € A and

1+ 2 0z
1—,2/—}_(1—,2)27

ap(2)? +6zp(2)p'(2) < a

then p(z) < (}fi)

Theorem 2.9. Let o, 3, and § be complex numbers, § # 0. Let 0 # q(z) € A be
univalent in A and satisfy the following conditions for z € A:

(1) Let Q(z) = 52;(/(2)/(1(2) be starlike,
(2) Re {24(2) + Z2(2) — 52 + 2Q(:)/Q(:)} > 0.
If p(z) € A satisfies

ap(z z)? T 2p(2)
p(z) + Bp(z) +p(z) +4 o)

then p(z) < q(z) and q(z) is the best dominant.

< aq(z) + Bq(2)* + T +6
q(z

Proof. Let 6(w) = aw + pw? + L and ¢(w) = §/w. Then ¢(w) # 0 and
f(w), ¢(w) are analytic in C — {0} which contains q(A). Let the function Q(z)
and h(z) be defined by

zq'(z)

Q(2) = 20/ ()ola(z)) = 077

) = 00a() + Q) = aal) + Bz + s+ a1 B,
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Clearly Q(z) is starlike and

Refg =Re{ o)+ 50— g + G5 | 20
The differential subordination
ap(2) + Bp(2)* + I% + (SZZS) < aq(z) + Bq(z)* + ﬁ + 5Z;£i§)
becomes
0(p(2)) + 2p'(2)$(p(2)) < 0(a(2)) + 2¢'(2)¢(a(2)),
and the result follows, by using Theorem A. ]

Corollary 2.10. Let 8 and & be positive numbers. If 0 # p(z) € x satisfies

2 v zp'(2) 1+2 1+2\° 1—z 26z
P -
Otp(z)"'_ﬂp(z) +p(Z) p(Z) <a1_z+ﬁ 1—2 ’yl—i—z 1 — 22

then Re p(z) > 0.

Proof. The result follows from Theorem 2.9 by taking q(z) = %fi and replacing

8 by —6. Then the function Q(z) = —2§z/1 — 22 is clearly starlike. Since

%q(Z) - ?q%) +

_ o 142z ﬁ% 142 2+’
TS5 \1-2z 0 \1—=z
0

Re{-Sate) - Zatte) 4 50 + Q) | = et >0

|2
SN
el B
+ ||
N
N——
+
— -
| t+
[N
[3V) V]

we have, with z = e

By taking o = 1,3 = v = 0 and § = —1, then we have the following result of
Nunokawa et. al.[2]:

Corollary 2.11. If0 # p(z) € A and

then Re p(z) > 0.

Theorem 2.12. Let o, 3 and & be complex numbers, § # 0. Let 0 # g{z) € A be
univalent in /\ and satisfy the following conditions for z € A:
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(1) Let Q(z) = 62¢'(2)/q*(2) be starlike,
(2) Re {§¢°(2) + F¢*(2) = 1 +2Q(2)/Q(2)} > 0.
If p(z) € A satisfies

- 2y L )
p( )+6p(2) + p(Z) +6p2(z)

then p(z) < q(z) and q(z) is the best dominant.

< aq(z) + Ba(2)° + - + 82
q(z

The proof of this theorem is similar to that of Theorem 2.9 and therefore it
is omitted.

Corollary 2.13. Let o,y and § be positive numbers. If 0 # p(z) € x satisfies

o 2p'(2) 1+z 1+2\° 1z 20z
—$ _
() () <"1—z+5<1— ) Tz T+

ap(z) + Bp(z)? +

then Re p(z) > 0.

Proof. The result follows from the Theorem 2.12 by taking ¢(z) = i*_’z and

z

replacing § by —6. Then the function Q(z) = —23z/(1 + 2)? is clearly starlike.

Since
1+2)° 28 (1+: 3+7+1fz
1-2z 6 \1—-=2 6 1+z

29, Q)
OR e

6

—%ff(z:)

SRS

we have, with z = e

Re{—éqQ(z) -5 () + 5T Q)

By taking o« = 8 =~ = 0 in Theorem 2.12, we have the following:

Corollary 2.14. Let q(z) € A be univalent in A, q(z) # 0. Let zq'(2)/q(z)?
starlike. If p(z) € A satisfies

then p(z) < q(z). The dominant q is the best dominant.

3. Starlikeness Criteria
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In this section, we give application of our results for getting sufficient conditions
for starlikeness. Let —1 < B < A < 1. The class S*[A, B] consists of functions
f € Ag satisfying
zf'(z) 1+ Az
f(z) 1+ Bz’
In particular S*[1,—1] = S*, the class of starlike functions. For the class
S*[A, B], we have the following:

z € A.

Theorem 3.1. Let —1 < B < A < 1. Let o, 3 and 6 satisfy Re(u— Bv) > |v— Bi|
whereu=1+a+25/6 andv=2B8A4/5 — (1 —a)B. If f(z) € Ao and

L) s - 5 (14 279)]

f(2) f(z) f'(z)
1+ Az 1+4z\*> _(A-B)z
<‘“<1+Bz>+ﬁ<1+3z> T

then f(z) € S*[A, B].

Proof. Let p(z) = ZJ{(/S) Then a computation shows that

W) ()
p(z) TPE =TT

Therefore, it follows that

zf'(2)
f(2)

o= eo ()]

= 9(2) o+ (5=t 45 (2 o))

ap(z) + Bp(z)* + 62p'(2)

NEERE iy 1+ Az 2+6(A—B)z
1+ Bz 1+ Bz (1+ Bz)*

A

Using Corollary 2.3, we have the result. ]
As a special case, we have the following:

Corollary 3.2. Let 1428/5 > 0. If f(2) € Ag and

2f'(2) 2 1(2) 2f"(z) 1 +z>2 262
o (-0 o (10 5] <8 (1)
then f(z) € S*.
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The class SS*(\) of strongly starlike functions of order A consists of functions

f € Ao satisfying
zf'(2) A
ws (7)) <7

Which is equivalent to the following:

Y < G{—zf sen.

For this class, we have the following :

Theorem 3.3. Let —1 < B < A< 1. Let o, 3 and § satisfy Re(u— Bv) > |v— B
where u = (2a/6 + 1) and v = (2a/6 — 1)B. If f(z) € Ag and

’

2f'(2)\? 6z | (2f(2))* JLt4z 6(A-B)
O‘< f(z)) 3 l( ) )1 STy B: T2+ Ba?

1
f'(2) 1+Az )2
then zf(; ~< (1+B§) .

The result can be obtained by using Corollary 2.7, with

p(z) = 2f'(2)/ f(2).

As a special case, we have

Corollary 3.4. If f(2) € Ag and
a 2f'(2)\° oz | (2f'(2) 2]’ a1+z 6z
(f(2)> T [( f(z))] RS T )

1
then z;(g) =< (%) * or equivalently f(z) is strongly starlike of order 1/2.

Using Corollary 2.10 , with p(z) = 2f/(z)/f(z), we have the following result:

Theorem 3.5. Let 3 and & be positive numbers. If f(z) € Ap satisfies

2f'(2) 2f'(z) 2 ~vf(2) 2f""(2) 14z (1+z)2 1—z 26z
(9750 ”( ) e (e f'<z>)”1—z“’ 1—2) T 1o

then f(z) € S*.

Using Corollary 2.13 , with p(z) = zf'(z)/f(z), we have the following result:
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Theorem 3.6. Let o, and 0 be positive numbers. If f(z) € Aqy satisfies

e o () +

Zf" (Z)

flz) 1
LA

<«

ii—j_'_ﬂ(l—}—z)z -z 262 )

1-z) "1+ Q122

then f(z) € §*.

By taking o = 8 = v = 0, we have the following result of Obradovié¢ and
Tuneski[3]:

Corollary 3.7. If f(2) € Ag satisfies

zf"(2)
1+ =05
zf'(z)

f(2)

2z

14+ ==
=< +(1+z)2’

then f(z) € S*.

Using Corollary 2.2 , with a = 8 = 0 and p(z) = zf/(2)/f(z), we have the
following result:

Theorem 3.8. Let v and ¢ be positive numbers. If f(z) € Ao satisfies

Vi) L 82f2) ([, 2f2)  Af(R)) | 1-z 26z
SR (” )“Hz i-2p2

'z f)
then f(z) € S*.
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