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ON CERTAIN SUBCLASS OF ANALYTIC AND UNIVALENT
FUNCTIONS BASED ON RUSCHEWEYH DERIVATIVES AND
HADAMARD PRODUCT

R. THIRUMALAISAMY, T. V. SUDHARSAN, K. G. SUBRAMANIAN
AND S. M. KHAIRNAR

Abstract

Let S denote the class of functions f(z) analytic and univalent in the unit disc
A = {z : |z| < 1} and normalized by f(0) = 0 and f’(0) = 1. In this paper
we introduce a new subclass of S based on Ruscheweyh derivative and Hadamard
product. Coefficient estimates, extreme points, distortion theorem, closure theorem,
radius of starlikeness and convexity, radii of close-to-convexity, inclusion property
and integral operators are determined for functions in this subclass.

1. Introduction
Let S denote the class of function f(z) analytic and univalent in the unit disc
A = {z/|z| < 1} and normalized by f(0) =0 and f’(0) = 1. The Hadamard product of

oo
two functions f(z) =z + Z amz™ and g(z) = z + Z bymz™ in S is given by

m=2 m=2

(f*9)(2) =2+ ambmz™ (1)
m=2
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Let D*f(z) = W * f(z), @ > —1. Ruscheweyh [5] observed that

D"f(z) = Z(ZH_:LM when n € Ng ={0,1,2,...}. This symbol D" f(z), n € Ny, was
called the n'® Ruscheweyh derivative of f(z).

Several subclasses of S have been introduced and studied by using either the Hadamard
product or Ruscheweyh derivatives by many authors [1, 2, 3, 4, 6, 9].

Definition 1.1 : A function f of the form
o
2)=z+ Z amz"™ (2)
m=2

is said to be in S, (¢, ¥, a, ), 0 <a<1,0< A< 1if

i
R )z > o (3)
Drtl(fx¢)(z) _
Arreae T A=A
Where¢ :Z+ Z/\mz :2+ Zﬂmzm§ Am 2 Ot > 0, Ay > i
m=2
m=2,3,... and (f*w)( ) # 0.
Let T denote the subclass of S consisting of functions of the form f(z) = z— Z amz™

am > 0 and let TS, (¢, v, a, A) = Sp(¢, 1, a, ) NT. The family TS, (o, w,a /\) is of
special interest for it contain many well-known as well as new classes of 1" for suitable
choices of ¢(z),1(z),« and A. We provide necessary and sufficient coefficient condition,
extreme points, distortion theorem, closure theorem, radius of starlikeness and convex-

ity, radii of close-to-convexity, inclusion property and integral operators for functions in

TSn(g:h,, A).

2. Coefficient Inequalities
In this section, we find a necessary and sufficient condition for a functions to be in

TS, (¢p,19,a,\) and consequently calculate coefficient estimates for functions in
Sn(®, ¢, a, A).
Theorem 2.1 : A function f(z) =z — Z amz™ € TSy (¢,1, a, A) if and only if

m=2

> m+n 1)!
Z e Kplam| <1—a, n € Ny (4)

m:2
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where K, = (1 — aX\)(m +n)\, — (1 — A)(n + 1), ¢ and ¢ are as given in
Definition 1.1, and 0 < a < 1,0 < A< 1.
Proof : Assume that f(z) € T'S,(¢,1,a, A). Then

D (f59)(2)
- D))
D)) (] _
Ao =)

a DS £ 6)(2) |
ADMH(f % §)(2) + (1 = A)D™(f x ¥)(2)
-3 D

m=2

DI(n+1)!
=R

Z D I+ 1) A + (1= A) (1 + 1)) g 21

> a, zEA.

Let z — 1— through real values, from (5), we obtain

= (m+n)!
D G Dtn P

>a—a« Z (W(Lniﬁﬁ(;i)i)' A(m +n)Am + (1= X)(n+ 1) pm] am

(m+n-—1
or Z n+)1) Kpam <1-—a,

where K, = (1 — aX)(m +n)A\p, — (1 — A)(n+ 1) .
Conversely, assume that (4) holds.

Then we have,

D) (2)
RO .
DT (9)()
A T (A
DU 0)(2)

-1

N ’ADW(f «0)(2) + (L= N D (f * ¥)(=)
B ’u — ND™L(f % §)(2) — (1= ND™(f * $)(2)

T ADT(F0)(2) + (1= N D (f +9)(2)
(1= X)Xy oty [(m 4 1) — (04 1) ] [

T =y D M+ ) A+ (1= A) (0 + 1)

13
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D" (fx¢)(2)
This shows that the value of Dn+ﬂ?ii*)z(”z);z) lies in a circle centered at w = 1 whose
Dz T
radius is 1 — . This implies that f(z2) € T'S, (¢, ¥, a, A).
—_1\! 1(1—
Corollary 2.1 : If feTS,(¢,¢,a,A), then a, < (m(nll)Jr(:_Jrll)),l((lm a),
m = 2,3,... and n € Ny. The equality holds, for each m, for functions of the form

fm(2) = 7z — A=) om 5 e A

Remark 2.1 :

1. For0<a<1, A=0,
TSn(¢:h, . ) = Sp(é, ¥, o, B) with 3 =0 [9].

2. For0<a<1,A=0, ¢(z) =¢(2) = 1= and n =0,
TSTL(¢7¢7 aTJrl?)‘) = TSP (O[) [8]

3. For0<a<1,A=0, ¢(z) =¢(z) = 1Z; and n =0,
TSn(¢a¢7 aT—I—l,)\> - TSg(a) [10]

4. For0<a<1,A=0,n=0, ¢(z) =(z) = 1Z;
TSn(¢, 0, a, ) = T*(a) [7].

3. Distortion Theorem
Theorem 3.1 : Let f € T'S,, (¢, ¢, o, A)
and Ky = A+ 1) (m+n)Ap — (n+ 1) (@ + A, m = 2,3,..., then

11—« 1 -« 2

r?<|f(2) <7+ r

: m+n—1)! . m+n—1)! ’
min {7(77(%1)!(7131)!1(”1} min {7(77(%1)!(7131)!}(,”}

r —

2

2| = r < 1. The result is sharp for f(z) =z + ———12— re.
mind G2ty Ko |
o0
Proof : Let |z| =r. For f(z2) =2z — Z amz", we have
m=2
(e e]
I < 2l + Y lamll2™
m=2

o0
< r4+ Z amr™
m=2



ON CERTAIN SUBCLASS OF ANALYTIC AND UNIVALENT... 15

< r+ Z am
m=2
o
< r+4 r? Z Ay -
m=2
Since
(m+n—1)! (m+n-—1)!
K
mm{(m— D+t = m— D+
we have
. (m+n-—1)! } > X (m4n—1)
min K, A, < <l-«o
Lo S en < 3 G e
or
me=_ . -1)!
m=2 min { <n§TB7(n+)1>1 Km}
This gives |f(z)] < r+ min{ (mlgfl)! - }7«2.
(m—1)(nt1)! {” ,
Similarly, we have |f(z)| > r — — —— re.
min{ Gy Ko |

4. Closure Theorem

Theorem 4.1 : The class 7'S,, (¢, ¥, a, A) is closed under convex linear combination.
o0

Proof : Let f, g€ TSn(¢,1,a,\) and let f(z) =2z— > amz™,

m=2
9(z) = z — Z b 2™, am > 0, by, > 0. For p such that 0 < p < 1, it is sufficient to
m=2
show that the function h, defined by h(z) = (1 — u)f(2) + ug(2), 2 € A belongs to
TSn(d, 9, a, A).
Since h(z) = z — Z [(1 — p)am + pby)2™, applying Theorem 2.1, we obtain,

S s Doy + bl

(m—1)!(n+1)!
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This implies that h € T'S, (¢, ¥, a, A).

We now determine the extreme points of 7'S, (¢, ¥, o, A).

Theorem 4.2 : Let fi(z) = z, fm(2) = 2 — (m(nﬂ(g”rll)),}(g @) 2 m=23,...,z€ A
and n € Ny. Then f € T'S,,(¢, %, a, A) if and only if it can be expressed as

= Z pmfm(2), pm > 0 and Z pm = 1.

m=1

m=1
Proof : Suppose that

f(Z) = mefm(z)
m=1

_ (m-—D!n+D1-a)
= =), (m+n—1)K, '™

o0
= z—g tmz™".
m=2

Therefore f € TSy (o, 1, a, A), since

= (m+n-1) 'K tm
m=1—p <1.

mz:;( Dl(n + 1) Z P P
Conversely, If f € Tsn(¢,¢,a,A), by Corollary 2.1, we have a,, < <m(—;>j;j;;,;9";a>,
m = 2,3,.... We may set p,, = (m(m;r&:f)u({lma)am, m = 2,3,..., n € Ny and
pr=1-— Z Prm-

m=2
Then

B (m—1D!(n+ D1 - a) m
o Z_mZ:Q (m+n—1)K, pmZ

Corollary 4.1 : The extreme points of T'S,, (¢, 1, a, A) are the functions f,(2),
m=1,2,....
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5. Radius of Starlikeness and Convexity
Now, we determine the largest disc in which functions in 7'S,, (¢, 1, a, \) are starlike and
convex of order § (0 < § < 1) in A for all admissible choice of ¢(z), ¢ (z), a, A and n.

Theorem 5.1 : If f € T'S,(¢,9,a,\), then f is starlike of order 4, 0 < § < 1 for
1

|z| <71, where r; = mf { m (T+Z+11))'8n—635§?_a)}m71, m=2,3,... and n € Ny.

Proof : For 0 < ¢ < 1 it is sufficient to show that

2f'(2)

-1 <1-6.
ol
We have
/ Z — D)) 2™
o= <1
z
1-— Z 2™
m=2
G m—9 m—1
or Z 3 am|z| < 1. (6)
m=2

It is easy to see that (6) holds if

o mn D0,
“(m-=Dn+D!(m-0)1-a)

This completes the proof.

Upon noting the fact that f is convex if and only if zf’ is starlike, we obtain

Theorem 5.2 : If f € TS, (¢,9,a,\), then f is convex of order 4, 0 < ¢ < 1 for

|z| < 7o,
1

mf {m,m:fl ,1()7:1(1 6)5()11(72)} ' m=23,... and n € N.

6. Radii of Close-to-convexity
Theorem 6.1 : Let the function f(z) = z — Z amz"™, (am > 0) be in the class

TSn(¢,9,a, ). Then f(z) is close-to-convex oforder5 (0<d<1)in|z| < ri(n, A «,6),

where

(m+n— 1)1 —8)Knm }m
) ,

i) = Inf | S
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m=2,3,... and n € Nj.
The result is sharp with the extremal function f(z) given by

B (m—-D!n+1)I(1-a) ,,
fz)=2- (mtn 1)K, 2™,z e Al

Proof : It is sufficient to show that |f'(z ) —1<1-6(0<0<1), |zl <.

Zmamzm H< Zmam|z|m L

We have |f/(2) — 1] —

Thus -
/ . m m—1
P -1 <1-5if g_:(l—d) o™ < 1.

But Theorem 2.1 confirms that

S (m—i-n—l)![(m
mZ:Z( D DI —a) ™™ <1.

m|z|m 1 (m+n—1)K,,

Hence (7) will be true if =7 —5— < D) T =)

or if

(m > 2).

(m+n—1)K,, 1/m=1
12l = [m!(n+1)!(1—a)

The theorem now follows easily from (9).

7. Inclusion Property of the Class 7'S, (¢, v, a, \)
Theorem 7.1 : Let 0 < a<1,0< XA <Xy and n € Ng.
Then TS, (¢, ¥, a, A1) C TS (e, 9, @, Aa).

Proof : Let f(z) € T'S, (¢, v, a, \1).

Then by Theorem 2.1, we have,

[e.o]

(m+n—1)!
 (m—1)l(n+ 1)}

Kplan <1 -«

m=

where K, = (1—aX)(m+n)Am —a(l—X)(n+1)um
> (1—aX)(m~+n)Am —a(l =) (n+ 1),
= K.
Therefore
- m+n D! —~ (m+n-1)!
m < K m < 1_
Z i+ D1 imle |_Z(m Di(n 5 01 ol @
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This shows that f(z) € T'S, (¢, ¥, a, A2) and hence T'S,,(d, 1, a, A1) C Sp (o, 1, v, N2).

8. Integral Operators
Theorem 8.1 : Let the function f(z) =z — Z amz™ € TSy (9,1, a, ) and let ¢ be a

m=2
real number such that ¢ > —1. Then the function F(z) defined by
1 z
F(z) = C; / e f () dt (10)
0

also belongs to the class TS, (¢, ¥, a, \).
Proof : From the representation of F'(z), it follows that

Z)=z— Z b 2™, (11)
m=2
1
where bm:<c+ >am. (12)
c+m
Therefore,
> m+n—1'K > (m+n—1'K c+1
Z jibm = 2 m
= ( )(n+ 1)! L= (m—=Dln+ 1! \c+m
> —1)!
=  (m — n+1)
< 1-a, since f( ) € TS, (6,16, 0, \).

Hence by theorem 2.1, F'(z) € T'S,,(¢, ¢, a, A).
Theorem 8.2 : Let ¢ be a real number such that ¢ > —1. If F(z) € TS, (¢, ¢, a, ),
then the function f(z) defined by (10) is univalent in |z| < R*, where

1

R* =inf

m

(c+D)m+n—1)K, |71
{(C+k)(1—a)(m—1)!(n+1)y} , (m >2). (13)

The result is sharp.

Proof : Let F(z) =z — Z amz"™ (ap > 0).

It follows from (10) that

2 0F (2)]
&) = —31
= 4 Z (Zif) amz™ (¢ > —1). (14)

m=2
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In order to obtain the required result, it suffices to show that |f'(2) — 1| < 1in |2| < R*.

Now
o0
m(c+m _
7)1 Y MEE g o
m=2
Thus |f'(z) — 1] < 1if
[e.e]
m(c+m _
j{:‘;+_1)anzvn <1 (15)

Hence by using (8), (15) will be satisfied if

m(c+m)
c+1

— (m+n—-1)K,,
|z lg(m—l)!(n—i—l)!(l—a)’ m > 2

or if
(c+1)(m+n— 1)K, 1/

== it T 010 = @) e+ m)

(m >2).

Therefore f(z) is univalent in |2| < R*. Sharpness follows if we take

—a)(c+m)m!(n ' m
) == et
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