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KETAKSAMAAN BOHR DAN PELANJUTAN

ABSTRAK

Jika f(z) = Y, _oanz" merupakan peta diri analisis pada unit cakera U, maka
d(X,_olanz"|,ao|) < d(ag,dU) bagi |z| < 1/3, dengan d menandakan jarak Euklidan
dan U bulatan unit. Pernyataan ini disebut sebagai Teorem Bohr, yang dibuktikan
oleh Harald Bohr pada tahun 1914. Tesis ini memberi tumpuan kepada pengitlakan
Teorem Bohr. Andaikan 4 sebagai fungsi univalen yang tertakrif pada U. Andaikan ju-
ga R(a,y,h) sebagai kelas fungsi f analisis dalam U dengan f(z) + azf'(z) + yz2f" (2)
yang tersubordinasi kepada h(z). Teorem Bohr bagi kelas R(o, Y, k) diperoleh untuk
h suatu fungsi cembung dan fungsi berbintang terhadap /(0). Teorem Bohr untuk ke-
las fungsi analisis yang memeta U ke domain cekung dan juga ke domain cakera unit
berliang diperoleh dalam bab yang seterusnya. Jejari klasik Bohr 1/3 ditunjukkan tak
berubah apabila jarak Euclidean digantikan sama ada dengan jarak sentuhan sfera atau
dengan jarak model cakera Poincaré. Tambahan lagi, teorem Bohr untuk set cembung
Euklidan ditunjukkan mempunyai analog dalam model cakera Poincaré. Akhirnya,
Teorem Bohr diperoleh untuk beberapa subkelas pemetaan harmonik dan logharmonik

yang tertakrif pada unit cakera U.
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BOHR’S INEQUALITY AND ITS EXTENSIONS

ABSTRACT

If f(z) =Y, panz" is an analytic self-map defined on the unit disk U, then
d(X,_olanz"|,ao|) < d(ag,dU) for |z| < 1/3, where d denote the Euclidean distance
and JU the unit circle. The result is known as the Bohr’s theorem which was proved
by Harald Bohr in 1914. This thesis focuses on generalizing the Bohr’s theorem. Let
h be a univalent function defined on U. Also, let R(a,¥,h) be the class of functions
f analytic in U such that the differential f(z) + azf'(z) + yz>f"(z) is subordinate to
h(z). The Bohr’s theorems for the class R(ct,y,h) are proved for 4 being a convex
function and a starlike function with respect to 4(0). The Bohr’s theorems for the class
of analytic functions mapping U into concave wedges and punctured unit disk are next
obtained in the following chapter. The classical Bohr radius 1/3 is shown to be in-
variant by replacing the Euclidean distance d with either the spherical chordal distance
or the distance in Poincaré disk model. Also, the Bohr’s theorem for any Euclidean
convex set is shown to have its analogous version in the Poincaré disk model. Finally,
the Bohr’s theorems are obtained for some subclasses of harmonic and logharmonic

mappings defined on the unit disk U.
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CHAPTER 1

INTRODUCTION

1.1 Analytic Functions
Let[Clbe the complex plane and[U]:= {z € C: |z| < 1} be the unit disk. Let f be a
function on U and zg € U. We say that f is differentiable at zq if the derivative of f at

Zo given by

f/(ZO) — llll—l;r(l) f(ZO +h]z —f(Z()>

exists. If f is differentiable at every point of U, then f is said to be analytic in U
since U is an open set. Let|H (U )|denote the class of all analytic functions defined on
U. By using the Cauchy integral formula, it can be shown that if f € H(U), then f is

represented by the power series

fR)=)Y and", z€eU, (1.1)
n=0
where
o) 1 £(0)
=0 T 2 ¢|=r C"Hdg’ nz20,

for any fixed r, 0 < r < 1.

Write U = U;;_(K, where Ko = {0} and K, = {z: |z] <7, < 1} for n > 1 where
(rn)n>1 is a strictly increasing sequence of positive real numbers such that r, — 1 as

n — oo. The space H(U) can be made into a complete metric space by defining the



metric on H(U) as

’ f:gEH(U>7
i 201 =gl

where || f — g||» = sup,ck | f(z) — g(z)|- The topology on H(U) given by the metric
p is then equivalent to the topology of uniform convergence on compact subsets of U
(see [14} p. 221]). Finally, it follows from theorems of Weiestrass and Montel that this

space is complete [76, p. 38].

1.2 Univalent Functions

An analytic function f is said to be univalent in a domain D if f(z) # f(w) when-
ever z # w for all z,w € D. In particular, f is locally univalent at a point zg € D if it
is univalent in some neighborhood of zg. The existence of a unique analytic function
which maps U conformally onto any simply connected domain strictly contained in C

follows from the Riemann Mapping Theorem:

Theorem 1.1. [l/4, p. 230] (see also [69, p. 11]) Given any simply connected domain
D which is not the whole plane, and a point zo € D, there exists a unique analytic
function f in D, normalized by the conditions f(z9) = 0 and f'(z9) > 0, such that f

defines a one-to-one mapping of D onto the unit disk U.

As a consequence of this theorem, the study of analytic univalent functions on a
simply connected domain D can now be reduced to the study of analytic univalent

functions on the unit disk U.

The post-composition of a univalent function with the affine map oz + 8 defined



on C, a,B € C with a # 0, is again a univalent function. Thus, the study of analytic
univalent functions can be further restricted to the class[S|which consists of all analytic

univalent functions f(z) =z+Y,_,an", z € U. The Koebe function

Z (o]
k(z) = =z+ ) n', zeU
i Tk

is a function in S which maps U conformally onto C\ (—eo, —1/4]. Indeed, the Koebe
function and its rotations e~ "k(e"’z), t € Rl appear as extremal functions for various

research problems arisen in exploring the class S.

One such problem is to determine the maximum value of |a,|in S for n > 2. This is
a well-defined problem as S is a compact subset of H(U) (see [[76, Theorem 4.1]) and
the function J(f) = a,, defined on S has a maximum modulus, that is, there exists a f €
S such that |J(f)| < |J(fo)| for all f (see [76, Theorem 4.2]). In 1916, Bieberbarch[33]]

obtained the estimate for ay:

Theorem 1.2. (Bieberbarch Theorem)[l69, Theorem 2.2] If f € S, then |ay| < 2, with

equality if and only if f is a rotation of the Koebe function.

In the same paper, Bieberbarch made a conjecture:

Theorem 1.3. (Bieberbarch Conjecture)[69, p. 37]If f € S, then |a,| < n, with equal-

ity if and only if f is a rotation of the Koebe function.

The Bieberbarch theorem is applied to prove theorems regarding the class S such
as the Koebe one-quater theorem [69, Theorem 2.3], the distortion theorem [69, The-

orem 2.5] and the growth theorem [69, Theorem 2.6]. Consequently, the researchers



reckoned that the Bieberbarch conjecture is true because of the extremal role played
by Koebe function (and its rotations) in those theorems. A proof of Bieberbarch con-

jecture was eventually given by Louis de Branges [48] in 1985.

1.2.1 Starlike and Convex Functions

In the effort of validating the Bieberbarch Conjecture, researchers considered cer-

tain subclasses of S which are determined by natural geometric conditions.

A domain D is called a starlike domain with respect to wyg € D if tw+ (1 —t)wo € D
whenever w € D for all 0 <¢ < 1. A univalent function f in U is called a starlike
function with respect to wy € f(U) if f(U) is a starlike domain with respect to wy. In
particular, if wy = 0, then f is known as a starlike function. LetlS*denote the subclass
of S which consists of starlike functions. An analytic characterization of S* is given

as follows.

Theorem 1.4. [76, Theorem 2.2] A function f € S* if and only if f € S and

Re (ijcéz))) >0, zeU.

Since S* contains the Koebe function and it is a compact subset of H(U) (see
[76, Theorem 4.1]), it can be proved that the Bieberbarch’s Conjecture is true for the

subclass S* (see [76, Theorem 2.4]).

Another kind of function which is closely related to the starlike function is the

convex function. A univalent function f in U is called a convex function if f(U) is a



convex domain, that is, tw) + (1 —t)wp € f(U) forall wy,wy € f(U) and 0 < < 1. Let
denote the subclass of S which consists of convex functions. Similarly, an analytic

characterization of C is given by

Theorem 1.5. [76, Theorem 2.6] A function f € K if and only if f € S and

zf"(z)
1'(2)

Re(1+ )>0, zeU.

A close connection between classes S* and K is shown in Alexander’s theorem
[69, Theorem 2.12] which states that f € K if and only if zf’(z) € S*. The relation is
then applied to deduce the coefficient bounds from the previously known coefficient

bounds of §* giving |a,| < 1,n >2forall f € K.

1.3 Differential Subordinations

The famous Noshiro-Warschawski theorem states that if f is analytic in a convex
domain D and

Ref'(z) >0, zeU,

then f is univalent in D (see [69, Theorem 2.16]). This theorem suggests the character-
ization of an analytic function through its derivative which is a type of the differential
implications [95, p. 1]. Another example is the lemma proved by Miller, Mocanu and

Reade [96]: if o is real and p € H(U) such that

} >0 forallze U,



then Rep(z) > 0. Let[ZZ]= {z € C: Rez > 0} denote the right half-plane. In other

words, if

zp'(2)

Md+ap@

e forallzeU,

then p(U) C 2.

Let denote the class of of all analytic self-map on U. Before making any
further progress, recall that for functions f,g € H(U), g is said to be subordinate to
f, written g < f, if g = fo¢ for some ¢ € H({U,U) with ¢(0) = 0. Further, if f is
univalent in U, then g=|f if g(0) = f(0) and g(U) C f(U). Miller and Mocanu [95,
p. 3] introduced the notion of differential subordination, which is the complex ana-
logue of differential inequality by replacing the real variable concept with the theory

of subordination.

Let Q and A be sets in C, let p € H(U) with p(0) = a for some constant a € C and

let w(r,s,t;z) : C3 x U — C. Then the following relation

{w(p(z),20'(2),2p"(2);2) :2€U} CQ =  p(U) CA, (1.2)

is a general formulation of function characterization. There are three problems that can

be stated based on the inclusion (1.2)).

(i) Given Q and A, find the condition on y so that (I.2) holds. Such a y is called

an admissible function.
(ii) Given y and €, find the smallest A so that (I.2)) holds.

(iii) Given y and A, find the largest Q so that ((1.2)) holds.



If Q is a simply connected domain and Q # C, then the Riemann mapping the-
orem ensures the existence of a unique conformal mapping /4 of U onto € such that
h(0) = y(a,0,0;0). Further, if w(p(z),zp'(z),722p"(z);z) € H(U), then in terms of

subordination, (I.2)) can be rewritten as

w(p(2),20'(2),2p"(2):2) < h(z) = p(U) C A,
If p is analytic in U, then p is called a solution of the (second-order) differential subor-
dination. Further, if ¢ is conformal mapping of U onto A such that ¢(0) = a, then (1.2)

becomes

w(p(2),2p'(2),2%p" (2):2) < h(z) = p(z) < q(2),

and the univalent function ¢ is called a dominant if p < g for all solutions p. Also,
the best dominant § is the dominant such that § < ¢ for all dominants g (see [93, p.
16]). The monograph [61] by Milller and Mocanu and references therein are excellent

resources for the study on differential subordination.

1.4 Harmonic Mappings

Recall that a real-valued function u(x,y) : R? — R, with continuous second partial

derivatives, is (real) harmonic if it satisfies Laplace’s equation:

’u  d%u

A complex-valued function f(x,y) = u(x,y) + iv(x,y) is harmonic if both u and v are

(real) harmonic. Write z = x4+ iy. The Wirtinger derivatives (differential operators) are



defined as follows:

_l 99 aa ldlelifey 2
oz 2\ox 'ay) M 1227 2\ox ey )

Then for a complex-valued function f, f is harmonic if

’f 1
=502 = 3%/ =0

If f is a complex-valued harmonic function defined on a simply connected domain

D C C, then f can be expressed as

f(z) = h(z) +g(z) =ao + i an?" + i bpuz™,

n=1 m=1

where i and g are analytic in D. If D is the unit disk U and h(0) = f(0), then the
representation is unique and is called the canonical representation of f (see [66, p.

7]1). The Jacobian of f is given by

Jr(z) = W (2)]* =g (2)|*.

It is well known that (see [66, p. 2] or [92]) a complex-valued harmonic function f
is locally one-to-one in D if and only if J; is nonvanishing in D. Further, if Jy >0
in D then f is said to be locally univalent in D, that is, locally one-to-one and sense
preserving in D. A complex-valued harmonic function f is said to be univalent in D if

f 1s one-to-one and sense preserving in D.



A complex-valued harmonic function can also be viewed as a solution to a partial

differential equation as stated in the following result:

Theorem 1.6. (/81, Lemma 2.1]) A complex valued function f defined in a domain
D is open, harmonic and sense preserving in D if and only if there is an a € H(U,U)

such that f is a non-constant solution of

The theory of complex-valued harmonic functions serves as an active research area
which can be seen from [[11,46, 166,167,168, 180, 81] as such mappings are closely related

to the theory of minimal surfaces (see [99, 100]).

Throughout this thesis, we shall use the term harmonic function to indicate a

complex-valued harmonic function.

1.5 Logharmonic Mappings

A logharmonic mapping defined in U is a solution of the nonlinear elliptic partial

differential equation

where a € is called the second dilatation function. Thus the Jacobian

=11 (1= al)



is positive and all non-constant logharmonic mappings are therefore sense-preserving
and open in U. In [44], the class of locally univalent logharmonic mappings is shown to
play an instrumental role in validating the Iwaniec conjecture involving the Beurling-

Ahlfors operator.

When f is a nonvanishing logharmonic mapping in U, it is known that f can be

expressed as

f(z) = h(2)8(2), (1.3)

where /& and g are in In [94]], Mao et al. introduced the Schwarzian derivative
for these nonvanishing logharmonic mappings. They established the Schwarz lemma
for this class and obtained two versions of Landau’s theorem. Denote by[Z7, g|the class
consisting of logharmonic mappings f in U of the form (I.3) satisfying Re f(z) > 0

for all z € U. The subclass & y(3y) defined by

@—M‘<M,M21}

Pai]={ 71 =2 € Zu 1]

was recently investigated in [[101]].

If f is a non-constant logharmonic mapping of U which vanishes only at z = 0,

then [2] f admits the representation

f(@) =2"[*P"n(2)g(z), (1.4)

where m is a nonnegative integer, Re 3 > —1/2, and & and g are analytic functions on

U satisfying g(0) = 1 and /(0) # 0. The exponent 3 in (I.4)) depends only on a(0) and

10



can be expressed by

Note that £(0) # 0 if and only if m = 0, and that a univalent logharmonic mapping in

U vanishes at the origin if and only if m = 1, that is, f has the form

f(2) =2z h(z)s(z), zeU,

where Ref3 > —1/2,0 ¢ (hg)(U) and g(0) = 1. This class has been widely studied in
the works of [1} 2 3} 4] [5]]. In this case, it follows that F({) = @f(e‘:) are univalent

harmonic mappings of the half-plane {{ : Re { < 0}.

1.6 Spherical Chordal Distance

Let S denote the unit sphere {Z = (Z1,7,,73) € R®: |Z|> = 1} and N = (0,0, 1)
be its north pole. Then every point in the complex plane C corresponds to an unique
point on S\{N} via stereographic projection from N. Let L (t) = (¢x,ty,1 —1) be the
line segment connecting N and z = x + iy € C with coordinate (x,y) in the xy-plane.

Note that L, intersects S at a unique point Z indicating ¢ satisfies the equation

(tx)* + (ty)* + (1 —1)* = 1.

Thus r = 2/(1 +|z|?) giving

2x 2y 7> -1 2+7 -7 |72—1
Z= 27 20 2 )~ 207 2\’ 2]
L+ z]? 1+ |z 147 L+ 227 i(1+|z)?) " 1+ |z

11



Discussions on conformality and circles preserving properties of the stereographic pro-
jection can be found in [64, Problem 75]. The Euclidean distance between points Z
and W on S is known as the spherical chordal distance between z and w, denoted by

A(w,z), where

AHZW) = (Z) —W))? + (Zy —Wa) > + (Z3 — W3)? = 2 = 2(Z\ W) + ZoWs + Z3W3).

If Z and W are the stereographic projections of z and w in C respectively, then

(z+2)(w+w) — (z=2)(w =) + (|2 = D(w]* — 1)
(1+12[>) (1 + [w]?)

C2(zwzw) + awf = 2P = wP + 1

(1 [2[?) (1 +[w]?)

22w +2w) + (L+ [2P) (1 + |w]?) = 22> — 2|w]?
(1+12[?) (1 +[w]?)

(L +[2*) (L + [w]?) = 2]z —w|?

(1 [2[?) (1 +[w]?)

W +2o,Wy + Z3W3 =

Thus
2|z —w|

Mo = VP W)

1.7 Poincaré Disk Model

Recall the classical Schwarz’s Lemma:
Theorem 1.7. [60, p. 4](see also [85, Theorem 2.1]) Let f be an analytic self-map of
U. If f(0) =0, then |f(2)| < |z| for all z € U and |f'(0)| < 1. Further, if | f(z0)| = |z0|
for some zg € U\{0}, or if |f'(0)| = 1, then f(z) = €'z for some constant 6 € R.

A generalization of Schwarz’s Lemma was presented by Pick [106], which is
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known as the Schwarz-Pick Lemma:

Theorem 1.8. /60, p. 5](see also [85, Theorem 2.3]) If f is an analytic self-map of U,

then
(i)
f(z)_@ < Z_W_‘ forall z,w € U;
1= f(2)f(w)|  [1—2w
(ii)

e I
[~ fQF = TP

forall zzw e U.

Equality occurs in both (i) and (ii) if f is an conformal automorphism of U. If equality
holds in (i) for one pair of points z # w or if equality holds in (ii) at one point z, then

f is a conformal automorphism of U.

The unit disk U with the hyperbolic metric (see [31])

2|dz|
1— 7[>’

Aulz)|dz| =

is known as the Poincaré disk model. By (ii), the metric Ay (z)|dz| is invariant under

conformal automorphism of U and induces a distance function |dy|on U by

dy(z,w) = inf / A (2)|dz]
v Jy

over all smooth curves ¥ in U joining z to w. Similar to the invariance of Euclidean

distance under rotation and translation in C, dy; is invariant under conformal automor-

13



phism of U. It was shown in [31, Theorem 2.2] that

1+ pu(z,w)

= 2tanh™' py ,w),
= puw) pu(z,w)

dU (Z,W) = log

where the pseudo-hyperbolic distance py (z,w) is given by

pu(z,w)|=

1—zw|

Z—w ‘

1.8 Bohr’s inequality

A series of the form ) ;a,n"* is an ordinary Dirichlet series, where a,,s € C.
Now, if the series converges for some so = Oy + ify, then it is convergent for all s =
o +it with o > oy (see [[79, Theorem 1]). Thus, the maximal domain of convergence
is exactly the half-plane {s € C:Res > o.} where

= a
Gczﬁﬁ]ge@{Res: Zn—z<oo}.

n=1

The term o, is then known as the the abscissa of convergence for };° , a,n°. Simi-

larly, the quantity

. ) = |a
Gazlgf{clsrealz ZL?J<w},

n=1"
is called the the abscissa of absolute convergence for },"_, a,n™*. Finally, the abscissa
of uniform convergence for ) ~_, a,n"" is defined to be the unique real number o, such

that the Dirichlet series converges uniformly in the half-plane {s € C : Res > o, }.

In 1913, Harald Bohr published the absolute convergence problem [39] which

14



asked for the value of

So :=[Fup(oc, — Ou),

where the supremum is taken over all ordinary Dirichlet series. In fact, this problem
can be reduced to a problem on power series in an infinite number of complex variables
[39, 38]], which allowed Bohr to obtain the inequality Sy < 1/2 [39, Satz X]. While
attempting the absolute convergence problem, Bohr returned to the one dimensional

case and proved the Bohr’s inequality (or Bohr’s theorem):

Theorem 1.9. ([40]) If f(z) =Y gan?" € H(U,U), then
Y lan2| <1 (1.5)
n=0

for|z| < 1/6.

The value 1/6 is further improved independently by Riesz, Schur and Wiener to
1/3 which is optimal. Other proofs can also be found in [102} 112, [115]. Thus 1/3 is
then known as the Bohr radius of H(U,U ), and the class H(U,U) is said to have Bohr
phenomenon. The notion of the Bohr phenomenon was first introduced by Bénéteau,
Dahlner and Khavinson [32]] for a Banach space X of analytic functions on the disk U.

The Bohr’s inequality (1.5 can also be put in the form

n=0

d (i !anz"|,|f(0)|> <d(f(0),0U), (1.6)

whereldlis the Euclidean distance and[dU] the unit circle. Further, the Bohr’s inequality
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can be paraphrased in terms of the supremum norm, ||| f ||«

Y lan?"l < || flleo = sup | f(2)]- (1.7)
n=0

|lz]<1

1.9 About the thesis
1.9.1 Background - Bohr and distances

For an analytic function f defined in U of the form (1.1, define its associated

majorant function [36] by

M (2) = Y lanle".

n=0

If g(z) = Yo bnz" is another analytic function on U, then

M(f+g)(|z]) SM[f([z]) + Mg(lz]);
(1.8)

M(f&)(lz]) <M f(lz]) Mg (lz]).

Recall the classical Bohr’s theorem with Bohr’s inequality of the form in (1.6)):

Theorem 1.10. If f € H(U,U), then

d (Mf([z]), 1£(0)]) < d(£(0)2U)

for |z < 1/3, where d is the Euclidean distance, and dU is the boundary of U. The

radius 1/3 is sharp.

The research on investigating the Bohr’s theorem in distance form was initiated by

Aizenberg. He proved that
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Theorem 1.11. /|7, Theorem 2.1] Let f be an analytic function from U into a domain

G C C. Further suppose the convex hull G of G satisfies G # C. Then

d(Mf([z]).1£(0)]) < d(£(0),9G)

for |z| < 1/3. The value 1/3 is the best, provided there exists a point p € C satisfying

p € dGNAGNAD for some disk D C G.

The result covered the case where G is a convex domain and so extended the clas-
sical Bohr’s theorem where G = U. The domain G was further extended by Abu-
Muhanna [6]] by using the technique of subordination. He applied both the Koebe
one-quarter theorem and de Branges’s theorem, or the Bieberbarch’s conjecture, to

prove

Theorem 1.12. [6| Theorem 1] Let f be a univalent (analytic and injective) function

onU. If g < f, then

d (Mg(lz]),1g(0)]) <d(£(0),9f(U))

for |z| <3 —2v2 = 0.17157. The sharp radius 3 —2+/2 is attained by the Koebe

function z/(1 —z)*.

Recently, Abu-Muhanna and Ali [7] studied the class H(U, Q) where Q is a domain

exterior to a compact convex set and proved

Theorem 1.13. Suppose that the universal covering map from U into Q has a univalent

logarithmic branch that maps U into the complement of a convex set. If0 ¢ Q, 1 € dQ

17



and f € H(U,Q) with f(0) > 1, then for |z| < 3 —2+/2 2 0.17157,

A (M (Iz]), 1£(0)]) <A (£(0),99),

where [Al is the spherical chordal distance. In particular, if G is the closed unit disk,

then the sharp radius 1/3 is obtained.

Meanwhile, a link was established between the Bohr’s inequality for classes of
analytic functions H(U,G) and the hyperbolic metric done by Abu-Muhanna and Ali
[8]] in the following year. That paper discussed the case where G is the right half-plane,

the slit region and the exterior of U.

We end this subsection by stating the Bohr’s inequality for bounded harmonic map-

pings as proved by Abu-Muhanna [6]].

Theorem 1.14. [6| Theorem 2] Let f(z) = h(z) + g(2) = Lo anz" + Y, bnz" be a

complex-valued harmonic function on U. If |f(z)| < 1 for all z € U, then

Y. le¥ay +e by ||o" < d(|Ree* a], V), for any € R,

n=1

for |z| <1/3. The radius 1/3 is sharp.

1.9.2 Scope of thesis

The aim of the research work is to extend Theorem by

(a) establishing the Bohr’s theorem for the class of analytic functions mapping U

into some non-convex domain D,

18



(b) replacing the Euclidean distance with other distances, and

(c) extending the Bohr’s theorem to some subclasses of analytic functions as well as

classes of non-analytic functions.

The thesis is divided into six chapters. Briefly, Chapter [2] discusses the Bohr’s
theorem for the class consisting of functions f which are analytic in U and

satisfying the differential subordination relation
f(2)+azf'(2) +v22f"(2) < h(z), zeU,a>y>0.

The Bohr’s theorems are developed for the case when 4 is a convex function in U as
well as the case when £ is starlike with respect to 4(0). The results are proved by
applying the Koebe one-quarter theorem and the theory of differential subordination.
Simply note that if o = y = 0, then the Bohr radii 1/3 (convex &) and 3 — /2 (starlike

h) are the known radii in Theorem and Theorem [L.12] respectively.

Chapter [3] consists of two sections. The first section studies the Bohr’s theorem for

the class of analytic functions mapping the unit disk U to concave-wedge domains
om
Waz{we(C:|w|<7}, 1<a<2.

The Bohr radius is obtained by using the technique of subordination and has the value
(25 — 1)/(25 + 1). In particular, if o = 1, then the Bohr radius is 1/3 as stated in
Theorem and 3 — 2\/§ for oo = 2 as stated in Theorem The next section

focuses on the class of analytic functions f that maps the unit disk U to the punctured
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unit disk Uy = U\{0}. The development of the Bohr’s theorem depends heavily on
the coefficient estimate obtained by Koepf and Schmersau [86, p. 248] as well as the

Herglotz representation theorem for analytic functions [76, Corollary 3.6].

Chapter [] focuses on developing the Bohr’s theorem in non-Euclidean geometry.
The classical Bohr’s theorem with respect to the spherical chordal distance A defined

by

1 — 22
Az1,22) = ‘ | 21,22 €U,

VPV 2l

is shown to have value 1/3. The first section also shows that by replacing the Eu-
clidean distance d with A, it is possible to slightly improve the constraint in a Bohr’s
theorem obtained in earlier chapter. The hyperbolic Bohr’s theorem is presented in the
following section. By defining the hyperbolic unit disk U” in the Poincaré disk model,
an analogous Bohr’s theorem for the class of analytic self-maps of U" is obtained and
the (hyperbolic) Bohr radius has the value tanh(1/2)/3. Further, Theorem has
its hyperbolic version in the Poincaré disk model and the Bohr radius is shown to be
tanh(1/2)/3, implying the invariance of Bohr radius in hyperbolic geometry. Addition-
ally, the main theorem is applied to obtain the Bohr-type theorem for other hyperbolic

regions.

Chapter [5] is devoted to studying the Bohr’s theorem in the class of non-analytic
functions. The Bohr’s theorem for the class of harmonic functions mapping U into a
bounded domain in C can be found in the first section. In particular, if the bounded
domain is taken to be U itself, then the Bohr’s theorem is reduced to Theorem 2 in

[6]. The Bohr’s theorem for the class of univalent, harmonic, orientation-preserving
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mappings of U into the convex wedge

W={weC:|argw| < m/4}.

is established as well. Both the Bohr’s theorems are shown to have the same Bohr
radius 1/3. The final section deals with the construction of Bohr-type inequality for
the class of univalent logharmonic functions f of the form f(z) = zh(z)g(z) mapping

U onto a domain which is starlike with respect to the origin. The distortion theorem

for this class of functions can also be found in this section.

Chapter [0 serves as a survey of the work on developing Bohr’s theorem. There are
several directions in extending the classical Bohr’s theorem. Among those researches,

the n-dimensional Bohr radii study is very much well developed and the first Bohr

radius (see Chapter |§|, Section has its asymptotic value proved to be y/logn/n in

[30] recently.
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CHAPTER 2

BOHR AND DIFFERENTIAL SUBORDINATIONS

In this chapter, we shall investigate a special class of differential subordination

For o¢ > ¥ > 0, and for a given univalent function 2 € H(U), let
R(a,y,h):=={f€HU): f(2)+azf'(2) +v°f"(z) < h(z), z€U}.

The investigation of such functions f can be seen as an extension to the study of the

class

Rlo.h)|={f €H(U): f'(z) + azf"(z) < h(z), z€U}

or its variations for an appropriate function s. This class has been investigated in
several works, and more recently in [114} [116]. It was shown in Ali et. al [23] that
f(z) < h(z) whenever f € R(a,v,h). The notion of convolution will be needed to

deduce the latter assertion.

For two functions f(z) =Y~ ga,z" and g(z) = Y (byz" in H(U), the Hadamard

product (or convolution) of f and g is the function defined by

(fx8)(2) = i anbn".
n=0
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The following auxiliary function will be useful: let

U dr e
mz)—/o =Y

n=0

From [110] it is known that ¢, is convex in U provided Re A > 0.
Now fora >y >0, let
VHUu=0—7 HV=Y,

and

q(z) = /01 /Olh(zt“sv)dtds = (¢v* @y ) *h(z) € R(ex,7,h). (2.1)

Let|S(h)|:={f € H(U) : f < h} denote the class of analytic functions on U subordinate

to h. In [23]], Ali et. al showed that

f(2) <4(z) < h(z)

for every f € R(a,y,h). Thus R(a,y,h) C S(h).

2.1 R(a,y,h) with convex &

The following result gives the Bohr radius for R(c, ¥, k) with convex function .

Theorem 2.1. Let f(z) =Y, _oand" € R(et,y,h), and h € S be convex. Then

d(M(I]),1£0)]) = i |anz"| < d(h(0),9h(U))

n=1
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forall |z| < rey(a,y), where rey (@, ) is the smallest positive root of the equation

n

(Qu* ov)(r) =1 = =

n

(o)

1 1
(U tun)(i+ve) 2

Further, this bound is sharp. An extremal case occurs when f(z) := q(z) as defined in

2.1) and h(z) :=z/(1 —2).
Proof. Let F(z) = f(z) + azf'(z) + ¥z f"(z) < h(z). Then
= i [1+an+yn(n—1)]ay",
n=0

and

F(z) = F(0)  h(z)—h(0)
1(0) 1(0)

0) i“*"‘””"@— D] an" =

It follows from [69, Theorem 6.4(1)] that

l+on+yn(n—1)
H'(0)

la,| <1, n>1.

Hence

(0)] .
T 1+ (u+v)ntpuver’ T

|an| <

which readily yields

5 o < § e MO
=1 = P + (U +V)n+ uvn?
Since H(z) = M2)—h(0) i¢ 4 normalized convex function on U , it follows from [69,
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Theorem 2.15] that

d(0,0Q)>1/2 where Q=H(U),

implying

d(h(0),0h(U)) = inf |h()—h(0)] >

{edU 2

Thus

> > 1
;|an|r < 2d(h(0),0h(U (; T n)

and the Bohr radius rcy (@, 7) is the smallest positive root of the equation

)

1 n_l
L =2 2:2)

n=1

If & is convex, then ¢ as given in (2.1)) is convex (see [111} (0.1)]). Figure2.T|describes
the extremal case. With h(z) := [(z) = z/(1 —z), then d(h(0),dh(U)) = 1/2, and
q(z) = (¢u * ¢v) * I(z) maps the Bohr circle of radius ¢y into {w: |w| < 1/2}. Here

the image of the Bohr circle is depicted by a bold closed curve.

03

02-

LU B

0.0

a1l W

=02

-03F

-0.3 0.0 0.2 04 0.8

Figure 2.1: Image of the Bohr circle under g(z) = (¢ * ¢y) * 1= fora =3,y =1.
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Remark 2.1. The Bohr radius rcy (0,0) = 1/3 was obtained in [I7, Theorem 2.1].

From (2.2)), it is known that for any f € R(ca,7v,h) and h convex, the Bohr radius

rev (@, y) can be found by solving the equation

n_ _
; —|—Om—i-}/n(n—1 Z (I+un)( 1—|—Vn)r 2

n=1

for the smallest positive root. Table[2.1] gives the values of the Bohr radius for different
choices of the parameters a and y. Note that rcy (¢, y) approaches 1 for increasing o

and 7v.

Table 2.1: The Bohr radius rey (o, ) for different o and y

o | rey(a,0) oal| v | rev(a,y)
0 | 0.333333 0] O |0.333333
0.1 | 0.365245 1 | 0.5 0.649755
1 | 0.582812 1 10.9 | 0.684027
10 | 0.994200 4 109 ] 0981325
20 | 0.999958 4 | 1 |0.986793
28 | 0.999999 4 | 4/3 | 0.999999

2.2 R(a,y,h) with starlike £

The following theorem deals with subordination to a starlike function with respect

to certain fixed point.

Theorem 2.2. Let f(z) =Y~ qan2" € R(Q,7,h), and h € S be starlike with respect to
h(0). Then

AMF(ED, 1O = X | < d(10), (D)
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forall |z| < rsr(@,y), where rsp (@, ) is the smallest positive root of the equation

n

(Quxdv)(r) —1=

(o)
n=

n 1
=
« (14+un)(1+vn) 4

This bound is sharp. An extremal case occurs when f(z) := q(z) as defined in (2.1))

and h(z) = k(z) =z/(1 —2z).
Proof. Since

F() = f(2) +azf () + 121" (@) = ¥ [1 + an -+ yn(n— 1] an?" < h(z),
n=0

it follows that

3
11
—
N
N—
|
~
S
()
N—r
Iyl
~~
A\
N—
=
Yy
()
N—r

Note that H is starlike with respect to the origin. Thus [69, Theorem 6.4(ii)]

l+on+yn(n—1)
H'(0)

lay| <n, n>1

Y

which yields

5 < § o0
n=1 ! B n=1 H—f—vn—f—‘llvn .

Since H(z) is a normalized starlike function on U, it follows from Koebe one-quater

theorem that

|H(z)| >1/4, ze€dU,
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implying

Thus

i\an\r”§4d( h(0),dh(U (i 1+un;l( +vn);ﬂ),

n=1

and the Bohr radius rg7 (@, 7) is the smallest positive root of the equation

(2.3)

Bl

1+[,Ln (1+vn)

n=1

If h is starlike, then g as given in (2.1)) is starlike (see [111} (0.1)]). Figure[2.2]describes
an extremal case. Here d(h(0),0h(U)) = 1/4 for h(z) :=k(z) =z/(1 —z)?, and q(z) =

(@u * @y ) *k(z) maps the Bohr circle, depicted as the bold closed curve, into {w : |w| <

1/4}.
L0 = o
o N /
- B ,l'l
\\\_ 02 [
. \'
2 b 0l ‘
D
] 0
0lF ‘
i
[ \
i \__\\‘ 02 W
— \
\
0o - ‘05 - ‘1.0 - I1.5 I IE.U I I2.5 _U'-301 -0.1 00 0.‘1 olq o.lz 0.|4 05
Figure 2.2: Image of the Bohr circle under g(z) = (@ * ¢y) * == fora =3,y = 1.

Remark 2.2. The Bohr radius rs7(0,0) = 3 —2v/2 is equal to the Bohr radius for the

class of analytic functions subordinated to a univalent function, see [6, Theorem 1].
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From (2.3), the Bohr radius rs7 can be found by solving the equation

n
; —|—Om—i-}/n(n—1 Z (I+un)( 1—|—Vn)r 4

n=1

for a positive real root. Several values of rs7(,7) are listed in Table

Table 2.2: The Bohr radius rsy (o, y) for various o and y

o rsr(a,0) o y | rsr(a,y)

0 0.171573 0 0 | 0.171573
0.1 0.188154 1 0.1 | 0.315797

1 0.308210 2 1 | 0.459619

10 0.723763 10 1 | 0.765923
100 0.961586 100 | 10 | 0.994215
1000000 | 0.999996 100 | 35 | 0.999963
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CHAPTER 3

BOHR AND CODOMAINS

3.1 Unit disk to concave wedges

A link to the earlier results of Aizenberg [17] and Abu Muhanna [6] could be

established by considering the concave-wedge domains

o
M::{WGC:|argwl<7n}, I1<a<2. (3.1)

In this instance, the conformal map of U onto Wy, is given by

Foai(z) =t (ﬂ) =t (1 - iAn,az”> , t>0. (3.2)

l—z n=1

When a = 1, the domain reduces to a convex half-plane, while the case ¢ = 2 yields a

slit domain. Denote by [H (U, Wy, )| the class consisting of analytic functions f mapping

the unit disk U into the wedge domain Wy, given by (3.1).

The following result of [[10] will be needed.

Proposition 3.1. If F is an analytic univalent function mapping U onto Q C C, where
the complement of Q is convex and F (z) # 0, then any analytic function f subordinate

to F".'n=1,2,..., can be expressed as
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for some probability measure [ on the unit circle |x| = 1. In particular, if f subordinate

to F" for all n, then

f(z) = BXP(F (x2)) dpi(x)

lx[=1

for every f subordinate to exp(F).

The following result will also be helpful.

Lemma3.1. Let Fo,(2) =t ((1+2)/(1—2))* =t (1+ X5 Ay.a2") be given by (3.2),

o€ [1,2]. Then Ay o >0forn=1,2,...

Proof. Evidently

Fo(2). 3.3)
—Z

i el
s
43
Q
™
i
|
)
R
VRS
[S—
+
gk
N
S
+ N——
/:\
+
s
b
“3
Q
™
N~

n=1 n=1
=20 [ 14+ Y 2"+ Y Ao
n=1 n=1

=2x (1 +A;az+(1 +A2,a)22 + (A3 ¢ +A1,a)23

(14 Asg+A2.0)e + (Ao +Asg +A1La)S + ) .

Thus, by defining Ag o = 1, it follows that

15]
200 &
Ant10=—— ) An 2k 3.4)
n+1 frr
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for all n > 1, where | | is the greatest integer function.

It follows by induction that
Apnoa=pn(a), n=172,... (3.5)

is a polynomial of degree n with positive coefficients. Indeed it holds for n = 1 since

Al q =20 > 0. Assuming that (3.5) holds for n = m, then (3.4) yields

Amil,o = —1 Y Anoke = Z Pm—2k(0) = pmi1(Q)
k=0

where

Pm+1( m+1ZPm 2 (@

Since p,,+1 is a polynomial of degree m 4+ 1 with positive coefficient in each term,

evidently (3.5)) is true for all n > 1. Consequently, A, o = pp(ct) >0 foralln > 1. O

The following are the main results for this section.

Theorem 3.1. Let o € [1,2]. If f(2) =Y, _gand" € H(U,Wy) with ag > 0, then
d(Mf(Iz]), f Z |anz"| < d(£(0),0Wa)

for |z| <rg = 2V —1)/(2Y* 4 1). The function f = Fg 4, in (3.2) shows that the

Bohr radius rq is sharp.
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Proof. Since f is subordinate to Fg 4, it follows from Proposition [3.T]and (3.2)) that

Y = ao (1 + iAmax"Zn) du(x)
n=1

for some probability measure (1 on the unit circle |x| = 1. Note that the uniqueness of
Taylor series gives

a, = apAp,ax" du(x),

x| =1

which then implies

o < [ aolnal ] au(o) = 4|

Hence, by Lemma 3.1}

Mf(r) —ag <ag iAnr":ao KHr)a—l}

= 1—r

~atao. ) [

1+r
1—r

)0‘ - 1} <d(ag,dWq)

for |z| = r < rq, where rq is the smallest positive root of the equation

1 a
( —i—r) —1=1.
1—r

Thus rq = (23 —1)/(2@ +1). 0

Theorem 3.2. Let o € [1,2]. If f(z) =Y ganz" € H(U,Wy), then

|anZ"| — lao|” < d(Jaol",0Wq)
n=0
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for |z] < rq = o2/ —1)/(2Y/% 1), where |ag|* = Fy <

oZ%(ao)D, co=1-
2 ‘Foﬁ(ao)’ /3 and Fy ;1 is given by (3.2). The function f = Fy 1 shows that the Bohr

radius rq is sharp.

Proof. Since f € H(U,Wy), there exists b € U such that Fy 1 (b) = ap. Let

Then (Fg.10¢)(0) = Fg,1(9(0)) = ap = f(0) and the fact that Fy | o @ maps U con-
formally onto Wy, yield

f=<Fy100. (3.6)

Next, let |ag|* = Fy,1(|b]). Then

laol* = Fat (|Fart (a0)|) = | Fet (Fy } (a0)) | = laol.
Now the function
- b+ (1 -2[b*)z
2) n;)lnlz ok

maps the disk |z| < 1/3 into U. Let G = F 1 o M@ and write |z| = r. Then G(z) € Wy

for |z| < 1/3 and

1 “ b
G(r) <lapl* ( +r/co> = Fy.1 (%) , (3.7

for r < 1/3 where co = 1 —2|b|/3, and equality holds when r = 1/3. Further (L.8)
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gives

M(Fo.109)(r) < G(r). (3.8)

Hence using (3.6), (3.7) and (3.8)), it follows that

1—|—r/C())a

Mf(r) < M(Fo00)(r) < G(r) <|aol” (1 —r/co

for r < 1/3. Consequently, M f(r) — |ao|* < |ao|* = d(|ao|*,d0Wy) provided r < rq,

where rg, is the smallest positive root of

that is, re = co(2% — 1)/(23 + 1). 0
Remark 3.1. Since o € [1,2), it follows that 0.17157 =~ 3 —2v/2 < rg/co < 1/3.

Remark 3.2. If ag > 1, then |ag|* = ag and Theoremis equivalent to Theorem|3.1
However the case 0 < ag < 1 gives |ao|* = 1/ao. A generalization of Theorem[3.2|and

Theorem[3.1| can be found in [24)].

Remark 3.3. The Bohr radius for the half-plane is ry = 1/3, and r, =3 — 2V/2 for the
slit-map. Since every convex domain lies in a half-plane, it readily follows from The-
orem that the Bohr radius for convex domains is 1/3. When the class of functions
is subordinate to an analytic univalent function, it follows from de Brange’s Theorem
[[72)] that the moduli of its Taylor’s coefficients are bounded by the coefficients of the

slit-map, which from Theorem readily yields the Bohr radius 3 —2+/2 for this class

[6].
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3.2 Unit disk to punctured unit disk

This section is devoted to the development of Bohr’s theorem for the class of ana-
lytic functions mapping U to the simplest doubly connected domain, that is, the punc-
tured unit disk. Denote by [Ug| the unit disk punctured at the origin, and |U | the closed

disk {z: |z| < r}.

The following theorem shows that the Bohr radius 1/3 also holds for the subclass

H(U,Up)|of H(U,U);

Theorem 3.3. If f € H(U,Uj), then
Mf(U, ) CU, (3.9)
or equivalently,
d (Mf([z]),1£(0)]) < d(£(0),9U) (3.10)

for |z| <1/3. The radius 1/3 is the best.

Proof. Since f € H(U,Uy) C H(U,U), the inclusion (3.9) follows immediately from

the classical Bohr’s theorem. To show the value 1/3 is the best, consider the function

1
fi(z) = exp <—zl—+z>, t>0,zeU. (3.11)
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Note that

8| —
_|_

8| -
ok

3
I
2

1 1.8 (20" &
=—+— cn?"
el etmzz"l m! n;nn
113 & (=2
=—+— cn?'
e etmzz"ln;n m! !
I 1 & & (—20)"
el Ly o

3
I
—_
3
I
—_

where
n—1
Cn= Z 1= < )
p1t+pm=n m—1
and the summation is taken over all m-tuple (p1,..., p;y) of positive integers satisfying

p1+ -+ pm = n. Thus the Taylor series expansion of f;(z) about the origin is given

by

Since

it follows that

G el n=1 | m=1 m!
2
= =~ fill). (3.1
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Let ag = f;(0). Since t = —logag = —log|ap|, f; can be written as

14z 27
fi(z) =exp (10g]a0] ) = |ap|exp (10g]a0] )

1—z 1—z

2
= ]a0]|a0|H. (3.13)
Hence, by letting |z| = r, (3.12) and (3.13) imply
2
Mfi(lz]) = 2] aol - fi(lz]) = |aol (2 — |ao[™=7) > 1 (3.14)

as ap — 1 and r > 1/3. To be precise, consider the real-valued function

glx) = —%, x€(0,1).
Then
)= logl(i;:x) + 1og1(i;x) _ (14x)log(14x) + (1 —x)log(1 —x)
(log(1+x))* (1—x2) (log(1 +x))*

[log(1+x)+1log(1l —x)]+x[log(1+x) —log(1 —x)]
(1—x2) (log(1 +x))*
2[4 (=P + (-]
(1—22) (log(1+x))

>0,

indicates that g is continuous and strictly increasing in (0, 1). Further, lim,_,og(x) =1

and lim,_,; g(x) = oo implies that for any ry > 1/3, there exists xo € (0, 1) such that

log(l —X()) 27’()
log(l+x0) 1 —I”()'

1<
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Equivalently,

_ 2r0
1—x9> (1 —l—x()) =,

Hence by selecting a function f; with |ag| = 1/(1 +xp), it follows that

2r

|ao|(2—|ao| ™) > 1,

which gives M f;(rg) > 1. On the other hand, the inequality

|ao| (2 — | ao| TF) < 2| ag| — |ao|* < 1

holds for all functions f; with |ag| < 1 and 0 <r < 1/3. Hence the radius 1/3 is the

best. O]

Since f(U) C Uy, the Bohr’s theorem for the class H(U, Uy) suggests replacing the
domain U in both (3.9) and (3.10) by Up. To this end, we first examine the case for
functions f; € H(U,Up) given by (3.11)). For such functions f;, Koepf and Schmersau

[86, p. 248] obtained the estimate

| —

m! m—1 n

f(_2t>m(”_l>‘< 2 e 0.21), n>0. (3.15)

m=1

Also, it would soon become evident that the number

1 1
o= —— ——=~0.07727

3¢ 94/6

plays a prominent role in the sequel.
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Lemma 3.2. Let f; be given by (3.11)) with 0 <t < 1. Then /\/lf,(Ul/g,) C Uy and

1 1 _
‘Mﬁ(Z)_; <Z_a0, Z€U1/3.
In particular,
1 1
M) =5 < -, [z <1/3.

Proof. Write

1 (]
fi(z) =exp (—t—z) =exp|—t—2)
—2 n=1
el =\
T Z e'm! (—ZtZzn>
n=

e
Thus for |z| < 1/3, (B3.13) gives
1| 20 2t(1—1) & V2t
M ——| <7
‘ S Y ; 3/n

t
=— —4 /= 3.16
3e! Q¢! +9 6 ( )
1 1

where

is strictly decreasing in [0,1]. Thus y;(t) > o in [0,1) and y;(1) = ap as shown
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in Figure It follows that |[Mf;(z)| > 0, which along with Theorem give

Mf;(Ul/g,) CUyp. ]
10
\
\
*,
"\
oal \\\
\-\
\
\\
o.6f A Y
*,
\'\
3
%
R
04l b
-
iy
0.2 h'*-\..,_‘
~_
. B bl bl P
0.2 0.4 06 0.8 10

Figure 3.1: Graph of function y; () over the interval [0,1]

Remark 3.4. Equation y| in Lemma has a root at ty ~ 1.35299, and indeed y,
is strictly decreasing in [0,ty]. We shall however be only interested in the interval t €

(0,1].
Lemma 3.3. Let f, y € H(U,Uy) be of the form

N

1+
Jan(z) =exp (— Y wa xkz) , z€U, (3.17)
k=1

1—x2

N —
with0 <a <1, |x|= 1 for each k, and ty > 0 satisfies ¥, ty = 1. Then Mf,n(U,3) C
k=1

Uy and
1

e

1 —
<—a—OC(), Z€U1/3.
e

)Mfa,N(Z) -
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Proof. Since f, n is analytic in U, it can be expressed in its Taylor series

N 14+ xz = N AN
exp —k;ltkal_XkZ =exp —a—Zangl k;ltkk Z

3
10-1e
3|
S
3
S
™
—
™=
=
X
N——
NS
N——
3

s
3
(agk
S
N§

Q
2
Y
al’_‘
3
I
_
3
I
3

~t
s

3
I
3
Il
3

s
=

3
Il
—
3
I
_

where
N N
s Sm
d, = Z thkl s Z Ik Xy,
Si+-tsm=n \k=1 k=1
and the outer sum is taken over all m-tuples (sy,...,s,) of positive integers satisfying

s1+ -+, = n. Note that

o A n—1
|dn|§ Z Ztk Zl‘k = Z ]:( )
sit+etsm=n \k=1 k=1 S1t et Sm=n m—1

Next let
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Thus for |z| < 1/3,

1 1 & m(—2aq)"
'Mfaw(z)—e—a <X ;< 207 2
1 1
<Mfu(lz]) - v < a0, (3.18)

where the last inequality follows from Lemma E Hence [Mf,n(z)] > 0 on Uy 3,

which together with Theorem [3.3|yield M fu n(U /3) € Up. O

Theorem 3.4. Let f € H(U,Up) with 1/e < |f(0)| < 1. Then Mf(U,3) C Up and

[Mf(z) = Mf0)] < MF(0), z€Uy;.

In particular,

M (lz]) = 1fO) < [£(O)], [zl < 1/3.

Proof. 1t suffices to consider the case f(0) > 0. Since 0 < |f(z)| < 1, it follows that

—Relog f(z) > 0in U. Thus,

log /() =1z /(0) [ du(),

=1 I —xz

or

£(2) = exp (— [ fijdu(x))

for some probability measure i on U, and 0 < a = —log f(0) < 1. If f has the form

(3.17), then the results evidently follow from Lemma [3.3]
Consider the compact disk U, with 1/3 < p < 1. By Corollary 3.7 in [76], if f
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does not have the form (3.17), then there exists a sequence of functions {g,} of the
form (3.17) satisfying g,(0) = f(0) for each n, and g, converges uniformly to f on

Up. Thus for a given € > 0, there exists a positive integer N such that
E —
8n(2) = f(2)| < 5, forallz€ Up,

and n > N, where M = max g7, /3{|Z| /(p —|z])}. The Cauchy Integral formula yields

0 - 190 = |5 faup %dé‘

kU 27 |ga(E(2) — f(E@))] ek!
Sﬂ/o - ai <o

Hence, for all |z| < 1/3 and n > N,

| Mgn(z) = Mf(2)| < |M(gn— £)(|2))]

oo glk) 0) — k 0
_ Z 8 ( )k'f ( ) |Z‘k

fa] !

£y E)k eld
<wi(5) =mmee

implying Mg, — M f uniformly on U 5.

Now, for any € > 0, there exists a corresponding positive integer N such that

sup |Mgn(z) —Mf(z)] <& foralln>N.
Z€U1/3
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Lemma [3.3]and the inequality above imply that

sup [Mf(z) = f(0)] < sup [Megn(z) = f(0)[+ sup [Mgn(z) — Mf(2)]

Z€U1/3 ZEUI/:; Z€U1/3

<f(0)—ap+e.

Hence |Mf(z) — f(0)] < f(0) — o < f(0) for all z € U, 3, and so [Mf(z)| > 0 on

U\ 3. Further Theorem gives Mf(U, 3) C Up. O

The following result yields the Bohr radius for the class {f € H(U,Up) : 1/e <

If(0) < 1}.

Theorem 3.5. If f € H(U,Up) with 1/e < |f(0)| < 1, then

Mf(U,s3) € Uo (3.19)

and

d(Mf([z]),1£(0)]) < d(f(0),dUo) (3.20)

for |z| <1/3. The radius 1/3 is best possible.

Proof. The inclusion (3.19) follows from Theorem Now, assume that r = |z| <

1/3. The inequality in Theorem [3.4]implies that

dMf(r),|f(0)]) = Mf(r) = [f(0) < |F(O)].
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On the other hand, since f € H(U,Up), Theorem 3.3|gives M f(r) < 1 and so

d(Mf(r),1f(0)]) = Mf(r) = [f(O) <T1—[£(0)].

Then the inclusion (3.20) follows from the two inequalities above since

d(£(0),9Up) =lminl{|f(0)[, 1 = [£(0)[}.

That the value 1/3 is the best follows from the proof of Theorem 3.3] O

Remark 3.5. Relations (3.9) and (3.10) in Theorem are equivalent. However

(3.19) and (3.20) in Theorem are not since d(f(0),0Up) = |f(0)] # 1 —|f(0)]
for |f(0)] < 1/2.

Next, we look at removing the constraint on |f(0)| in Theorem Denote by | |

the least integer function, that is, [a| is the smallest integer greater than or equal to a.

Lemma 3.4. Suppose a > 0, and

1+x2
1 —x2

N
fan(z) =exp (— Y ta ) € H(U,Uy), (3.21)
k=1

N
where |x;| = 1 for each k, and t;, > 0 satisfies Y, t;, = 1. Then
k=1

a1 1
(Mfa.,N(|Z|)) e“/m < e“/M o, |Z| < 1/3

Proof. 1If a € (0,1], then [a] = 1 and the result follows from Lemma[3.3] Assume now
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that a > 1. It follows from the proof of Lemma [3.3] that

1

e

1

_e_a’

‘M Fun(2) = ~| < ME(2)

which gives
(M fan(2)] < Mfa(|2]). (3.22)

Since M(fg)(lz]) < M(f)([z])M(g)(Jz]). Lemma 3.2]yields

y y 2 [a]
M) =M (Faa) D £ (MFaa () < (g —a0) 323

for |z| < 1/3. Thus

a 1 1
(Mfan(2)) T = —— <« —— — . O

ea/[“-‘ ea/ [a]
Theorem 3.6. Let f € H(U,Uy) and a = —log|f(0)|. Then
MF (DY = O < )1 el < 1/3.
Proof. Tt suffices to consider the case f(0) > 0. Let a = —log f(0). Then

ra=ep (= [ o dn))

for some probability measure y on dU. If f has the form (3.21)), then the result follows

from Lemma[3.4]
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Consider the compact disk Up with 1/3 < p < 1. If f does not have the form
(3.21), then there exists a sequence of functions {g,} of the form (3.21) satisfying
g2(0) = f(0) for each n, and g, converges uniformly to f on U,. Applying the same
argument as in the proof of Theorem 3.4] it can be shown that Mg, converges to M f

uniformly on U 3.

Thus, for any € > 0, there exists a corresponding positive integer N such that for

alln>Nandz e U, s,
|Mgn(z) = Mf(2)] <&,
and thus

IMf(z)] < |Mgn(2)|+€.

Further (3.22)) and (3.23) imply that

MA@ < (207001~ a) e

Since € is arbitrary, it follows that

IMFE)] < (207001 - o) "< (20r0)V) "

and consequently

(MF ()1 = (o)1 < (o)1
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for |z| <1/3. O

Theorem 3.7. If f € H(U,Uy) and a = —log| f(0)|, then
d ((MF(=DY 1)) < a((ron'1!awn) (3.24)

for|z| < 1/3. The radius 1/3 is best possible.

Proof. The inclusion (3.24)) follows from Theorem Now, assume that r = |z| <

1/3. The inequality in Theorem [3.6|implies that

a ((Mf) I )1V 14T) = (Mp () 1T = £)] /1T < (0] 1]

On the other hand, since f € H(U,Uyp), Theorem gives Mf(r) < 1 implying

(M) < 1. Thus

a ((Mf) 1O T) = (M) = £(0) 1) < 1= p(0) /11,

Then the inclusion (3.24) follows from the two inequalities above since

d ((r))11,905) = min{l£(0)]/ 14!, 1~ | £(0)] 1]},

To show the value 1/3 is the best, consider the function f; € H(U,Up) given by

(B.T1) with 1/2 < f;/1,1(0) < 1. Then it suffices to show that
d(M L)Y (HONYINY > a((f o) aug), |2 >1/3. (3.25)
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Since
d ((MAN'T (o)1) = M) = Cop I,
and
a ((O)"",0u0) = 1= (o))",
it follows that (3.25)) can be reduced to
(ML) >1 o M) > 1, 2] > 1/3.

Indeed, the inequality holds as is shown in the proof of Theorem 3.3
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CHAPTER 4

BOHR AND NON-EUCLIDEAN GEOMETRY

4.1 Bohr’s theorems in non-Euclidean distances
4.1.1 Classical Bohr’s theorem

We show that the classical Bohr radius 1/3 remains invariant after replacing the

Euclidean distance d with the spherical chordal distance A:

|21 — 20

V1I+z Py + 2

Az1,22) = 71,22 € U.

Theorem 4.1. If f € H(U,U), then

A(M[([2]), [£F(0)]) < 2(£(0),0U)

for |z| <1/3. The value 1/3 is the best.

Proof. Since f € H(U,U), the classical Bohr’s theorem implies that | f(0)| < M f(|z]) <

1 when |z] < 1/3. Hence for |z| < 1/3,

A(IF ), Mf(Iz])) < A(1£(0)],1) = A(f(0),9U).

To show the sharpness, consider the Mobius transformation

()_ Z+a
plz  l+4az

, O<axl,zel.
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Then

yields

Z—a

1—az

M(z) =a+ i (1—a*)a" 2" =2a+
n=1

Since M@(|z]) is increasing for |z], it follows that for |z| > 1/3,

1-3a  1+3a—2d?

Mo(J2]) > 2a+ —— e
Thus, A (Mo@(|z]),a) > A((1+3a—24%)/(3 —a),a). Since
A((1+3a—24%)/(3—a),a) _ V2(1+a)
A(a,1) VB =a)?+(1+3a—2a%)?%
it follows that
AMo(aD.a) > Aa ) 2D )

V(3 —a)?+(1+3a—242)?

whenever a — 1. O]

4.1.2 Punctured disk and non-Euclidean geometry

In this subsection, we show that it is possible to slightly improve the constraint in

Theorem [3.5] by replacing d with A. Let [Ug be the punctured unit disk and a € U.
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Then A(a,dUy) = min{A(|al,0),A(]al,1)}. Since

>1, ifla]>vV2—1,
A(lal,0) _ v2|a| ,
Al 1) " 1=a | <1 iflel< V2=l
=1, ifla]=v2—1,
\
it follows that
)
A(|a|71)7 1f|a| > \/E_l’
A(a,dUp) = A(|al,0), if la| < v2—1,
A(lal,0) = A(lal, 1),  if |a| =v2—1.
\

Theorem 4.2. If f € H(U,Uy) with 1/v/e3 <|f(0)| < 1, then

A(MF(Iz]), 1£(0)]) < A(£(0),9U0)

for |z| < 1/3. The value 1/3 is the best.

Proof. Consider f in the form (I-I)) with ag > 0 and assume that |z| < 1/3. If 1/ /e’ <

ag < \/i—l,then

Alao, dUp) = A(ag,0) = —2

\/1+a6

Thus
)L(a07Mf(|Z|)) < )L(a()vaUO)
becomes

Mf(|z]) —ao ao

S )
\/14+a3\/1+Mf(2])? (/144
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which is equivalent to

(1= ag) (M (12]))* —2a0M[(|2])) <O.

Hence it suffices to prove that

Now, if f is of the form (3.17)), then it follows from (3.16) and (3.18) that

12t 2t(1—1) 1\/7
MIRD < G35+ 0 *5\g

where t = —logag. Let

(1) = L2 +_2t(1——t)_+ 1\/7___ 2e~!
V)= g T3 T 9 To\e T—e 2

Then y,(#p) = 0 for some 7y ~ 1.532 and y,(¢) < 0 for 0 < ¢ < 1.5, as shown in Figure

4.1l Hence for0 <t < 1.5,

2e¢! 2e! 2ay
Mf(‘ZD <y2(t) + 1 —e2t < 1—e 2t

= 5-

On the other hand, if f is not of the form (3:17), then on the disk Up = {z: |z] < p}

with 1/3 < p < 1, there exists a sequence of functions {g;} of the form (3.17) such
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Figure 4.1: Graph of function y,(z) over the interval [0,3]

that g (0) = ay for each k, and g converges uniformly to f on U,. Since

a‘((/l()7-/\/lg/<(|z|)) < 2’(a()7())

and Mg converges uniformly to M f on U, /3 (see the proof of Theorem , it

follows that for |z| < 1/3,

A(ag, Mf([z])) < A(ao,0).

Finally, if vV2—1 < ag < 1, then

A(ag,dUp) = A(ap, 1).

Since f € H(U,Uy) C H(U,U), the classical Bohr’s theorem implies that ag < M f(|z|) <

1 when |z] < 1/3. Hence for |z| < 1/3,

A(ag, Mf([z])) < A(ao, 1).
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To show the sharpness, consider the function f; given by (3.11)) with v2— 1 < ag =

e~ ' < 1. From (3.14), it is known that
Mi(l2]) > 2a _a(()lJrIZ\)/(l*\ZI) > a0, z€U.
Hence
Alao, M£(|a)) = Aao,2a0 —aff /D), (4.1)

Then, by applying L’Hospital’s rule,

A(ao,zao—aéH'Z')/(l_‘ZD) N l_a(2)|z|/(l—|z|)

A(ap, 1 B 2 1—
(a0, 1) \/1 + <2a0 —a(()lﬂz\)/(l—lzl)) a0

2z
1 -z

—

> 1 (4.2)

if and only if |z| > 1/3 as ag — 1. Consequently, {.T]) and {.2)) give

Alao, Mf([z])) > A(ao, 1) = A(ao, V)

for |z| > 1/3 as ap — 1. Thus the value 1/3 is best possible. O

We end this subsection by presenting a Bohr-type inequality in hyperbolic distance

on Up. The density of the hyperbolic metric [31] on Uy is given by

1

Pod®) = Tiogti/iy
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If|dy,|(a, b) denote the hyperbolic distance between a and b, then

bl
d ,b — —:1
(@0 = | Tog(1/l]) ~ o8

log1/|b|
log1/|al

Theorem 4.3. Let f € H(U,Uy) with 1/e < |f(0)| < 1. Then

14 3|z
1 -3z

duy (M (I2]),1£(0)]) < log

for |z| < 1/3. In particular,

(a) when |z| < 1/9,

duy(MF(I21). | £(0)]) < log2 = 7%2(%),
(b) when |z| < (e —1)/3(1+e) ~ 0.15404,
oo MFEDLFOD < 1= 7
(¢) when || < (1— | £(0)))/3(1+ | £(O))),
(M) Lro)) < G

Proof. By Theorem Mf(U,3) € Up. Define a covering map F : U — Up by

P(&) = exp (loe(70)) ).

<
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Also, the conformal map y/(z) = 3z sends U, /3 onto U. Note that F o y : U ;3 — Up is

also a covering map. Thus by [31, Theorem 10.5],

dy, (|£(0)], M (|2])) <du, ((F o y)(0), (F o y)(Jz]))

=dy, (0, |z[) = du (y(0), w(lz]))

143z
1 — 3]z

=dy (0,3z]) = log

inUj 3, Where and dy denote the hyperbolic distance on U, /3 and U, respectively.
Parts (a) and (b) are evident. For part (c), an upper bound for |z| is obtained by solving

the inequality

430 _ 1IFO) (1
8 T3 < Au (O 8 (If(0)|> ' -

4.2 Bohr and Poincaré Disk Model
4.2.1 Hyperbolic Disk to Hyperbolic Disk

In [[71]], Fournier and Ruscheweyh studied the Bohr’s theorem for the class of ana-

lytic functions in the disk

1
z+L’<—}, 0<y<l.

The Bohr radius is shown to be (14 7)/(3+ 7). Generally there is no assurance that the
Bohr phenomenon will occur for every given class of functions. For example, Aizen-
berg [[18] showed that the Bohr phenomenon does not exist for the space of analytic

functions defined in the annulus {z € C: 1 < |z| < 1},0 <t < 1.

The following result is an immediate extension of the classical Bohr’s inequality
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for arbitrary disks centered at the origin. We state it for the sake of completeness.

Theorem 4.4. If f € H(U,,U,), then

Mf(lz) < ¢

for|z| <ry,u, = p/3. Equivalently,

d(M(Iz]),1£0)]) <d(£(0),9Uy)

for|z] < ru, U, = p/3. The radius ru,.U, IS sharp.

Proof. For f(z) =Y"_and" € H(Uy,,U,), the function g(z) = (1/q) f(pz) liesin H(U,U).

The classical Bohr’s theorem gives

1 o0
=Y lan|lpz|" <1 for |z < 1/3,
n=0

that is,

Mf(lz|) <q forlz] < p/3.

The sharpness is demonstrated by the Mébius transformation

_ z/p—a _ z—ap

¢(Z) _ql—az/p _qp_aZ

, O<a<l1, zeU,. ]

Theorem [.4]readily leads to the Bohr’s theorems in the Poincaré disk model. Con-
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sider now the hyperbolic unit disk

U= {ze U :dy(0,2) < 1}.

It is readily shown that U" is the Euclidean disk U,, with

r7):= tanh(1/2).

Theorem 4.5. If f €|\ H(U",U,)|\with 0 < q < 1, then

dy (M [([z]),[£(0)]) < du(f(0),9U,) (4.3)

for|z| < TUh U, =l[tanhl(1/2)/3 ~ 0.15404. The radius runy, is sharp.

Proof. Since dy is additive along the line (—1,1) [31, Theorem 2.2], it follows that

dy (f(0),9U,) = dy(|f(0)|,q) = du(0,9) —dy(0,]f(0)]),

and

dy (M (Iz]),1£(0)]) = du (0, Mf([z])) — du (0,]£(0)))-

Thus inequality (4.3) holds when

dU(OaMf(‘Zl)) < dU(O,(]),

that 1s, for

Mf(lz]) <gq.
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So it suffices to find the radius r such that

d(M[(lz]),1£(0)]) < d(£(0),9U,)

for |z| < r. This problem is a special case of Theorem[4.4with p = r;,. The sharp radius

ruhy, = Th /3 is thus obtained. O

The preceding theorem yields the hyperbolic Bohr’s theorem for analytic self-maps

of the hyperbolic unit disk.

Corollary 4.1. If f € then

dy(M([2]),1£(0)]) < du(f(0),0U")

for |z| < rynyn =tanh(1/2)/3 ~ 0.15404. The radius ryn i is sharp.

4.2.2 Hyperbolic Disk to Hyperbolic Convex Set

In this subsection, a similar Bohr’s theorem as proved by Aizenberg (see Theorem

1.11)) is obtained in the Poincaré disk model of the hyperbolic plane. Let

UT:={z€ U :Rez >0}

be the semi-disk, which acts as the right half-plane in the Poincaré disk model. We

first obtain sharp coefficient bounds for functions in
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Lemma4.1. If f(z) = Yo yand" € HU,U™), then

2(Rea0)(l — |a0|2)

jan| < 2\2 2
v (1+ao|?)? — 4(Imag)

forn=1,2 ...

Proof. Let g(z) = (1+2z)/(1 —z) be an analytic function mapping U conformally onto
the right half-plane 7. Then for b > 0 and c real, the function i(bg + ic) maps U
conformally onto the upper half-plane {z € C : Imz > 0}, implying \/W is
a conformal map of U onto the quadrant {z € J : argz > 0}. Thus, define a map

FbVCZU—>U+by

Fpo(z) = —i , z€eU. 4.4)

Then F, . = —ig~ ! 0i(bg +ic) maps U conformally onto U*. Write f(0) = ap. Note

that Reag > 0.
Now F;, (0) = £(0) provided

vV—c+ib—1 .
——— = ay,
J——c+tib+1 °

that is,

- 14+iag 1+iag 1-— |a0|2 +2i(Rea0)
V—c+tib= : = .
et 1—iag 1+4iay 1—|—|a0|2—|—2(Ima0)

Thus

(1—|ag|?)?> —4(Reap)®> . 4(Reap)(1—|ag|?)

—c+ib= i ,
(14 |ap|?> +2(Imagp))? (14 |ap|* +2(Imag))?
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and so

4(Rea0)(l — \a0|2)
b - > O’ =
(1+ |ao2 +2(Imag) )2 ¢

4(Reap)* — (1 —|ap|*)?
(14 |ao|*+2(Imag))?

Hence f is subordinate to Fj .. Since Fj, . is convex, it follows from [6, Lemma 3] (see

also [69, Theorem 6.4]) that

] < [FL(0)], n=1,2,....

Calculation shows that

n d (b +ic) -1

b, = —!

o i ic) 11
2b

Now

4(Reap) (1 — |ag|?) —— 1 +iag
(+ ol +2(mag)2 ¢ VilbHie) =15,

and so

F(0) = = ;
Vilb+ic) <\/i (btic)+ 1)
8(Reao)(l—\a0|2) ) l—ia() ] (l—ia())z
(1+ ]a0|2 + 2(Ima0))2 1+iag 4
2(Reap) (1 —|ag|?) (1 — iagp)
(1 +iﬁo)2(1 +ia0) '
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Thus

2(Reag) (1 —|ao)?)(1 —iag) 2(Reag)(1 — |ag|*)(1 + iay)

F (0) = :
| b’C( )’ (1+lﬁo)2(1—|—iao) (1—ia0)2(1—i50)
_ 4(Reag)?(1 — |ag|*)?
- (1 + |Cl()|2 +2(Imao))(1 + |a0|2 — 2(Ima0))
4(Reap)?(1—|ag|*)?
_ _4Reap)"(1—Jao")” (4.5)
(14 ap|?)? —4(Imag)?
which establishes the result. O]

Another important result is that for every a € U, there exists a wo € [QU Tl satisfying

dy(a,dU™) =dy(a,wp). Since

U = {e” P -

S

<t<

S

}u{iy:—lgygl},

it follows that

a—iy

b

dy(a,0U") = inf dy(a,iy)= inf 2tanh~!
—1<y<1 —1<y<1

1 +iay

where a =a; +ia, € U.

Since tanh~ ! x is increasing on —1 < x < 1, it suffices to find the minimum point

of
l’l( ): a_ly 2: al+i(d2—y) 2
Y) 1 +iay 1 —axy+iayy
ai+(a2—y)? _ |af —2yar +y?

T anP a2yt [y
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in (—1,1). Evidently

(1+y*)az = (1+al*)y

(1—2yar+|aly?)?

2(y—a2) ((1 — azy)* +aly?)

((1—a)? +ady?)?
 2(aty—ax(1 —azy)) (4 + (a2 —y)?)
(1 —axy)? +a%?)*

2 (a%—i—a% — 1) (a2(1 +y2) — (1 —|—a%+a%)y)
N ((1—a)? +a2y?)’

i (y)=2(lal* = 1)

)

and so A'(y) = 0 if and only if

g) = (et +a3—1) (ax(1+y*) — (1 +ai +ad)y) =0. (4.6)

If a, = 0, then (@6) gives g(y) = (1 —af)y, which vanishes when y = 0. Further

note that g(y) > 0if y > 0, and g(y) < 0if y < 0. Thus /(0) is the minimum point, and

dU(a,aU+) = dU(a,O).

Assume now that a, # 0. It follows from (4.6)) that

1+a%+a%+\/(l+a%+a%)2—4a%
2a;

1=

and

1+ad+a5— \/(1+a%—}—a%)2—4a%

_ 477
2 a5 4.7)

are the critical points of h. Let y3 = (1 +a? +a3)/2ay be the midpoint of y; and y,.
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Since

2
B 1+a?+a3 +4a%—(1+a%+a%)2
2(12

a(1+y) - (1+a +a)y = a [(y i 7
a;

it follows from (4.6)) that

g(y3) = (ai +a5— 1) (4a3 — (1 +ai +a3)?) [4ar
= (1 (a1 +a3)) (1 +a7 +a3)* — (2)?) /4ar
= (1 - (a%—i—a%)) ((1 —I—a%—ka%) —2a2) ((1 +a%+a%) —|—2a2) J4ay

= (1 — (a%—}—a%)) (a%—f— (ay — 1)2) (a%+ (ar+ 1)2) /4a.

Therefore, if ap > 0, then y, < y; and g(y3) > 0. Since #'(y3) > 0, the function h

increases on (y;,y;). Hence h(y,) is the minimum point, and

dy(a,0U™") = dy(a,iy2).

On the other hand, if a; < 0, then y; < y; and g(y3) < 0, and because /'(y3) <0, h

decreases on (yy,y»2). Hence A(y;) is the minimum point, and
dy(a,0U™") = dy(a,iy2).

The following result is thus established.
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Lemma 4.2. Ifa € U, then dy (a,dU™") = dy (a,wq) such that

0 if Ima = 0;
wo =

iy,  iflma#0,

where y; is given by (4.7)).

For 0 <t < 1, define a Mobius transformation ¢, : U — U by

Z+t
- , zeU.
¢ (2) 1+ ©

Then ¢ (and its inverse ¢_;) maps (—1,1) to (—1,1), and ¢ is an isometry of the
hyperbolic distance dy [31, Theorem 2.1]. The following is a generalization of the

previous lemma (Lemma [4.2)).

Lemma 4.3. Ifa € U, then dy (a,d¢,(U")) = dy (a, ¢:(wp)), where

0 if Ima = 0;
wo =

iy) ifIma # 0,

and y; is given by (4.7).
A path ¥ joining z to w in U is called a hyperbolic geodesic (or h-geodesic) [97] if

dy (2, w) = /y A (2)|dz],

where Ay (z)|dz] is the hyperbolic metric given in section Indeed, the h-geodesic

through z and w is CNU where C is the unique Euclidean circle (or straight line) that
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Figure 4.2: Graphs of U™ (left) and ¢, /3(U *) (right) on the complex plane.

passes through z and w and is orthogonal to the unit circle dU [31].

A set G C U is called hyperbolic convex (or h-convex) [97] if for any pair z,w of
distinct points in G, every h-geodesic joining z and w also lies in G. Analogous to [25,
Defintion 2.29], a component of the complement of a h-geodesic in U is called an open

half-plane in U. It is readily seen that every open half-plane is h-convex.

Since ¢ (iy), —1 <y < 1, is a h-geodesic, it follows that the open half-plane ¢, (U ™)
is h-convex. The following result gives the Bohr radius for the h-convex domain

¢, (UT).

Lemma 4.4. If f(z) = Y ga,d" € HU" ¢,(U™)), then

dy(Mf(|z]),1£(0)]) < dy(f(0),9¢:(U™)) (4.8)

for |z| < rp/3 ~0.15404, where rj, = tanh(1/2).
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Proof. Recall that U" = U;,. Define the function

y(w) ==rw =z €HU.U")

which maps U conformally onto U”. Then the function f oy € H(U,U™) is subordi-

nate to the function Fy: . of the form (@3) for appropriate values b",c". So by Lemma

@ o)
M(f o)) =laol + X laurf 10"

n=1

|zl/7h
S‘a()| + |Fb/h,ch(0)|m = F(’ZD

By Lemma4.3] inequality (4.8)) holds when

dy (laol, F(lz[)) < du(ao, ¢:(wo))-

Indeed, inequality above can be written as

dy (0,F(|z])) < du(ao, ¢:(wo)) +dy (0,a0)

which is reduced to

1+ F(|z]) _ 1+ pu(ao, ¢:(wo)) ( 1+ |ao|
1-F(|2)) = 1 — py(ao, ¢:(wo)) (1—!ao|>’

where

¢ (wo) —ao

pu(ao, ¢(wo)) = 1= 6 (wo)a0 |
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Note that for z,w € C,

Iz (1+w) 1+52%
l—w) 1- 2w

1-z 1+zw

Further, the real function (1 +r)/(1 — r) increases with r. It follows that

\ao| + pu (a0, 9:(wo))
= 1+ laolpu(ag, (wo))

F(lz]) <

Equivalently,

(0) 2l/rn_ _ laol + pu(ao, $(wo))
1 —|z|/rn — 1+ |ao|pu (a0, ¢:(wo)
(- \ao|*) pu (ao, ¢ (wo))
1+ |ao|pu (a0, ¢ (wo))
_ (I =lao)(A +lao|)pu (a0, ¢:(wo))
1+ |ao|pu (a0, ¢ (wo))

[

)—|610|

<1l- |a()’

because 0 < py(ao, ¢ (wp)) < 1. Since @.5) gives

B . 4(Reag)?(1+|ao|)?
0] = 1 Rl

it follows that inequality (4.8)) holds for

/7 [ (1+ JaoP)? — 4(Imap)?
1—|z|/m§\/aolé‘5+{ 4(Reag)2(1+ |ag|)2 }
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Thus the Bohr radius 7 satisfies the equation

VB

l—f’/rh N

where f is given by

1 22 _A(1 2 1
B inf {( +laol?)? — 4(1ma) }:_,
apeU+ 4(Reap)?(1+ |aol) 4

Thus

Denote by ¢®¢,(U™) the rotation of the half-planes ¢;(U*) about the origin by
an angle 6, 0 < 0 < 2m. If G is a set in an open half-plane, define the h-convex
hull of G with respect to ¢, denoted by G", to be the intersection of all ¢ ¢,(U")
containing G. Note that G” is also Euclidean convex and lie in the minor component

of the complement of some h-geodesic in U.

Theorem 4.6. Let G be an open connected set in an open half-plane such that G" is

not an empty set. If f € H({U",G), then

dy (M (2]), [£(0)]) < du(f£(0),9G") (4.9)

for |z| <tanh(1/2)/3 ~ 0.15404. The value tanh(1/2)/3 is the best if there exists a

point p € C such that p € dGNAGN D for some Euclidean disk D C G.

Before proving the main theorem, we shall first prove its special case.
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Lemma 4.5. The function ¢}, .(z) € HU",¢;(U™")) given by

z/rn—a
1 —az/ry

¢is,t(2):s(1+ )+t, 0<a<1,0<r<1,

where 0 < s < (1 —1)/2 satisfies

dy (M35, (12]), 1945, (0)]) < dy(94:5,(0), 9945, (U™)) (4.10)
for |z| <tanh(1/2)/3 ~ 0.15404. The value tanh(1/2)/3 is the best.
Proof. It follows from Lemma [4.4] that

dy (M), (12]), 190, (0)]) < du(9L,,(0),06,(UT))

for |z| < tanh(1/2)/3. Since ¢, ,(0) > 0, Lemma (4.3 shows that the preceding in-

equality is equivalent to

du (M (pah7s7t (

21), 1925, (0)]) < du(45,(0),1).

Next, to obtain (4.10), it is sufficient to prove
du (94.5.4(0),1) = du (94.5,4(0), 9945, (U")) (@.11)
U ¢a,s,t ’ U d)a,s,t ’ (pa,s,t : .
Letag = ¢, ,(0) =s(1 —a)+1 > 0. Now,

dy(ag, 99, (U") = inf dy(ag, ) ,(£))
Leouh
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3 i0
_O§19n<fzﬂdu (ag,s(1+e€'7)+1t)

1 14¢9)+1
o<6<2z - 1—py(ag,s(1+e®)+1),

where
ap—s(14¢€%) —¢
1—ap(s(1+€®)+1)|

pu(ag,s(1+e9)+1)
Thus, it suffices to minimize py (ag,s(1 + ¢'®) + 1) with respect to 6, or equivalently,
minimizing

ag—s(1+€%) —1t 6

1 —ap(s(1+¢®) +1)

2 i
‘ apg—1t—s—se

1 — ags — agt — agse'®
(ag—t — s — s€090)* + 5% sin’ O
(1 —aps — apt — agscos 0)2 + a3s? sin” 0

(ap—t —s)* —2s(ag —t — s)cos O + 52
N 1 —aps —apt)? — 2aps(1 — ags — agt) cos 6 + a2s?
0

A critical point 6y occurs when

—2s(1—dad)(s+1+aj(s+1) —ao(1+2st +1%)) sin 6y _

2 b

1 —aps —apt)? — 2aps(1 — ags — aot ) cos 6y + a3s>
0

or

(s+1+(s(1 —a)+1)%(s+1)— (s(1 —a)+t)(1+2st+t2)) sinfy = 0.

Note that the coefficient s+ + (s(1 —a) +1)>(s+1) — (s(1 —a) +1)(1 +2st +12) #0.

Indeed, if

s+t+(s(1—a)+1)(s+1)— (s(1 —a)+1)(142st +12) = 0,
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then

128 4 2st 12 (1 —12) (1 — 452 —dst —12)
B 2(s2 + st) '

Since 1 —4s%> —d4st —t> > 0 for 0 < s < (1 —1)/2, it follows that a is real. Now,

1—1\? 1—
1—2s2—2st—t221—2<Tt> o (Tt) 2

1 —2f+¢2
A e
2
1 —¢2
= >0,
2

and by the fact that
(1—12)(1 —4s® —4st —1%) = (1 — 25> — 25t —12)? — 4(s* + 51)?,

it is evident that a < 0 and so contradicting the positivity of a.

Hence the critical point occurs when sin 8y = 0, that is, at 8y = 0 or 8y = 7, imply-

ing
dy (a0, 09y, (U")) = dy(ao,25+1) or dy(ag,d¢y,(U")) = dy(ao,1).

It remains to check the changes of sign of

> —2s(1 —a3)(s+t+af(s+1)—ap(l+2st+1%))sin
(1 —aps — aot)? — 2aps(1 — aps — apt) cos 6 + a3s?)?

%(py(ao,s(l —i—em) +t))
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for a given range of 0. Indeed, it suffices to check the changes of sign of
—(s+1+(s(1—a) +0)2(s+1)— (s(1 —a)+1)(1 +2st+t2)) sin 6.
Earlier it has been shown that
s+t+(s(1—a)+1)* (s+1)— (s(1 —a) +1)(1 425t +1%) (4.12)

is nonzero forall 0 <a < 1 and 0 < s < (1 —1)/2. In particular, if s = (1 —1)/2, then
(@T12) becomes (1/8)(1+a)?>(—1+1)%(1+41) > 0, which is always positive for all a,.
Thus, it suffices to determine only the sign changes of —sin® when 0 varies, which

then gives

dy(ao,09;5,(U")) = du(ao,1).

To show the sharpness, it suffices to show that for every |z| > r;,/3 there exists a

corresponding 0 < a < 1 such that

dy (ML . (I2]),a0) > dy(ag,t).

Since

n=1

or. . (2) =s (1 —a+(1-d) i a"! <5>n> +1,

it follows that

ML, (2) =s (1 —a+(1—d* i"la”‘_l (£>n) +1

n rh
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U%-a
=s( 14+ t
(1)

—¢ . (0)+s (a+ Z/”’—_a> .

l—az/ry,

Now

dy (ML, (12]),a0) > dy(ao,1)

gives

Ml () ~a0 g1
1= a0 Mol ()~ 1 a0t

since ag = 9/ ,(0) = s(1 —a) +1t > t, which holds if and only if

s(1 — agt) (wm) > s(1—a) [1—a3—sao (a+‘zl/’"—h_“>].

1—alz|/ry 1 —alz|/r,

The latter is equivalent to

(1—a?)lzl/rn P
— 1— ~ - - = 1—a)(l—
(1 aOH’SaO( Cl)) ( 1 _a|Z|/rh > ( a)( aO)
which holds provided
(1+a)lz|/ry l—a(z) l—a(z)

I—alzl/ry ~ 1—agt+ag(ap—1)  1+aj—2tag
B 1—(s(1—a)+1)?
14+ (s(1—a)+1)2=2t(s(1 —a) +1)
1—s*(1—a)*—1*—2st(1—a)
B 1+s2(1—a)?—12 '
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If |z| = r,/(3 — €) for some arbitrary small € > 0, then

l+a - 1—s52(1—a)®>—1>—2st(1 —a)
3—€—a 1+s52(1 —a)? —1?

which reduces to

a®s((4—€)s+2t) +2a(l + (—4+&)s* + (—4+€)st —1°)

—e(—1+ s>+ 2t +12) 4+ 2(—1+25> +3st +12) > 0.

Hence a < A; or a > A,, where

—1+ (4 —¢)s?+ (4—¢€)st +1> — \/—4es? + €252 + (—1 + 25t +12)2

A =
! (4—€)s+2st ’
P (4—€)s*+ (4 —€)st +12+ \/—des? + €252 + (—1 + 25t +12)2
2 (4—€)s2+2st .

Since

1t (d—e)s? + (4—e)st+12 < —e(1—1%)/4,

it follows that a < Ay < 0, which contradicts a > 0. On the other hand, A, < 1 if
and only if —&s((4 — €)s+2t)(1 — %) < 0, which always holds true. Hence for |z| =
rn/ (3 —€) > ry/3, there exists a real a with Ay < a < 1, such that (£.9) fails to hold.

Hence the value r;,/3 is best. O

Proof of Theorem Since rotation about the origin is an isometry of the hyperbolic
distance dy [31, Theorem 2.1], it follows that Lemma [4.4] remains valid for the class

H(U" ¢ ¢,(UT)) for all 8, which then implies (#.9).
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Write p in the form |p|e® for some 6, € [0,27). Then
ped <ei9ﬂ¢57s7‘p‘(Uh)>

forall 0 <s < (1—|p|)/2. Further, it is possible to choose some 0 <5, < (1—|p|)/2

such that ei91’¢£”sp7|p| € H{U",D) c H(U",G) and so
pe(@GNAGNID)NJ (e""p¢£,5,,,|,,|(uh)) .
By equation (4.11)),
dy (eiepﬁbf,sp,|p|(0)»a (eie”fl’f,sp,m(Uh))) =dy (€i0p¢£,sp,|p|(0)»l7> ;
which then implies
dy (gl 1,1(0),0G) =dy (gl 1 (0),p)

because e ¢ (U") C G. Thus

s
du <€i6p¢57sp7lp‘(0)7aé> =du (eiep%ilaspv‘l"(())’& (ei0p¢57‘9pv|P|(Uh)>)

implying the equivalence of (#.9) and (@.10) for the function ¢% ¢ah,sp7|p|' Hence the

radius ry, /3 is sharp. O

Theorem [.6] is applied to obtain the Bohr-type theorem for other hyperbolic re-

gions. First, a region Q is said to be a hyperbolic region if CU{ec}\Q contains at least
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three points. The Planar Uniformization Theorem [31, Theorem 10.2] states that each

hyperbolic region Q corresponds to a universal covering map F € H(U,Q).

The hyperbolic metric Aq in the hyperbolic region Q satisfies the relation [31,

Theorem 10.5]

Aa(F (2)IF'(2)| = Au (2)

for all z € U. The hyperbolic distance dg, is defined by
do(wi,wa) = iI)l/f/le(w) |dw|
over all smooth curves ¥ in Q joining wy to w,. If Q is simply connected, then
do(F(z),F(w)) =dy(z,w), z,weU.
On the other hand, if € is multiply connected, then F is not injective giving

do(F(2),F(w)) <dy(z,w), z,weU.

For a set G in a hyperbolic region Q with a corresponding covering map F €
H(U,Q), define the h-convex hull of G with respect to ¢, denoted by G”", to be the

intersection of all F(e®¢,(U*)) containing G.

Theorem 4.7. Suppose f € H{U",G) with f(0) > 0 and G C Q for some hyperbolic
region Q C CU{eo}. Let F € H(U,Q) be a universal covering map of Q\{f(0)} by

U\{0} with F(0) = f(0). If F(z) = X,r_oAnZ" such that A, > 0 for all n > 1 and
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F~Y(G") is non-empty in U, then

da(M[([2]),|£(0)]) < da(f(0),G") (4.13)

for|z| <rp/3 =tanh(1/2)/3 ~ 0.15404.

Proof. Since F is a covering of Q and f € H({U",G) C H(U",Q) with £(0) = F(0),
it follows that the function F~! o f has a branch at 0. The monodromy theorem now

shows that F~! o f can be continued holomorphically to all of U”. Consequently,

Theorem [4.6| gives

dy(M(F "o £)([2)), [F~(£(0))]) < du(F~(£(0)),dF ~H(G")),

or because

dy(0,0F~1(G")) = da(f(0),0G"),

that

dy(M(F~" o f)([2]),0) < da(£(0),0G")

for |z| < ry/3 = tanh(1/2)/3. Thus, inequality (.13)) holds for |z| < r;,/3 when

do(M[(|2]),1£(0)]) < dy(M(F~ o £)(I2]),0).

Now by definition, F(0) = £(0) > 0 if and only if z = 0. It follows then that

do(MF([2)),1£(0)]) =du (F~ (Mf(I2])),F~(|f(0)]))

80



=dy (F~' (M[([2)),0).

So it suffices to show

dy (F~ (M (12])),0) < du(M(F~" o £)([z]),0),

which reduces to

FYMf(2])) < MF o f)(l2]).-

Since F is increasing on [0, 1), the latter is equivalent to

M(l2l) < F(MEFE o f)(l2])-

Finally with ¢ = F~'o f € H(U" U), the above inequality becomes

M(Fo9)(Jz]) < F(Mo([z])),

which holds true by applying the triangle inequality. [

Observe that the preceding theorem holds for Q = C\{0,—1} where its corre-

sponding covering map is given by the modular function [98]]

The theorem also holds for Q = .77, where .7 = {z € C: Rez > 0} is the right half-

plane in C and its covering map is given by ¢y (z) = (1+2z2)/(1 —z) e H{U, 7).
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CHAPTER 5

BOHR AND TYPES OF FUNCTIONS

5.1 Harmonic Mappings
5.1.1 Harmonic mappings into a bounded domain

In this subsection, we shall find the Bohr radius for bounded harmonic functions
on the disk. Let D be a bounded set and denote by D the closure of D. Let be the

smallest closed disk containing the closure of D. Thus

for any closed disk E containing D. The following two lemmas are required to deduce

the main theorem in this section.

Lemma 5.1. (See [6]]) If g(z) = Yoo bn2" €[S(f)| and f(U) is a convex set, then
| ba] < 1f(0)] <2d(£(0),9f(U)).

Lemma 5.2. (See [6]]) Let f(z) = h(z) + g(z) = Yoo gan" + X bu2" be a complex-

valued harmonic function on U. If f maps U into a bounded domain D, then
4
’anH—‘bn‘SEp» (5.1

leMa,+e ™Mb, <2(p —|Ree™ (ag—wo)|), (5.2)
for any real U and any n > 1, where p and wq are respectively the radius and center
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Of Emiw
Proof. Since f(U) is contained in a disk with radius p and center wy, it follows that

p =1f(z) =wol +d(f(2),0Dmin), or |f(z) —wol = p —d(f(z),Dumin);

that 1s,

[f(z) —wol <p

for all z € U. Consequently
Re[e™[£(z) —wol]| < |e*[f(z) —wol| <p
for any real u and any z € D. Let
Wy (z) = €™ (h(z) = wo) +e Mg (2).

Then W, is analytic, W, (0) = e’ (ag —wo) and |[Re W, (z)| = [Re [e™[f(z) — wo]]| < p.

The function

2i 1+z
F(z)==pl
() = _plog—

maps U conformally onto the strip[Z1= {z € C : |Rez| < p}. As e (ap —wy) € .7,

choose b € U so that F(b) = e*(ap — wo) and let

o) =212
I—HBZ'
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Then F(¢(0)) = ' (ap — wo) = Wy (0), and hence W, is subordinate to F o ¢.

Simple calculations give
(Fog)(0)="" ) andso [(Fepy)<p. 63
(1—b?) o '
As F o ¢ is convex and
d(F(9(0)),0P) = p — |ReW, (0)] = p — [Ree™ (ag —wo),
Lemma [5.T]implies (5.2)). In addition, Lemma(5.1]and (5.3) imply
i —i 4
leMa, +e b, < —p.
T
If a, = 0, then inequality (5.1) is evident. If @, # 0, then

14 2H b
an

and u can be chosen so that e =2 (b, /a,) = | by /ay,|, which gives (5.1). O

]ei“an +e7i”bn\ = |ay|

Y

Remark 5.1. When D = U, Lemmal5.2 reduces to Lemma 4 in [6)].

The following is the main result in this subsection.

Theorem 5.1. Let f(z) = h(z) +8(z) = ¥ gan?" + Y buz" be a complex-valued

harmonic function on U. If f : U — D for some bounded domain D, then, for |z] <1/3,

oo oo 2
Y land|+ Y [5a2"] < P (5.4)
n=1 n=1
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and

Y le*a,+e by||o|" + [Ree™ (ag—wo)| < p, <R (5-5)

n=1

where p and wq are respectively the radius and center of D .

The bound 1/3 is sharp as demonstrated by an analytic univalent mapping f from
U onto D. In particular, if D is an open disk with radius p > 0 centered at pwy, then

the sharpness is shown by the Mobius transformation

for some 0 < a < 1 and Wy satisfying wo = |wo|e™.
Proof. 1f |z| = 1/3, then it follows from (5.2)) that

rg:l |eMa, +e Hb,||Z"| < p —|Ree™ (ag —wp)],
and (5.5) is evident. On the other hand, (5.1) yields

4
’an’+‘bn‘§%97

and with |z] = 1/3 gives

> > 1/4 2
4|+ Y b < (—p) _2,
;12::1 rzz::I 2\7m T

which is (54).
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For the sharpness, consider the Mobius transformation

go(z):e"“op(lz;L +]wo|) 0<a<l1,zeU.

Then

0(z) = *op(a-+ wol) +ep(1—a?) Y (~a)' 2"

n=1

yields

Mp(z):p<a+|wo|>+ilp<1—a2>a" 1 — <za+|wO|>+p( —“>.

az
For any fixed rg, a brief computation shows that

a+(1—2a*)rg
1—ary

1
—Mo(rg) — |wo| =
5 @(ro) — [wol

provided ro > 1/(1+2a), or equivalently a > (1/2)(1/ro—1). Hence for any ro > 1/3,
there exists an a satisfying 1 > a > (1/2)(1/ro — 1), where (5.5 does not hold in
the open disk D with radius p > 0 centered at pwy. Hence the bound 1/3 is best

possible. [

Remark 5.2. In the case D is the unit disk U, Theorem reduces to Theorem 2 in

[6l].
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5.1.2 Harmonic mappings into a wedge domain

Denote by [Sy/] the set of all univalent, harmonic, orientation-preserving mappings

f of the unit disk U into the wedge domain

W= {w:|argw| < /4},

with normalization f(0) = 1. Let denote the closure of Sy in the topology of
uniform convergence on compact sets. In [[12]], the authors described the extreme points
for the closed convex hull of Sy . As an application, they obtained coefficient bounds
for functions on Sy,. Here in the sequel, we shall adopt the notations used in [12]. Thus

let[Pldenote the Poisson kernel

Choose a, 3 and ysothat a < B <y <27+ «, and let
={e":a<t<B} and L={":y<r<2m+a}.

The lengths of these arcs are |I;| = B — o and || = 27w + oo — y. Next, consider the

harmonic functions

1 1 iﬁ—z
U(z /Pztdt ——+ ar
&= 0] "ee

*—z

and

1 v —z

T o+27n 1
U2(Z>:m/y P(Z,t)dt:—z—l—@argeiy—_z,
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where the branches of the arguments are chosen so that

Note that the boundary values of U; are 7/|I;| on |I;| and zero on QU \I;.

Define
Tapy = 1+ DU+ (1 =i)Us. (5.6)
Then Tiq g y) (0)=1and
( .
UHZ i ot € 1y
Tapy(e") =lmTgpy(re") = ¢ LT if it € py;
0 if e € QU\[I; UD).

In [12], 74 p,y) 1s shown to be a univalent, harmonic, orientation-preserving mapping

of U onto the open triangle with vertices at the origin and the points

(1+i)m and (1—1)7:'
11| 12

The cluster sets [47, p. 1] of T(4 g 4 at the points ¢'*, ¢/P and e are the respective sides

of the triangle. We refer to [12] for additional details on U;,U, and TioB,y)- Finally,

let
[sinl
s(x)|:= M forx > 0, and s(0) = 1.
x

The following result will be required.
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Theorem 5.2. [[2] Theorem 3.8] Let

flo)=14 Z an?' + Z bu7"
n=1 n=1

belong to Sw. Then

|lan| < \/s(xo)z(l +sin2x) ~ 1.3082, n>1,
where xo ~ 0.5875 € [n/8, 1 /4] is the unique root of
s’ (x)(1 + sin2x) + s(x) cos 2x = 0.

Equality for any n is possible only for the function Ty g ) with

2 2
[3=oc+ﬂ and y:a+2n—ﬂ.
n n

In addition,

by| <1 forall n > 1. Equality in this case for any n is possible for the

functions 27P( -, ).

The following lemma is also required to infer the main theorem in this section.

Lemma 5.3. Let f(z) = h(z) + g(z) = 1 + ¥ ap2" + X7 bu2" € Sy Then

|an| + | by| < (\/s(xo)z(l +sin2xq) + 1) ~ 2.3082, (5.7)

|eMa, +e b, <2d(e™,0.4) =2cos u, (5.8)

forall —w/4 < u < m/4 and n > 1 where is the right half-plane, and x is given
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by Theorem|5.2)

Proof. Inequality (5.7) is a direct consequence of Theorem [5.2] To show (5.8)), let
Wy (z) = e*h(z)+e " g(z). Then W, is analytic, W, (0) = ¢’*, and Re W, (z) = Re [ f(z)] >

Ofor —m/4<u < m/4.

The function

_1+z
-1

F(z)
maps U conformally onto the right half-plane #. As e'* € 2, choose b € U so that

F(b) = e and let

(2) = z+b
Pl = 1+bz

Then F(¢(0)) = ™ = W, (0), and hence W, is subordinate to F o @. As (Fo @)(U) =

S is convex, Lemma 5.1 implies (5.8). O

Theorem 5.3. Let f(z) = h(z) +8(z) = 1+ X an?" + Yoo bu2" € Sw. If | 2] < 1/3,

then
- - 1
Y lan?'|+ Y [5aZ"] < 5 (\/s(x0)2(1 +sin2xg) + 1) ~~ 1.1541, (5.9)
n=1 n=1
and
Z leMa, + e Hb,||z|" < d(e*,0.) = cos (5.10)
n=1

forany —m/4 < u < /4, where F is the right half-plane and x is given by Theorem

The value 1/3 is best possible for inequality (5.10) to hold.

Proof. Since |z| < 1/3, it follows that (5.7) implies (5.9), and (5.8)) implies (5.10). To
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show 1/3 is best, consider the harmonic function

as given by formula (5.6). Let

Tiupp@=1+Y A"+ Y Bz,

n=1 n=1

Comparing the coefficients gives

(1 o i) (e—inoc o e—inﬁ) (1 + i) (e—iny_ e—ina)
2n|11| 2”1’12’

A, =

and

_(1 + i) (e—ina . e—inﬁ) (1 . i) (e—iny_ e—ina)
B, = +
2n|L| 2n|b|

Let x, = n|l1|/2 and y, = n|l| /2. Note that

(1 N l) (efina _ efinﬁ) D (1 _ l)(l _ e*in(ﬁ*‘x))

e

2n|11| N 2n|11|
e ina Y
= 1—i)(1—e
LDl )
e ina 5

(sinzx,, —isin“ x,

2xp

+ cosx, sinx, + i cosx, sinx,)

—inQ
= eTs(xn)(l +i)(cosx, —isinxy,)
. 1 i .
— e—mOC %e—lxns(xn).
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Applying the same technique to the other three terms gives

) 140 . 1—0) .
An — e—zna ( +l) e—lxns<xn)_|_ l) e—lyns(yn)
2 2
and
; 1 . 1 )
Bn — efm(x ( l) e*lxns(xn) + +l) e*lyns(yn)
2 2
Therefore
) ) S 1+ . 1—7 .
eMA, +e MB, =e'te {—( ;_l)e_’x”s(Xn) + ( > i) e_’y”S()’n)}

o 1—1) . 144) .
+ e Heina {—( 5 l>e_’x"S(xn)+—( ;—l)e_’y"S(Yn)}

—ino ,—ix, . .
== SE) i (1 i) e (1= 1)
e—inae—iyns(yn)

2

+

[e™(1—i)+e ™ (1+i)].
If B +7v=2(n+ ), then x, = y,. Hence

e A, +e MB,| = |e™ +e M |[s(xy)| = 2|s(x,)|cos
forany —m/4 < u < m/4. Thus for |z| > 1/3,

Y e A 4+e B,||2]" > 2cos Y |s(x)] (5)
n=1 n=1

oo 1 n
—>2cos,uz (§> =cosl
n=1

as |I1| = |lo| — 0. Hence the value 1/3 is best possible.
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5.2 Logharmonic Mappings

Denote by the class consisting of univalent logharmonic maps f defined on U

and of the form

f(z) =zh(z)g(2)

with the normalization #(0) = g(0) = 1. This section gives emphasis to the subclass
consisting of functions f € Sy, which maps U onto a starlike domain (with re-
spect to the origin). Thus the linear segment joining the origin to every point f(z) lies
entirely in f(U). Starlike logharmonic mappings is an active subject of investigation,

and several recent works include those of [27, 26, [107].

5.2.1 Distortion Theorem

We first establish an integral representation for starlike logharmonic mappings.

Theorem A. [76| Corollary 3.6] Let p € |H(U )|with p(0) = 1. Then Rep(z) > 0in U

if and only if there is a probability measure |1 on dU such that

P = [ Tant) (<),

x=11—xz

Theorem B. [76, Theorem 3.9] Let f € S. Then f € S* if and only if there is a

probability measure 1L on AU so that

f'(@) _ 1+xz
fl@) /x:I l—xzd“(x) (2] < 1),

or equivalently,

f(z) =zexp </x—1 —2log(1 —xz)d,u(x)) :
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If a €|H(U,U)|, then (1+a(z))/(1 —a(z)) has positive real part for z € U, and the

following result follows from Theorem [A]

Lemma 54. Ifa € H(U,U) with a(0) = 0, then

a(z)
e = [ Tdut) (<)

for some probability measure (L on JU.

The following lemma establishes a link between starlike logharmonic functions

and starlike analytic functions.

Lemma 5.5. [4] Let f(z) = zh(z)g(z) be logharmonic in U. Then f € ST, if and only

if o(z) =zh(z)/g(z) € S*.

Theorem 5.4. A logharmonic function f(z) = zh(z)g(z) belongs to STY, if and only if

there are two probability measures L and v on dU such that

(/8U/3U(n+§ = ii—logﬂ—nz))du(n)dv(é)),

(5.11)
(/au /aU (n s i:fé +1log(1— nZ)) du(n)clV(é)) ,
where ) # & and || = |§| =1, or
o (/au /au (12—”1; —log(1 - nZ)) du(n)dV(m) , 5

oo ( (7P

(1—nz>) dp(mav(n) ).

where |n| = 1.
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Proof. Let ¢(z) = zh(z)/g(z). Since the second dilatation function (Section

_ /50
R EET BTN

it follows that

Thus
_ ¢ als)  9'(s)
e =ew ([ 7400 o)
and
h(z) = @ (2)
By Lemma/5.5]and Theorem

or equivalently,

0(2) = zexp ( [ et nz)du(n)) |

Then (5.13), (5.15) and Lemma[5.4]imply that g can be written as

g(z) = exp (/OZ/M /aU 1_§§S : igidu(n)dv(g)ds)

(5.13)

(5.14)

(5.15)

(5.16)



for some probability measures i and v on U.

If  # &, then

1= ([, [ (ait—an g dammavia))
—en ([, [, (-2 081+ 1 rogt1 - 60 ) awimiavie) )
—ew ([ [ (S g 1= togl1 - n2) ) du(mav®)).

On the other hand, if n = &, then

s=ew ([ [ [ B dsautmavin) )
= fu (o + st

—ep ([ [, (25 +ioet=na) ) autmavin) ).

The representation for & follow from g by applying (5.14)) and (5.16). O

Let

and

Then

is the logharmonic Koebe function.
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Theorem 5.5. Let f(z) = zh(2)g(z) € ST}, Then

1 -2z 1 2|z )
e < |h < e , 5.17
e "p(1+\z|)—’ @l=1g "p(l—rz| G17

)<k@I<-Feo (). G

—4 4
2| exp (—'ZZ') < 1£(2)] < |zlexp (1 e ) . (5.19)

Equalities occur if and only if h,g, and f are respectively appropriate rotations of

ho,go and fo.

Proof. Since ¢(z) = zh(z)/g(z) € S*, it follows from (5.13) that

g(z) =exp </OZ ; i(;zs) . :DD/((;)) ds) 5

and thus

w) =P80, and ()= 0(a)lg(a)P

For |z| = r, the known estimates

29'(2)| _ 1+r
0(2) S
a(z) 1

and
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yield

and

For the left estimates, (5.11)) gives

g h(a)| =Re | [ [ KGa.&man(@avim]|. ni=1¢=1,

where

145 log {—o2 —log(1—nz2), it n #¢&;

K(z,&,n) =
%’,%—log(l —nz), ifn=2¢&.

Then for |z| =r,

g i(a) —Re | [ [ K(z.&mau(@avin)]

sin{minke| [ [ K mau(@avin >}}

1—2 —10g(1+r)}

+
. . ) 142l 1 — 2l
min{ it min |t | £ g (155 ) —tog(1-4),

—2r
— —log(1
=)
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where %! =&,

Let

min [—Im [1+e2”} arg (ljdzﬂ —log(1+r), if0O<|l|<m/2;

=2 _log(1+r), if 1 =0.

Since

) 1—|—€2il l_eZilZ ‘ 1—}—82” (1—62”)2
g}iﬁ{—lm[m}“g( = )] TEmRe e\ )

evidently

. . k
142l = (_1)k+1 (1_e211)z
li in R .
fimminRe |17 Y ("1
o k
- (—1)kt! 2ilk—1 [ %2
—min Re | — +1im? 2 | —
min Re _+§1{Z A
2z 2r
—minRe | —— | = —
|z|=r 1—z 14+r

Thus @, (1) is continuous in |/| < /2.
Moreover,
i )| e ar 1—e =min | —Im 1+—62ﬂ ar i
ﬁg S Tl e = 1—e2it | M8\ 1 ¢l
|Z|:r 1 _ e2il 1 _ (efZiZZ)

=min |—Im | — —_
w|=r ezl [T\ Ty
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implies that ®,(7) is an even function on |/| < 7/2. Hence

log|h(z)| > inf D.(I).
oglh(2)] = _inf @(1)

Since

1—e%z 1 ( rsin(l)
max arg = 2tan —_— ],
l2|=r -z 1+ rcos(l)

this implies that

, _ rsin(l)
log|h(z)| > inf —2cot()tan™' [ ——2— ) —log(1+7r).
og| (Z)’_Og}gn/z cot(f) tan <1+rcos(l)) og(1+7)
Evidently tan™! (x) < xfor all x > 0, and so
, —2rcos(l)
log|h > f — = —log(1
og| (Z)’_Og}gnm(l—krcos(l) og( —|—r))
—2r
> —1 1 .
> =2 —log(1+7)

For the lower bound of |g(z)| in (5.18)), a similar argument is applied to (5.12)

which yields

—2rcos(l)

o<i<z/2 \ 1 +rcos(l)

log|g(z)| > inf < +10g(1+r))

—2r
>

log(1 .
L log(1+7)
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Finally, it follows that

@) = @) = ewp (1) - (e (20

“1+r 1+r +r
. —4r
=rex
P 14+r)’

which establishes (5.19). O

Remark 5.3. The upper bounds for |h(z)| and |g(z)| in Theorem|[5.5|were also obtained
by Duman [635|]. Here we not only establish the sharp lower bounds, but also exhibit

the extremal functions.

Corollary 5.1. Let f(z) = zh(2)g(z) € STY,. Also, let H(z) = zh(z) and G(z) = z8(2).

Then
1
— < d(0.0H <1
S <d(0.9HU) < 1,
2
= <d(0,06W) < 1,
and

1
2 =d(0.9f(U)) < 1.

Equalities occur if and only if h,g and f are respectively suitable rotations of hg, go

and fy.

Proof. By (5T),

H —
d(0,0H(U)) =liminf|H(z) — H(0)| = liminf|— > —.
|z|—1 |z|—1 H 2e
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On the other hand, the minimum modulus principle shows that

d(0,0H(UY) = liminf |H(2) — H(0)] = imint 7LD —HO)]

<1
E l2|—1 2|

since |h(0)| = 1. The same technique is applied to G and f to find the remaining

inequalities. [

5.2.2 The Bohr radius for logharmonic mappings

Consider now logharmonic mappings f(z) = zh(z)g(z) with

h(z) =exp Zakzk and g(z) =exp Zbkzk .
k=1 k=1
Theorem C. [I5| Theorem 3.3] Let f(z) = zh(2)g(z) € STY,. Then
1 1
lan| <24 - and |b,| <2—-
n n

for all n > 1. Equalities hold for f a rotation of the function fy.

Our main results are the following theorems.

Theorem 5.6. Let f(z) = zh(2)g(z) € ST, H(z) = zh(z) and G(z) = zg(z). Then

(a)
|z[exp (Z !%HZI”) <d(0,0H(V))
n=1
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for|z| < rg =~ 0.1222, where ry is the unique root in (0,1) of

r 2r 1
ex =
1—r p 1—r 2e’

(b)
2] exp (i\b Hz[”) < d(0,0G(U))

for |z| < rg = 0.3659, where rg is the unique root in (0,1) of

2r 2
r(l—r)exp(l_r> =

Both radii are sharp and are attained respectively by appropriate rotations of Hy(z) =

zhy(z) and Go(z) = z80(2).

Proof. Note that

H(z) = zexp (iaﬁ‘) and G(z) =zexp (ibﬁ‘) :

k=1 k=1

By Theorem|[C]

1 1
lay| <24+ - and |b,| <2—-—
n n

which are sharp bounds and Corollary [5.1] gives

d(0,0H(U)) >

and  d(0,9G(U)) > %

1
2e
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Hence

(o) [e) 1
rexp Z lan|r" | <rexp Z (2+—) r
n=1 n=1 n
2
=rexp (I_—Fr —log(1— r))

<d(0,dH(U))

if and only if

r 2r
exp <

1
1—r ~ 2e

1—r

The Bohr radius, rg ~ 0.1222 is therefore the positive solution of

Likewise,
- n - 1 n
rexp Z |bu|r" | <rexp Z 2——|)r
n=1 n=1 n
2
=rexp (I_—rr +log(1— r))
<d(0,0G(V))
if and only if
2r 2
1— < -.
r(1—r)exp T, =3

Hence the Bohr radius, r¢ is the positive solution of

2 2
r(1 —r)exp r_=Z

1—-r e
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which gives rg ~ 0.3659. Finally, it is evident that both radii are attained by suitable

rotations of Hy(z) and Gy(z), respectively. O

Theorem 5.7. Let f(z) = zh(2)g(z) € ST},. Then, for any real t,
<lexp (Z jan+-¢ | k\”) <d(0,0f(V))
n=1

for|z] < ro = 0.09078, where ry is the unique root in (0,1) of

The bound is sharp and is attained by a suitable rotation of the logharmonic Koebe

function fy.
Proof. By Theorem|[C]
1 1
lan| <2+ — and |b,| <2——.
n n
which are sharp bounds and Corollary [5.1] gives
1
4(0,0(U)) >

which is also sharp. Thus

rexp <Z |an|r" + Z \bn]r”> <rexp <4Zrn>
n=1 n=1
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if and only if

4r < 1
rex —.
p 1—r) — €2

Hence the Bohr radius, rq is the solution of

which gives ro ~ 0.09078. Finally, it is evident that rq is attained by suitable rotations

of the logharmonic Koebe function, fj. [
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CHAPTER 6

BOHR RESEARCH AND CONCLUSION

6.1 The three famous multidimensional Bohr radii
Let [C be the n-fold Cartesian product of the complex plane [Cl and [U"]:= {z =
(z1y--+,2n) € C": |zx| < 1} be the unit polydisk. Then by using the standard multi-

index notation, an n-variable complex power series defined on a domain G can be

written as
Y caz®, cq€ll zeG, (6.1)
04

where o = (@y,...,0,) denotes an n-tuple of nonnegative integers, |¢t| denotes the

sum o + - - -+ o, ! denotes the product a;!on!--- !, and z% denotes the product
z?l ---z%_ In 1989, the n-dimensional Bohr’s theorem was first introduced by Dineen
and Timoney [61]. They remarked that the n-dimensional Bohr radius estimation can
be used to prove the connection between the existence of absolute basis and nuclearity

of the underlying space.

Several years later, the n-dimensional Bohr radius (also known as the first
Bohr radius) was formulated by Boas and Khavinson [37] on a bounded complete
Reinhardt domain G IC"l Denote by the largest r > 0O such that if the series
(6.1) converges in G with

<1, (6.2)

¥ coi”
o
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then

Y leaz®| <1,
o

holds in the scaled domain (or homothetic domain) r- G. In particular, if G is the unit
polydisk U", then r-U" = {z=(z1,...,2,) € C": |zx| < r}. They proved that forn > 1,

K(G) satisfies

e 2,/ogn
3\/E<K(G)< Tn

It is interesting to note that the Bohr radius K (D) for the unit hypercone D} = {z €
C": |z|+ -+ |za| < 1}, satisfies [15, Theorem 9]

1

s <KOD <13

which is independent of n and has the sharp upper bound 1/3. For two bounded com-
plete Reinhardt domains G and G, in C", the relation between the Bohr radii K(G)

and K(G) is given by [54, Lemma 2.5]

1
S(G1,G2)S(G2,Gy)

K(G2) <K(G1) < 8(G1,G2)8(G2,G1)K(Ga),

where

S(Gl,Gz) = inf{b >0:G) C bGz}.

The relation was then applied to prove the lower and upper bounds for K(G) [54,

Theorem 2.7 and 2.8].

Next, let X = (C"[[ - ) be a Banach space. Note that the unit ball By in X is

a bounded complete Reinhardt domain (see [54, Remark 3.9]). The application of
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Banach space theory into the Bohr radii study was indeed initiated by Defant, Garcia
and Maestre. In 2003, they proved a basic link between Bohr radii K(Byx) and radii of
unconditionality [53 Theorem 2.2], and also expressed the bounds of K(Bx) in terms
of Banach-Mazur distance [53, Corollary 5.1, 5.2 and 5.3]. More detailed discussions
on the relation of Bohr radii and modern Banach space theory can be found in the

survey papers [51]] and [52].

In 2011, Defant et al. showed that the Bohnenblust-Hille inequality [38] is in fact

hypercontrative [57, Theorem 1], that is, for integers m,n > 1, the inequality

m+1

(Z |r> "< (1+ﬁ)mlm(ﬁ)’“ up

|a|=m zegn

o
apl

|af=m

holds for every m-homogeneous polynomial }' 4|, agz® on C". They took advantage
of this inequality and obtained new bound for K(G) with G C C" a bounded complete

Reinhardt domain [57, Theorem 2]:

with 1/v/240(1) < b(n) < 2. The lower bound for b(n) was then improved to 14 o0(1)

by Bayart, Pellegrino and Seoane-Sepulveda [30], indicating K (G) behaves asymptot-

ically as y/logn/n. More precisely, they proved that

The second Bohr radius [B(G)| was introduced by Aizenberg [[15] by incorporating
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the supremum function. Let G C[C"be a bounded complete Reinhardt domain. Denote
by B(G) the largest number r > 0 such that if the series (6.1) converges in a bounded

complete Reinhardt domain G C C" and (6.2) holds in it, then

Y supleqz®| < 1.

o rG

By definition, it is clear that B(G) < K(G). In particular, if G = U", then B(G) = K(G).

In the same paper, Aizenberg proved that [[15, Theorem 4]

1—<@<B(G)

for any bounded complete Reinhardt domain G. Similarly, there was a relation between
the second Bohr radii for two bounded complete Reinhardt domains G and G; in C"
[54, Lemma 3.1],

B(G]) < S(Gl , Gz)S(Gz, G )B(Gz),

which is essential in proving the lower and upper bounds for the second Bohr radius

B(G) [54] Corollary 3.4].

Another possible way of extending the single variable result is to consider the com-
plex Banach space £}, C C" with norm ||z[[n := (X}_, |z4|P)1/P. Let By ={zeC":
[l < 1} denote the unit ball of £,. Note that Byy is the usual Euclidean unit ball D}

and By is the unit polydisk U”. When n > 1, Boas [36, Theorem 3 and Theorem 5]
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proved that for 1 < p < oo,

1/1 1—1/min{p,2} logn 1—1/min{p,2}
) )

c \n n
1 /1 1/2+1/max{p,2} logn 1/2+1/max{p,2} (6.3)
— | - < n
L) )

where ¢ and C are positive constants independent of n. Here, the unconditional basis
constant and the Banach-Mazur distance serve as important tools to obtain [49, The-
orem 1.1] which is an improvement for the lower estimate of K (B) in (6.3). Much
later, Defant and Frerick study Bohr radii using invariants from local Banach space

theory to further improve the lower estimate [S0, Theorem 1.1].

The third n-dimensional Bohr radius, known as the arithmetic Bohr radius was
introduced by Defant, Maestre and Prengel [S3] due to its application in [56]. Let
G C C" be a bounded complete Reinhardt domain and [H*(G)|the class of all bounded
analytic functions f : G — C and A > 1. Note that each f € H(G) can be written in
its monomial series expansion f(z) =Y 4 ca(f)z*. Then the A-arithmetic Bohr radius

of G with respect to H*(G) is denoted by

AH”(G),A) = sup{%kznl Ty : Z|ca(f)|r“ < A[fTdl VfEH‘”(G)},
=1 a

where r = (ry,...,r,) denotes an n-tuple of nonnegative real numbers, o = (¢, ..., 0)

Q,

denotes an n-tuple of nonnegative integers, r® denotes the product rf" <-ry, and

| fllc = sup,cg|f(z)|. In particular, the 1-arithmetic Bohr radius is simply known

as the arithmetic Bohr radius. In the case 1 < A < /2 and n > 2 [53], Theorem 3.1],

A(H”(Bg), )

1
G~ 222 1))
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where By = {(z1,...,21) € C" : |z1| + -+ [za| < 1}. This result distinguishes the
arithmetic radius from the first and second Bohr radius because the exact values of
K(G) and B(G) are not known for any bounded complete Reinhardt domain G of di-
mension n > 2. A more general result is given in [55, Theorem 4.1]. Finally, the

relation between first and third Bohr radius is given by [S5, Theorem 4.7]

1 1 S(G,Bm) logn
— K <A(G,A) < By
max { 3” S(Bg’ll, G)’ n (G) _ (G7 ) — c n S(G7 52)7

where ¢ > 0 is a uniform constant.

6.2 Bohr and bases in spaces of holomorphic functions

Let M be a complex manifold and H(M) the space of holomorphic functions on
M with basis (¢,);_,. A basis (¢,);_, in H(M) is said to have Bohr Property (BP) if

there exist subsets G C K C M, where G is open and K is compact, such that

o)

Y Ian(f)lsgpl%(Z)\ <|flx = Slellr(>|f(2)\

n=0

holds forany f =Y ;a,(f)9, € H(M). Aizenberg, Aytuna and Djakov [21, Theorem

3.3] showed that if

(a) ¢o =1, and

(b) there is a zo € M such that ¢, (z0) =0 forn > 1,

then (¢,);’ has BP, where the open subset G is now a neighborhood of z. In fact, [21,

Theorem 3.3] implies the existence of a Bohr phenomenon in H(M). A generalization
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of [21, Theorem 3.3] was given in [20, Theorem 4] which considered manifold M with
a one-parameter family of continuous seminorms in H(M). In 2013, inspired by the
work of Lassere and Mazzilli [89], Aytuna and Djakov [28]] introduced the term Global
Bohr Property. They [28, Theorem 3] proved that a basis (¢,);._, has GBP if and only
if one of the functions ¢, is a constant. A generalization of [28, Theorem 3] to Stein

manifold was given in [28, Theorem 9].

Let G C C" be a domain with AG C G for all 0 < A < 1. Note that, if f €[H(G)|is
a holomorphic function on G, then f has homogeneous polynomials expansion given
by

f@) =Y R), z€G.
k=0

where P, is a homogenous polynomial of degree k. In particular, Aizenberg [16,

Lemma 1.1] proved that if Re f(z) > 0 for all z € G, then
|P(z)] <2RePy(z), z€Gk=1.2,....

This inequality is an important tool to prove the following result [17, Theorem 2.1]:
Let f be an analytic function from U into a domain G C C. Further suppose the convex

hull G of G satisfies G # C. Then

d(Mf([z]).1£(0)]) <d(£(0),9G)

for |z| < 1/3. The value 1/3 is best provided there exists a point p € C satisfying
p €9dGNIGNID for some disk D C G. The result shows the extension of Bohr’s

theorem from the class H(U,U) to the class H(U,G).
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Let[U]:={z€ C: |z| < r}. Also, let|H (U, ) be the space of holomorphic functions
on U,. Then the classical Bohr’s theorem [91]] can be reformulated as:

The value 3 is the smallest radius > 1 such that the inequality
Y land| <1, zeU,
n=0

holds for all functions f(z) =Y, janz" € H(U,) where |f(z)| < 1onU,. Let K C Cbe
a continuum (that is a compact set in C containing at least two points such that @K is
simply connected). By the Riemann mapping theorem, there exists a unique function

®x which maps C\K conformally onto @\@ such that

(a) Pg(o0) = oo, and
(b) (o) = lim, oo D (2) /2 > 0.
The principal part of the Laurent series of ®% at o is a polynomial of degree n and is

known as the n-th Faber polynomial Fx ,. It is a well known fact [113] that (Fg »)n>0

is a Schauder basis for all the spaces H(Qk ) where

Qg ={z€ C\K : |Pg(z)| < r} UK.

The definition of Bohr radius was given in the following [89, Theorem 3.1]:
For any continuum K C C, there exists a constant rg > 1 such that for all » > r; and

f=Y,anFgn € H(Qk ), if |f(z)| < 1 on Qg ., then

K<17

) lan| [ Fic n
n
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where || Fx » ||k = sup,ck | Fx,n(z)|. The Bohr radius of (K, (Qk ;)r>1,(Fkn)n>0) is then
defined to be the infimum of all such rx > 1. A generalization of this Bohr radius be
found in [91]. In particular, if K is the domain bounded by a nondegenerate ellipse with
foci £1, then the bounds for the Bohr radius were found by Kaptanoglu and Sadik [84,
Theorem 7 and 8]. Later on, the exact value of the radius was given by Lassere and
Mazzill [90, Theorem 4.4], which is the unique solution in [0, 1] of

oo 4R2n 0 4R2m+1
;1+R4n+m 1+ RIm+2 —

1.

6.3 Bohr and norms

Recall that for f € H(U,U) of the form (L.T), the classical Bohr’s theorem can also
be written in terms of its supremum norm ((1.7). In 2002, Paulsen, Popescu and Singh

[LOS) Corollary 2.8] obtained the following inequality

[o55)

Y lanl" <m(r)||fllee; 0<r <1,
n=0

where m(r) = inf{M(r), (1 —r?)~1/2} and

M(r):sup{t+(1—t2)1r :0<t < 1}.

—r

In the same paper, the Bohr radius was shown to be 1/2 if ag in (I.7) was replaced
by a% (105, Corollary 2.7], and 1/\/5 if the ag = 0 [10S, Corollary 2.8] (see also [22,

Theorem 3]). Meanwhile, the research on finding an exact description of m(r) was
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conducted by Bombieri [41]. He showed that

for r € [1/3,1/+/2], and together with Bourgain, they [42, Theorem 1.1] found that

m(r) < 1/vV1—=r2forr > 12,

On the other hand, Bénéteau, Dahlner and Khavinson [32] showed that there is no
Bohr phenomenon for the Hardy spaces H®, 0 < s < o equipped with the usual norm

| fllz,. Then for f € H(U) of the form (I.I), they conducted their study on finding

Sup{”f”p,r : f € H || fllgs < 1}, where

- 1/p
1A llp.r = (Z Ianlpr”>
n=0

and obtained some relations between || f||, and || f||zs given in [32, Theorem 2.5].
The authors also showed the effect of renorming a space on the Bohr radius [32, The-
orem 3.1 and Theorem 4.2]. Djakov and Ramanujan in [63], studied the best constant

rp, 1 < p < oo such that

- 1/p
(Z |an|P<rp>"P> < flee-
n=0

For p =1, r; = 1/3 is exactly the classical Bohr radius and Hausdorff-Young inequality
implies that r, = 1 for p > 2. The best known estimate for r, with 1 < p <2 was given

in [63, Theorem 3].

Let X be a complex Banach space. Denote by |[H**(U,X )| the Hardy space of X-
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valued bounded holomorphic functions on the unit disk U. Blasco introduced and

studied the Bohr radius

R(X) = sup {rZO: Y Al < Iflles f(2) = anz”}.
n=0 n=0

fEH=(U X),| fll<1

The classical Bohr radius implies R(X) < 1/3 for any Banach space X but R(C}}) =0
for 1 < p < o whenever m > 2 and, where (Cl’f is the space C" endowed with the

p-norm (see [34, Theorem 1.2]). He then defined the radius

oo q o
R, q,(X)= sup {r >0 ||xol|” + <Z Hanr"> <1, f(z)= anz”}.
n=0

f€H°°(U,X),Hf||°o§l n=1

In this case, for any m > 2, Blaco obtained vaq((Cﬁ) =0 forall 1 < p,g < oo [34,
Proposition 2.1] and R, ,(C%') > 0 for p > 2 [34) Theorem 2.2]. Further, he extended
the Bohr’s inequality in [105, Corollary 2.7] to the case 1 < p <2 [34) Proposition 1.4]

where R, ,(C) = p/(2+ p). In his latest paper, Blasco defined the p-Bohr radius of X

rp(X) = sup {rZOi Y ballPrP < (I FIE flz)= anzn}
n=0

fEHw(U7X)7HfH°°S1 n=0

and has the relation R, ,(X) < r,(X) < 2'~1/PR,, ,(X). Further r,(X) > 0 if and only

if X is a p-uniformly C-convex complex Banach space (see [35, Theorem 1.10]).

By replacing scalar valued holomorphic functions by Banach space, Defant, Maestre
and Schwarting defined a new Bohr radius in [58]. Let v: X — Y be a bounded opera-
tor between complex Banach spaces X and Y, n € [Nland A > ||v||. The A-Bohr radius

of v [K,(v,A) is the supremum of all » > 0 such that for all holomorphic functions
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f(z)= ZaeNg cqz®*onU" C C",

sup Y [[v(ca)z¥|ly < A sup

zerg” aeN? ze”

Z C(xZa

aeNj

X

If v is the identity on X, then write K,,(X, A ). Further if X = C and A = 1, then write K.
Note that K, is exactly the first Bohr radius as defined earlier by Boas and Khavinson.
They proved that [S38, Theorem 4.1] if X is a finite dimensional Banach space and

A > 1, then there exist constants C, B > 0 such that for each n

A—1 [logn , [logn
\/ S Kn(X,A) <SBA\ | —;
C2)L—1 n - (X,4) A n

here B is a universal constant and C is a constant that depends only on X.

6.4 More extensions of Bohr’s theorem

There are still many possible directions of extending Bohr’s theorem. For example,
in [83]], Kaptanoglu studied the Bohr phenomenon for elliptic equations by considering
the case of harmonic functions for the Laplace-Beltrami operator. The Bohr radii for
classes of harmonic, separately harmonic and pluriharmonic functions were evaluated
in [19]]. Extension of Bohr’s theorem to uniform algebra can also be found in [103].
The Dirichlet-Bohr radius was defined in [43]] which relates the Bohr radius to the
Dirichlet series while earlier work in this direction can be found in [29]]. The interested

reader may also refer to a recent survey paper on Bohr’s inequality [[13]].

A paper by Dixon [62] gave a great impetus to the development of Bohr’s inequal-

ity in operator theory. In the paper, he used the classical Bohr’s theorem to construct a
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non-unital Banach algebra which is not an operator algebra but satisfies the non-unital
von Neumann’s inequality. The construction was later expanded by Paulsen, Popescu
and Singh [105] Theorem 2.10]. To be precise, if (A, || - ||) is a Banach algebra and let-
ting ||al|. = r~!||a||, for 0 < r < 1/3, then (A, ]| -||,) is a Banach algebra that satisfies
the non-unital von Neumann inequality. Popescu [108]] wrote a good paper on operator
theoretic multivariable Bohr study. In the paper, the operator-valued coefficients ver-
sion of Bohr’s theorem [108, Theorem 2.6] extended some results of [104, Theorem

2.1] which considered the single variable case.

A sharp Bohr’s theorem can also be found in the study of skew field of quaternions.

Let H denote the skew field of quaternions. Then each g € H can be written in the form

g=qo+qii+q2j+qzk, qo0,91,92,93 €R,

where {1,i, j,k} is a basis of H satisfying

Indeed, every g € H can be written as ¢ = x+yl, for x,y € R and I € S where S is
given by

S:{qEH:qzz—l}.

For each I € S, denote by L; the plane R + /R (isomorphic to C) and by €; the inter-
section QM L; whenever Q is a domain in H. Then a function f : Q — H is called slice

regular if, for all I € S, its restriction f; to £; has continuous partial derivatives and
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satisfies

0 0
(a +18_y) filx+yI)=0

for all x4yl € ;. The following result [59, Theorem 4.1] was proved by Rocchetta,
Gentil and Sarfatt:

Let B = {g € H: |g| < 1} be the unit ball of H. Also, let f(q) = ¥,>0¢"a, be a slice
regular function on B, continuous on the closure B such that | f(g)| < 1 for all |¢g| < 1.

Then

Z lq"an| < 1

n>0
for all |g| < 1/3. Moreover 1/3 is the largest value for which the statement is true. For

related works in this area, one can refer to |74, [75]].

The connection between Hadamard real part theorem and Bohr’s theorem can be
seen in [87], in which Kresin and Maz’ya introduced the Bohr-type real part estimates
and proved the following theorem by applying ¢, norm on the remainder of power
series expansion [87, Corollary 1]:

Let f(z) = X_oanz" € H(U) such that

sup Re[e "¢/ £({)] < oo,
gl<t

where arg f(0) is replaced by zero if f(0)=0. Then for any g € (0,], integer m > 1,

and |z| < 4, the inequality

A iarg f(0) ]
(Z|anz|) < sup Rele ™0 £(2)] - |£(0)

n=m [g1<1
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holds, where r,, , € (0,1) is the root of the equation 2977 +r?1 —1 =0if 0 < g < oo,
and 7y . := 271/ The radius r,,, is best possible. With (g,m) = (1,1), the result
becomes the sharp inequality obtained by Sidon [112] and it contains the classical
Bohr’s inequality. For more discussion on Bohr type real part estimates, refer to [88,

Chapter 6].

On the other hand, Guadarrama [73] considered the polynomial Bohr radius de-

fined by

n n
Ry = sup {ré (0,1): Y laxlr* < [[plle,  p(z) = Zakz"}
k=0

peCPy k=0

where C'P,, consists of all the complex polynomials of degree at most n. She showed
that

logn

Cl—= <R,—1/3<C

1
3n/2 n
for some positive constants C; and C,. Few years later, Fournier [/0] computed and
obtained an explicit formula for R, by applying the notion of bounded-preserving op-

erators. The following result concerning the asymptotic behaviour of R, was proved

only recently in [45]:
1 n?
nh_r)lzo n (Rn 3) 3

Consider polynomials in the setting of weighted Hardy spaces. Fix weights 3, > 0

with By = 1 and define the weighted Hardy space

H(B) = {i a e HU): Y a8 < oo}

n=0 n=0
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with inner product (Y5 42", Yor_ o bn2") = Yov_o anbyn 7. Note that the functions e, =
B, 'z" will form an orthonormal basis of H>(). If H*(j3) has Bohr phenomenon, then

for all n large enough (see [9, Theorem 5.2])

1 1 1
— <Ry < —+ .
V2 T V2 V222 —on—2)

A discussion on the multivariable weighted Hardy spaces can be found in Section 3 of

[LOS]].

Finally, let X,Y be complex Banach spaces and let By be the unit ball in Y. For
domainsGCX,DCY, letbe the set of holomorphic mappings from G into D.
For f € H(G,D), let DX f(x) denote the k-th Fréchet derivative of f at x € G. A complex
Banach space X is called a JB*-triple if there exists a triple product { -, -, -} : X3 = X
which is conjugate linear in the middle variable but linear and symmetric in the other

variables and satisfies

() {a,b,{x,y,2}} = {{a,b,x},y,2} —{x,{b,a,y},z}+{x.y.{a,b,z}},

(ii) the map alda : X — X defined by alJa(x) = {a,a,x} is Hermitian with non-

negative spectrum,

(i) [{a,a,a}| = ||a|®

for a,b,x,y,z € X. Hamada and Honda proved the following result [77, Theorem 3.2]
which is a refinement of [/8, Theorem 3.1]:
Let X be a complex Banach space and Y be a JB*-triple. Let G be a bounded balanced

domain in X, that is, zG C G for all z € U, and let By be the unit ball in Y. Let
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f : G — By be a holomorphic mapping. If @ = f(0), then

<1

ii 1Dga(a)[D*£(0) ()]

a0 KlDea(a)]]
for z € (1/3)G, where ¢, € Aut(By) such that ¢,(a) = 0. Moreover, the constant 1/3
is best possible. Note that [[77, Remark 3.3] if By is one of the four classical domains
in the sense of Hua [82]], then By is the unit ball of a J*-algebra. Since J*-algebra is a
JB*-triple, it follows that [77, Theorem 3.2] is a generalization of the result obtained
by Liu and Wang [93]]. Another generalization was given by Roos [[109] who extended

the result in [93]] to bounded circled symmetric domains.

6.5 Conclusion

The purpose of this thesis is to further generalize the Bohr’s theorem in distance
form which might serve as a platform to solve the n-dimensional Bohr problem, n > 2.

Till this day, the exact n-dimensional Bohr radius remains unknown even though its

asymptotic value is known to be \/logn/n.

Bohr radius for the subordination class R(a,7,h) is obtained. If & is a convex
function, then the radius r is the smallest positive root of the equation

> 1 1
)} (1+un)(1+vn) =g

n=1

Let & = v =0 (implying 4 = v = 0) and & be the half-plane function z/(1 —z). Then

the Bohr radius for this case is 1/3. Now, if /4 is a starlike function with respect to
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h(0), then the radius r is the smallest positive root of the equation

- 1 1

)} () &

n=1

Putting & = v = 0 and taking  to be the Koebe function z/(1 — z)?, it follows that the

Bohr radius is 3 —2+/2. Both Bohr radii 1 /3 and 3 — 2+/2 are in fact known Bohr radii.

Earlier Bohr’s theorems on the convex sets and the subordination classes of a uni-
valent function inspires to investigate the Bohr’s theorem for the class of analytic func-
tions from U to concave-wedge domains W,. For each domain W, there corresponds
a Bohr radius (Zé - 1)/(25 +1). The Bohr radii 1/3 and 3 — 2+/2 corresponds to
cases Wj and W, respectively. In this thesis, the result requires the constant term to be

positive but later it is shown that the theorem holds true for any constant in [24].

As the counterpart of the result by Abu-Muhanna and Ali on the class of analytic
functions from U to the exterior of the closed unit disk, Bohr’s theorem for the class of
analytic functions from U to the punctured unit disk U is obtained with Bohr radius
1/3. Although a condition is imposed on the constant term, the constraint can be im-
proved with better coefficient estimates or even be discarded once the Krzyz conjecture
is proved. Indeed, the constraint is improved by replacing the Euclidean distance with

the spherical chordal distance.

The classical Bohr’s theorem makes its appearance in the spherical geometry with
respect to the spherical chordal distance and the Bohr radius again has the value 1/3.
On the other hand, the Bohr’s theorem for the class of analytic self-maps of U” exists

in the Poincaré disk model with respect to the hyperbolic distance. Furthermore, the
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Bohr result obtained by Aizenberg is shown to be true in this model. The Bohr radii
for both cases are shown to be tanh (1/2)/3 implying the invariance of Bohr radius in

the hyperbolic geometry.

The thesis also presents the Bohr’s theorem for the class of complex-valued har-
monic functions from U into a bounded domain in C. The class has the Bohr radius 1/3
and the result is a generalization of earlier Bohr’s theorem for the class of complex-
valued harmonic self-map of U. The same Bohr radius 1/3 is obtained for the class
of complex-valued harmonic functions from U into a fixed convex wedge. Finally, the
Bohr-type inequality with sharp radius is established for a certain class of univalent

logharmonic functions from U onto a starlike domain with respect to origin.

The Bohr radius tanh (1/2)/3 in hyperbolic geometry is due to U" which is the disk
centered at the origin of radius tanh (1/2). Thus with a slight modification, the theorem
remains true for the class of analytic self-maps of U and the Bohr radius value is again
1/3. Hence this implies the Bohr radius 1/3 for this class of functions is unaffected by
the choice of geometry. Future research can be embarked to show that the invariance

of Bohr radius 1/3 in any geometry with constant Gaussian curvature.

It is also interesting to introduce the n-dimensional distance form Bohr’s theorems
which might have an exact Bohr radius. From there, it is possible to search for classes
of analytic function with several variables which have the Bohr phenomenon and show
the invariance of the Bohr radius among those classes. Lastly, distance form Bohr’s
theorems should be related to the existing n-dimensional Bohr results as well as other

fields of researches to further enrich the field of study.
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